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Abstract. In our previous papers, we had introduced the marker set distance matrix and its eigenvalues and the
marker set Laplacian eigenvalues. Also, expressions for the characteristic polynomials of the marker set distance

matrix and its Laplacian had been found. In this paper, we discuss the properties of the characteristic polynomials

of M-set distance matrix and its Laplacian.
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1. Introduction

The study of matrices associated with graphs involves the study of their characteristic polyno-
mials. More often than not, the characteristic polynomial of a matrix reveals a lot of information
about the underlying graph. The coefficients and roots of the characteristic polynomial are an-
other set of parameters whose relation to the underlying graph is an interesting premise which

we are looking in to in this paper. We refer the reader to our earlier papers [12], [13], [14] for
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a detailed study of marker set distance and matrix and its characteristic polynomial as well as
that of marker set Laplacian. For easy understanding, we list out a few of the definitions and

results here again.
2. Preliminaries

Definition 2.1. [12] Let G = (V, E) be a simple connected graph of order p. Let M be a subset of
vertices of G, referred to as a marker set or M-set (in short). M-set distance between two vertices
v; and v; is defined as dy(v;,v;) = d;j = |d(vi,M) —d(v;,M)|. Here d(v;,M) = min{d (v;,w) :
w € M}. The p x p matrix Dy (G) = [d;;] is called the M-set distance matrix of the marker set
M in the graph G. The characteristic polynomial can be written as ®(G : M, ) = A(Dy(G) =
uP — S Pt Sur—?— .+ (—1)7S,. It is clear from [15] that (—1)iS; = ZMp, where Mp,
are the principal minors of Dy, (G) with order i. ( Minors whose diagonal elements belong to
the main diagonal of Dy/(G)). So = 1 and S| = traceDy(G) = 0.
Definition 2.2. [12] The M-set eccentricity of a vertex v of G, denoted by ey (v) is defined as
the maximum of all the M-set distances of v.
Definition 2.3. [12] The M-set diameter of a graph G with respect to a marker set M is denoted
by diamy;(G) and is defined as the maximum of all the M-set eccentricities of the vertices of G.
Definition 2.4. [13] Given a simple connected graph G and a marker set M of G, the distance
degree sequence denoted by DDSg (M) can be defined as

DDSg(M) = (ko,k1,ka, ..., k,) written in a non-decreasing order where k; is the number of
vertices of G at distance i from M where, 0 < i < m and m = diamy;(G).
Definition 2.5. [12],[13] Let G be a simple connected graph of order p and M be a marker
set with |M| = k and diamy;(G) = m. Let k; be the number of vertices of G at M-distance i
(1 <i<m)sothatk+X" k; = p. Permuting the vertices in such a way that the first k vertices

are at M-distance O from the set M, the next k; vertices are at distance 1 from the set M, the
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next ky vertices at distance 2 from the set M and so on. The M-distance matrix is given by

Ok Lisci, 2k Mk,

L, xk Ok, xk, L, xk, e (M= 1), xk,,

24, xk Ly xky Ok, xk, e (M =2) 1y xky,
Dy (G) =

My, sk (M=), <k, (M —2) 1,5k, Ok, x ko,

where j, «, 1s a matrix of order #; X t, with all entries equal to j,0 < j < m and 11,1 €

{k,ki,ko, ...k }. This is called the Standard form of marker set distance matrix.

Definition 2.6. [13] Let G = (V,E) be a simple connected graph of order p. Let M C V(G) be

a non empty marker set of G. The M-set distance Laplacian is defined as Ly/(G) = Dy(G) —

diag[DDSG(M)),
where Dys(G) is the marker set distance matrix in the standard form.

We recall a theorem.

