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Abstract. In this paper, we introduce the definitions about soft sets and soft reasonable expansive mapping. Then,

we proved the fixed point theorems about it on complete soft metric spaces. Finally, we present some examples to

validate and illustrate our approach.
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1. Introduction

The research about fixed point of expansive mapping was initiated by Machuca(see[1]).
Later, Jungck discussed fixed points for other forms of expansive mapping(see[2]). In the re-
sent, many researchers contribute many structure on soft set theory(see[3-5]). Futher, Das and
Samanta[6] introduced a different notion of soft metric space by using a different concept of

soft point and investigated some basic properties of these spaces.
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Recently, the study about fixed point theorem for expansive mapping and nonexpansive map-
ping is depply explored and has extended too many other directions. Motivated and inspired by
the works(see[7-10]), in this paper, we define soft n times reasonable expansive mapping and

discuss the existence of fixed point for soft n times reasonable expansive mapping.
2. Preliminaries

In this section, we gather together some definitions and known results which will be used in
section 3. We use those definitions , and we dont make redundant narration. Before we state

our fixed point theorems, we introduce the following basic definitions:

Definition 2.1. Let A be a nonempty subset of E. A soft set (F, A) on U is a set of the form (F,
A)={(F(p),p): p € E}. where F: A— 2V is a set-valued map such that F(p)=g for all p ¢ A. F
is called an approximate function of (F,A), and the collection of all soft set on U will be denoted
by S(U).

Definition 2.2.A soft set (F,A) on U is said to be a null soft set denoted & if for all P € A,
F(p)=2.

Definition 2.3.A soft set (F,A) on U is said to be an absolute soft set, if for all P € A, F(p)=U.
Definition 2.4.A soft set (F,A) on U is said to be a soft point if there is exactly one p € E,
such that F(p)={x} for some x € U and F(q)=9 for all ¢ € E \ {p}. It will be denoted by %,,.
Definition 2.5.Let B (R) be the collection of all nonempty bounded subsets of R. Then the
mapping F:E — B(R) is called a soft real set. If (F, E) is a singleton soft set, then identifying
(F, E) with the corresponding soft element, it will be called a soft real number and denoted 7, S,
f, ect. If all elements of E are the same singleton soft set. It denoted 7, §, 7, ect.

For two soft real numbers 7, §, we say that:

(N1) 7<3, if #(e)<5(e), for all e € A;

(N2) 7>3, if 7(e)>5(e), for all e € A;
(N3) <5, if 7(e)<5(e), for all e € A;
(N4) 7535, if 7(e)>5(e),

e), forall e € A;
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Definition 2.6.A be a nonempty subset of parameters and U be the absolute soft set, i.e.
(f,0)(xy) =U forall A € A, where (F,A)=U.

A mapping d: SP(U) x SP(U) — R(A)* is said to be a soft metric on U if for any U},Uj, Uy €
SP(X), the following hold :

M1) d(U3,Up) =0 ;

(M2) d(U3,U;,)=0, if and only if U} = U}, ;

M3) d(U3,Up)=d(Uy,Uy)

(M4) d(U3,U3,) 2d (U, U) +d (U}, U3).

Given a soft metric space (U,d), a net {U,){Z}oce A of soft point in U will be simply denoted by
{U3}aca- In particular, a sequence {U,){Z}nEN of soft points in U will be denoted by {U o e
Definition 2.7. Let {£; ,}, be a sequence of soft points in a soft metric space (U,d,E). Then
the sequence {) ,}, is said to be convergent in (U,d, E) if there is a soft point y X such that

lim d(x3 ,,yv) =0

n—soo

Definition 2.8.Let {; ,}. be a sequence of soft points in a soft metric space (U ,d,E). Then
the sequence {%; ,}, is said to be a Cauchy sequence in (U,d,E) if there is a soft point y;, X
such that

lim d(xj ;,x7 ;) =0

i,j—ro0 ’ ’
Definition 2.9.A soft metric space (U,d, E) is called complete if every Cauchy sequence in X
converges to some point of X. Throughout this paper,we use N to denoted the set of soft
natural numbers and [;c] to denote the maximum soft integral value that is not large that *.
Definition 2.10.f : U — U is called a soft expansive mapping if there exists a soft constant 2>1

such that

d(f(3), f () Zhd (52, Yu) Sfor all 53,y ESP(T).
f:U — U is called a soft two times reasonable expansive mapping if there exists a soft constant

h>1 such that
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A, f2(6) g2(2)) =R d(%, £(:2)), for all 3, €SP(T).
Definition 2.11.1 : U — U is called a soft twenty-one type expansive mapping if there exists a

soft constant 2>1 such that

hmin{d (3., ¥ ),d (3, £ (63)), d (Vs £ ) ) d (6, f On))» d (Y, £ (63)) 3

forall X3,y ESP(U).

Q
V)
\
—
=
=
=N
=
[Vt

f:U — U is called a soft twenty-three type expansive mapping if there exists a soft constant

h>1 such that

(2)
d?(f(x1)7f2(yll)(p2(y))é ﬁmm{d?(x},yﬁ),ci(le,yﬁ) J(x},f(x})),ci(x},f(x})) d~(y~l~17f(y~li))v

d* (56, £(3),d s F ) - d (6, FO)) s d s FO)) - d (s £ ()}, forally, ,yu ESP(D).
3. Main results

Definition 3.1.Let (U, d, E) be a complete soft metric space, and let (f, ) : (U,d,E) — (U,d,E)

is called a soft n times reasonable expansive mapping if there exists a soft constant 2> 1 such that

3) J(le,f”(xl)(p&)) >hd(x,(f,0)5), forall €U (n>2,neN)

Definition 3.2.Let (U, d, E) be a complete soft metric space, and let (f,¢) : (U,d,E) — (U,d,E)
is called a soft H-type n times reasonable expansive mapping if there exists a soft constant 2> 1

such that

AU 0 guors /" O gpt) = hmin{d (05, (2, (f,0)(52))5d (£ 0) g2y
) '
fnil <y~/*l)(p('";)1 ),d(le,fnil <y~“)‘P(";f>1 )}

Definition 3.3.Let (U, d, E) be a complete soft metric space, and let (f, @) : (U,d,E) — (U,d,E)

is called a soft H>-type n times reasonable expansive mapping if there exists a soft constant 2>1
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such that

(10 gt S O ) 2 imindd? (5, 50),d (53 ) - (053 (£ 9) (60)),d (2,

® (F.0)00)) - U703 g2 O ) g 1)o” (52 (.9 52),

J<fn72(y~li)(p&:)2’fnil(yll)(p(”‘;f) 'J<x~/l7fn71<yll)(p("l:)l)}

Lemma 3.4. Let (U,d,E) be a complete soft metric space, let U; be a subset of U, and left the
soft mappings (f, 1), (g, @) : Uy — U satisfy the following conditions:

() (f, ¢1) is a surjective soft mapping (f,9)(U;) = (U);

(i1) There is a functional ¢ : U — R which is lower semicontinuous bounded from below such

that d((f,91)(x7,), (8 92) (x72)) < O((f, @1)(x71)) — (8, 92)(x72)) for all x3; € U.

Then, (f,¢;) and (g, @) have a coincidence point, that is, there exists at least an x;, € U; such
that (f, @1)(x¥2) = (g, #2)(x)-
Theorem 3.5. Let (U,d, E) be a complete soft metric space and (f, @) be a continuous and soft

surjective mapping if there exists a constant z > T such that

13

d(f" 1 0) g1y S () gr(a)) —d (@, (f, 9) (62) 2 hd (3. (f, ) (43)) —d (3, (f, @) (42))

T
ot d(0 (F,9) ()]
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So we can get ¢((/,9)(;)). Then we have d(:3, (f, ) (1) < ¢((f,9)(¥,)) — 9 (7).

From the continuity of d, we know that ¢(x3 ) is continuous. Thus ¢(x}) is lower semicon-
tinuous bounded from below. Therefore the conclusion follows immediately from the above

Lemma 2.4. This completes the proof.

Theorem 3.6.Let (U, d, E) be a complete soft metric space and (f, ¢) be a continuous and soft

surjective 7i (i>2, i € N )times reasonable expansive mapping. Assume that either (i)or(ii)holds:
()(f, ) is an H] —type 7i times reasonable expansive mapping;
(i))(f, @) is an H, —type 7i times reasonable expansive mapping.

Then,(f, ¢)has a fixed point in U.

Proof. In the case of (i),taking y, = (f,¢)(x} )in (2.2),we have

A" ) gt s S ) ria) S B min{d (33, (f, 9)(50)), (%0, (f,0) (1)),
A" ) g1y £ () gr(a))s A £ (80 gna))}

= homin {d(x, (f,9)(x2)),d(f"' (42) gn-1(2)»

F G2 gra))s @ £ (02 ) gr(a))}

€))

Because (f, @) is an 7itimes reasonable expansive mapping, we have

(10) A, ") gray) = hd(6, (f,9) () > d(5, (f, 9)(2))

Thus,we obtain

(1)

Ed(f" () gn1(2): S (00 ) gra)) = min{d (03, (f, @) (), d(f" 1 (2) gn1 () S () (1)) }
then d(f"~' (42) g1 (2)> /" (2 ) gr(n)) = i {d(f* (00 ) gn1(2) S (63 ) gn(a)) } - Hence,

A" 0) gn () S (05
d(f" 1 00) gr () S (05

%
) = 0. (otherwise, J(fnil(XN;L)(pn—l(;L),fn(xl)q,n(/l)) >
(1)

which is a contradiction). Therefore, f”’l(le)(pn_l( n=1"0)

2)er
2)er

@A)
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that is /"1 (03 ) gn-12) = S (f" ' (X3) gn-1(2))> which implies that /"' (x}) 1) is a fixed
point of (f,¢)inU.