Theorem 2.1. [13] Let G be a simple connected graph on p vertices and M be a dominating

marker set of G with |M| = k. Then the characteristic polynomial of the M-set Laplacian is

AP —SIAP™V f §oAP™2 — S3AP3 4 S4AP* where S| = —p, S» =0,

(p—1)(p—2), when k=1
(k—1)p(p—k), when k>2

S3 =

0, when k<2

Sy =
—k(k—1)(p—k)?, when k>3

3. Main results

Theorem 3.1. A simple connected graph G of order p with a dominating set as a marker set M

has integral M- set distance eigenvalues if and only if p is even and |M| = p/2.
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Proof. Let G be a simple connected graph of order p with a dominating marker set M of cardi-
nality k. Then the marker set distance matrix is given by Dy(G) = Ok x4
Lp-oxk Op-tyx(p-k)
The characteristic polynomial of Dy(G) is hence given by u? —k(p —k)u(P=2 = 0. which
implies 1P=2) (u% —k(p—k)) = 0 and the the eigenvalues are 0 of multiplicity (p—k), =+/k(p — k)
of multiplicity 1. \/m is an integer if and only if k = (p — k).That is, if and only ifk = p/2

and p is even.

Theorem 3.2. A simple connected graph G has two nonzero real skew M- set distance eigen-

values if and only if the M-set is a dominating set.

Proof. Let G be a simple connected graph of order p and M be a marker set of cardinality k.
Let G have two nonzero real skew M- set distance eigenvalues say *1. Then the corresponding
M-set distance characteristic polynomial is

xP~2(x?> — %) = 0. This corresponds to the M-set distance matrix

Dy (G) = O Lo . This corresponds to a simple connected graph G of order 2l and a

Lixi Orxi
dominating marker set M of cardinality I.

The converse part can be proved by reversing the arguments in the proof above.
Now, we define marker set distance isomorphic graphs.

Definition 3.1. Two simple connected graphs G| and G, are said to be marker set distance

isomorphic if there exist marker sets My of G| and My of G, such that DDSy, (G) = DDSy, (G).

For any two marker set distance isomorphic graphs G and G, with marker sets My of M,
respectively, the graph G| — M, is isomorphic to the graph G, — M.
A graph G is said to be determined by its spectrum if there exists no cospectral nonisomorphic

pair. Such graphs are called DS graphs [19].

We now define DS graphs with respect to their marker set distance spectrum as follows.
Definition 3.2. A graph G with a marker set M is said to be marker set distance DS graph if

there exists no marker set cospectral marker set isomorphic graph.

We have characterised the marker set distance spectrum as follows.
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Theorem 3.3. A simple connected graph G with a dominating set as a marker set is determined

by its spectrum.
Proof. The proof is obvious from Theorem 3.2.

Lemma 3.4. A simple connected graph G with a dominating marker set has atmost four nonzero

M-set distance Laplacian eigenvalues.

Proof. Let G be a simple connected graph on p vertices and M be a dominating marker set of
G with |M| = k.

Case 1: Let k = 1. Then the characteristic polynomial of the M-set Laplacian is AP 4+ pAP~! —
(p—1)(p—2)AP~3 and hence has 3 nonzero roots. Therefore, G has 3 nonzero eigenvalues.
Case 2: Let k = 2. Then the characteristic polynomial of the M-set Laplacian is AP + pAP~! —
p(p —2)AP73 and hence has 3 nonzero roots. Therefore, G has 3 nonzero eigenvalues.

Case 3: Let k > 3. Then the characteristic polynomial of the M-set Laplacian is AP + pAP~! —
(k—1)p(p—k)AP3 +k(k—1)(p —k)?AP~* and hence has 4 nonzero roots. Therefore, G with

marker set M has 4 nonzero marker set eigenvalues.

Theorem 3.5. Let G be a graph on p vertices and M be a marker set of cardinality ko. Let
diamy(G) = r and ddsy(G) = (ko,k1,kz,k3,. .., k). Then the characteristic polynomial of the
marker set distance matrix is given by uP — S\ uP =+ SouP=2 — . 4 S,uP". So =1 and Sy =
traceDy(G) =0,

0 Up—up uz—uy ... Uj—uj
, Uy —ug 0 Uz —up ... Uj—up
1
S; = Z ky,,
0<uj<up<uz<...<uij<rm=1
Uj—uy Uj—up 0
where 2 <i< (r—1) and
0 Up—uy uz—uy ... Up—up
Uy —ug 0 Uz —up ... Up—1Uup

Ur— U] Up— U 0
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Proof. The M-set distance matrix is given by

Dy (G)

The characteristic polynomial can be written as uP — SyuP=' 4+ S,u?=2 — ...