14053 (£.9)(5)) = min {d(55,(£.9)(6)).d(f" (7)o 13-/ (52) o). then

d(f" ) g1y S ) () = B d (0, (f,9)(332))-

By Theorem 2.5, we obtain that (f,¢) has a fixed point in U. In the case of (ii),taking
Yu = (f,9)(x3)in (2.3),we have

(dg()f"‘%xa)%l,f"<x1>q,&)l>éizmm{d?(xa,<f,<p><x1>>,ci(x1,<f,<p><x1>>~J<x1,<f,<p><x1>>,
d(x, (f,9)(x2)) cf(f”‘l(xl)(,,(n;)l,f”(xa) ), (2, (f,0) (),

(1" ) gyt S (g ) -2, £ (02 g, )}

= hmin{d* (5, (f,9) (1)), d (2, (f, ) (2)) J(f"—l(xl)%l,

o)

Because U is an /i times reasonable expansive mapping, we have

(13) J(xlafn<x1>¢"(l)) é il J(x~l7 (f7 (P)(fl)) > d~(x~/1a (f7 (P>(x~7t))

1 () gpy,) = A6, (F,0) ()

Hence, d(x3, f" (% Wen(a)) (G ) P(2)
)

'J(fn_l(xl)(pa{)lvf ( )

Therefore, we have

(15) (") ot
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thatis, (" () g1, £ () gy ) = Vi (5, (f,9)(0))-

Because VA > 1, by Theorem 2.5, we obtain that U has a fixed point in U.

Ifd(x3, (f,9)(%1)) 'J(fnfl(xl)q,&—)l S g, ) = min {d* (5, (f, ) (), d (3, (f.9) ()
A5 g S, ) then A (55) g /() ) S RS, (1,0)(5)

)
(" (063) gyt 1" (43 gy, ), that is

(16) AU 62 g £ (g ) - (@ 060) g1 S5, ) =i, (£9)(5))) 2 0,

7 n—1(.~ (o — 0 n—1(,~ — fn(,z i =1~ —

It d(f (xl)(p%hf (xl)tp&)) = 0, then f (x/l)(p(n[)l = f (M)(p&),that is f (xl)q,&*)l =
1) e .1 is a fixed point of

f(f (x,l)(P(l; g1 1s @ fixed point o (f,o)inU

Ifj(fn_l(f)L)(p(";)l 7fn(x~)L)(p&)) 7£ 6, then J(fn_l(x1)¢F/{)1 7fn(x~7L)(p("M) é hd~(x~7tﬂ (f7 (D) (xl))) é 6
By Theorem 2.5, we obtain that (f, ) has a fixed point in U.

), which implies that f"~1(x3)

Therefore,by induction we derive that (f, ) has a fixed point in U.

This completes the proof.

Corollary 3.7. Let (U,d, E) be a complete soft metric space and (f, @) be a continuous and soft
surjective twenty-three type expansive mapping and (f, @) is a two times reasonable expansive

mapping, then (f, @) has a fixed point in U.

Conflict of Interests

The authors declare that there is no conflict of interests.

REFERENCES

[1] R.Machuca, A coincidence theorem, Am. Math. Mon. 74 (5) (1967), p. 569.

[2] G.Jungck, Commuting mappings and fixed point, Am. Math. Mon. 83 ((4) (1976), 261-263.

[3] Ali, Ml, Feng, F, Liu, XY, Min, WK, Shabir, M: On some new operations in soft set theory. Comput. Math.
Appl. 62 (2011), 351-358.

[4] Chen, D: parameterization reduction of soft sets and its applications. Comput. Math. Appl. 49 (2005), 757-
763.

[5] Babitia, KV, Suntil, JJ: Soft set relations and functions. Compat.Math. Appl. 60 (2010), 1840-1849.

[6] Das, S, Samanta, SK: Soft real sets, soft real numbers and their properties. J. Fuzzy Math. 20 (3) (2012),
551-576.



224 SHUNXIN ZHAO, MEIMEI SONG

[7]1 S. Wang, B. Li, and Z. Gao, Expansive mappings and fixed-point theorems for them, Adv. Math. 11 (2)
(1982), 149-153, (Chinese).
[8] C.Zhu, Several new mappings of expansion and fixed point theorems, J. Jiangxi Normal Univ. 15 (8) (1991),
244-248, (Chinese).
[9] S. Park, On extensions of the Caristi-Kirk fixed point theorem, J. Korean Math. Soc. 19 (2) (1983), 143-151.
[10] C.Zhu and Z. Xu, A class of random operator equations in the Hilbert spaces, Acta Math. Sin., Chin. Ser. 47
(4) (2004), 641-646, (Chinese).