0k0><k0
1k1 ><k0

2k2 X k()

_rerko

lk0><k1 2k0><k2 mkoXkr

Ok, Lk, ks (r— 1), xk,

Ly sy Oy >k (r—2)kyxk,
(r=Dks,  (r=2ixk, Ok, xk,

283

+ (=1)PS,. Itis

clear from [12] that (—1)'S; = LMp, where Mp, are the principal minors of Dy (G) with order

i. ( Minors whose diagonal elements belong to the main diagonal of Dy(G)). So =1 and

S| = traceDy(G) = 0. Dy(G) has r distinct rows and each row occurs k; times in the matrix.

The i X i minors can be chosen from these rows in (:) ways. Each row of the minor can be

chosen in k,, ways where 0 < m < r. Hence

S =

)3

0<uj<up<uz<...<ui<rm=

where 2 <i<(r—1)

Obviously,

0 U —up Uz —Uj
. Uy —uj 0 Uz —up
1
kum
1
Ui—up ui—up

0 Up— Uy U3z —uj Uy — U
Uy —ug 0 Uz —up Uy — Uy

ur_u] l/lr—l/tz O

up—ug

Ui —uz

Corollary 3.6. Let G be a graph on p vertices and M be a marker set of cardinality k.

Let diamy(G) = r and ddsy(G) = (ko,ki1,k,k3,...,k.). Then the characteristic polynomial

of the marker set distance matrix is given by uP — SiuP=' + SouP=2 — ... 4+ S,uP~" where

Sz = Yo<ic jerd—(j —i)?kik;}.
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Example 3.1. For M = {u4,us} a marker set of the graph G (Figure 1), DDSg(M) = (2,1,1,1).

1,
u 1 u 3

FIGURE 1

_
S = N W W

[\
\)
N = O
S

The characteristic polynomial of the M-set distance matrix is p1°> — 34u3 — 60u> — 24u. We
shall verify the previous theorem now.

According to the theorem,

0 U —uy u3—Uur ... Ui—Uuj
u) —uy 0 uz—uz ... Uj—up

i

S; = ) Ku,,
1

0<u)<up<uz<...<u;<rm=

U —up  Uuj— U 0

where 2 <i<(r—1)
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0 Uy —uy

2
2= ) Tk

0<u;<up<3m=1 u — Uy 0

0 Uy — Uy

= Z Kuy

0<us <y <3 Uy —ug 0

01 0 2 0 3 01 0 2 0
= koky + koka + koks +kiko +kiks + koks
1 0 20 30 1 0 20 1

= 2-8-18—1-4—1

= —34.
; 0 Uy —uy uz—uj
83 = Z Hk"‘m Uy — Uy 0 us —up
0<u;<up<u3z<3m=1
us —uy U3z —up 0
0 Uy —uy Uz —Uj

- Z kulkuzku3 ur —uj 0 usz —uy
0<u;<up<uz<3

Uz —up uz—up 0
01 2 01 3 02 3 01 2
=kokika|1 O 1|+kokik3|1 O 2|+kokak3|2 O 1|+kikoks(1 0 1
210 320 310 210
=8+24+24+4
=60
0 Uy —uy U3 — U] Uq4— U]
4 Uy — U 0 Uz — Uy Ugq— U

Sy = Y ku,,
1

0<u<up<uz<ugy<3m= us —uy Uz —Uup 0 Uuqg — U3

Ug— U] Us— Uy U4 — U3 0
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0 U —uy U3 — UL U4 — U]
ur —uj 0 Uz —uy Uq4—Up
= Z Ky, kKo e,
0<u <up<uz<uy<3 U3 — Ul Uz —up 0 U4 — U3
Uy — U] U4—Ur U4 — U3 0
01 2 3
1 01 2
= kok1koksky
21 01
3210

= —24.

Hence, the theorem is verified.

Theorem 3.7 Let G be a simple connected graph on p vertices and M be a marker set of car-
dinality ko. Let diamy(G) = r and DDSy(G) = (ko,k1,ko, k3, ... k). The marker set distance

Laplacian matrix of G has atleast r nonzero eigenvalues.

Proof. The marker set distance Laplacian matrix of G is given by
Ly (G) = Dy (G) —diag[DDSG(M)). Since (ko,k1,ka,k3, ... k) are the only nonzero diagonal
entries of the Laplacian, there are atleast r distinct rows and hence atleast r nonzero eigenval-

ues.

Lemma 3.8. Let G be a simple connected graph on p vertices and M be a marker set of cardinal-
ity ko. Let diampy(G) = r and DDSy(G) = (ko,k1,ka,k3,...,k;). Then the characteristic poly-
nomial of the marker set Laplacian matrix Ly (G) of is AP — S1AP~ 1+ SHAP=2 — . 4+ (—=1)PS,,.
So=1and S| = traceLy(G) = —p and Sy = Z{;g il — i)? — kikj with ko > (r+1).
Proof. The marker set Laplacian matrix of graph Ly (G) = Dy(G) — diag[DDSG(M)], where

Dy (G) is the marker set distance matrix in the standard form given by



PROPERTIES OF CHARACTERISTIC POLYNOMIAL 287

Org ko Lk 250 xks Tkoxky
Lok Okyxky Ly ks o (F=1D)gyxk,
2kxky Lioxk Ok, ks o (F=2)kyxk,
Dy(G) =
| Tkoxkog (F= Digxty (F=2)koxky -+ Okox,

It is clear from [15] that (—1)'S; = My, i), where My, are the principal minors of Ly (G)
with order i. ( Minors whose diagonal elements belong to the main diagonal of Lyf(G)). Sop =1
and S| = traceLy (G) = —p.

It can be seen that, the only nonzero entries of the principal diagonal of Ly (G) are the first
r+ 1 entries ko, ki, ka, ... k.. All these nonzero principal diagonal entries occur only in the first
block O, <k, as ko > (r+1). Every subset of the principal diagonal gives a principal minor.

The nonzero 2 x 2 principal minors and their sums are as follows.

1. All minors of the form - where 0 <i< (r—1)and 1 < j <rwithi< j. These
0 —k

minors sum to

r—1 r=2 r
Y kikj=) kikipi+), Y kikj.
i=0

0<i<j<r i=0 j=i+2

i
2. All minors of the form | / with 1 <i<rand0 < j<reach of them occurring k; times.
i

These minors sum to

(r+1) Y (-

1<i<r

0 i
3. All minors of the form where 1 < i < r with each occurring
i

(ko — r — 1)k; times. These sum to

r

Y (=) (ko—r—1Dki= Y (—i*)koki + (r+1) iizki.

1<i<r i=1 i=1

[ —1i
4. All minors of the form (=0 each occurring kikj times where 1 <i < (r—1) and
=i 0
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2 < j<r. These sum to

Y (i) kik; = Z kk,+1+2 Z

1<i<j<r i=1 j=i+2

Hence, the sum of all the 2 X 2 minors is

Zkk,+1+z Z kiki+(r+1) Y (=i)ki+ Y (=i%)kok;
i=0 j=i+2 1<i<r i=1
r r—1 r=2 r
-I—(I’-I—l)Zizki-l- Z(—kiki+1)+z Z [—
i=1 i=1 i=1 j=it2

which in turn implies that

r=2 r
=Y Y [(—i)*—1]kik;.

i=0 j=i+2

Example 3.2. For M = {u4,us} a marker set of the graph G (Figure 1), DDSg(M) = (2,1,1,1).

-2 0 1 2 3
o -1 1 2 3
Ly(G)=|1 1 -1 1 2

33 2 1 0

The characteristic polynomial of the M-set distance Laplacian matrix is
A3 4514 — 25143 — 16412 — 2801 + 153.

Using the above result,

13
=Y Y i) —1kik;

i=0 j=i+2
=[2=0=1](2)()+[(3 =0 = 1J(2)(1)+[3—1)> = 1](1)(1)
=6+16+4+3

=125.
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