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Abstract. In this study, we consider sequences named bivariate Jacobsthal, bivariate Jacobsthal Lucas polynomial
sequences. After that, by using these sequences, we define bivariate Jacobsthal and bivariate Jacobsthal-Lucas
matrix polynomial sequences. Finally we investigate some properties of these sequences, present some impor-

tant relationship between bivariate Jacobsthal matrix polynomial sequence and bivariate Jacobsthal Lucas matrix

polynomial sequences.
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1. Introduction

Integer sequences, such as Fibonacci, Lucas, Jacobsthal, Jacobsthal Lucas, Pell charm us
with their abundant applications in science and art, and very interesting properties [1-3]. For in-
stance, it is well known that computers use conditional directives to change the flow of execution

of a program. In addition to branch instructions, some microcontrollers use skip instructions
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which conditionally bypass the next instruction.This brings out being useful for one case out of
the four possibilities on 2 bits, 3 cases on 3 bits, 5 cases on 4 bits, 11 cases on 5 bits, 21 cases
on 6 bits,..., which are exactly the Jacobsthal numbers [2]. Many properties of Jacobsthal and
Jacobsthal Lucas sequences are deduced directly from elementary matrix algebra. For example
F. Koken and D. Bozkurt in [4] defined a Jacobsthal matrix of the type nzn and using this matrix
derived some properties of Jacobsthal numbers. Of course the oldest known integer sequence
is made of Fibonacci numbers which are very important because of golden section. H. Civciv
and R. Turkmen, in [5,6] defined (s, ¢)-Fibonacci and (s, ¢)-Lucas matrix sequences by using
(s,t)-Fibonacci and (s, t)-Lucas sequences. S. Uygun, in [7] defined (s,t)-Jacobsthal and
(s,t)-Jacobsthal Lucas sequences. Also K. Uslu and S. Uygun, in [8] defined (s, ¢)-Jacobsthal
and (s,t)-Jacobsthal Lucas matrix sequences by using (s, t)-Jacobsthal and (s, ¢)-Jacobsthal
Lucas sequences. In [9,10] M. Catalani gave some properties of bivariate Fibonacci and Lucas
polynomials. S. Halici, in[11] give some sum formulas for bivariate Fibonacci and Lucas poly-
nomials. N. Tuglu, E. Kocer, A. Stakhov found some properties of the bivariate Fibonacci like
p— polynomials in [12].

In this study, firstly we define bivariate Jacobsthal and bivariate Jacobsthal Lucas polynomi-
al sequences, then by using these sequences, we also define bivariate Jacobsthal and bivariate
Jacobsthal Lucas matrix polynomial sequences. We derive numerous interesting properties of
these sequences. Then we investigate some relationship between bivariate Jacobsthal and bi-
variate Jacobsthal Lucas matrix polynomial sequences.

The Jacobsthal and Jacobsthal Lucas sequences are defined in [13] recurrently by

In = jn—l + 2jn—27 (jO = 07 jl = ]-)

Cp = én—l + 26n—2; (éo - 27 é1 == 1)

where n > 1 any integer.

2. Bivariate Jacobsthal and Bivariate Jacobsthal Lucas Matrix Polynomial

Sequences
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Firstly, let us first consider the following definition of bivariate Jacobsthal sequence which

will be needed for the definition of bivariate Jacobsthal matrix polynomial sequence.
Definition 2.1. Let be n € N, any integer. Then bivariate Jacobsthal polynomial sequence
{Jn}en is defined by the following equation:
In(@,y) = 2Yjn-1(2,y) + 2yJn—2(z, y) (2.1)
with initial conditions jo(x,y) = 0, ji(x,y) = 1.[13]
First few terms of the bivariate Jacobsthal number polynomial sequences are
jO(I7y) = O) jl<x7y> = ]-a j?(xuy) =1y, j3($7y) :$292+2y7
Jalzy) = 2y +dey?, Js(a,y) = 2yt + 607y + 4y
Definition 2.2. Let be n € N, any integer. Then bivariate Jacobsthal Lucas polynomial se-
quence {¢,}, . is defined by the following equation:
Cn(2,y) = wYn1(2,y) + 2ycn_s(z,y) (2.2)
with initial conditions ¢éo(z,y) = 2, ¢ (z,y) = zy.[13]
Colz,y) = 2, éalz,y) =uay,
o(r,y) = 2y +4y, éx,y) = 2%y’ + 6ay?,
eu(myy) = aty* + 8273 + 82,
es(x,y) = 2%y’ +102%y* + 202y°.

Lemma 2.1. For n > 0 any integer, the Binet formulas for nth bivariate Jacobsthal polynomial

and nth bivariate Jacobsthal Lucas polynomial are given by

n n
~ Ty =Ty

]n— )
ri—re

and
Cn= 1741}

zy—+/ 22 y?+8y

2

zy++/ 2% y?+8y

5 , are the roots of the characteristic

respectively where 1, = and re=

2

equation r* = xyr + 2y associated to the recurrence relation defined in (2.1)
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We can see easily
ri.re=—2y, T,+ro=1wy, T,—To=+/2%y*+8y

Definition 2.3. The n.th element of bivariate Jacobsthal matrix polynomial sequences is

defined as
o (@,y) = wy s (2,9) + 2y J0a (2, 9) (2.3)
L L L0 ; Ty 2
with initial conditions J, (x,y) = cJ1(z,y) =
0 1 y 0
and similarly the n.th element of bivariate Jacobsthal Lucas matrix polynomial sequences is
defined as
Co (,y) = 2yCos (2,) + 2yCrs (2,y) (24)
. vy 4 . r?y? + 4y 2z
with initial conditions Cj (x,y) = Y ,Ch (x,y) = Y v
2y —xy xy? 4y

where z # 0, y # 0 and 2%y* + 8y > 0.

Bivariate Jacobsthal {jn} and bivariate Jacobsthal Lucas {C’n} matrix polynomial
N

neN ne

sequences are defined by carrying to matrix theory bivariate Jacobsthal and bivariate Jacobsthal
Lucas polynomial sequences.

The following theorem shows us the nth general term of the bivariate Jacobsthal matrix poly-
nomial sequence given in (2.3).

Theorem 2.1. For n is any positive integer, we have

j\'fL +1 2 jn

>

Yin  2YJn—1

Proof. Let us consider n = 1 in (5). We clearly know that jo = 0, )1 = 1, J» = zy, so

7= J2 2) _ ry 2
Y 2yJo y 0
By iterating this procedure and considering induction steps, let us assume that the equality in

(2.5) holds for all m < n € Z". To end up the proof, we have to show that the case also holds
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for n + 1. Therefore, we get

A

JnJrl = jn+2jn71

jn-i-l an jn an—l
= 1wy + 2y
Yn 2YJn-1 YIn—1 2YJn—2
TYJnt1 T 2Y0n  2(0YJn + 2YJn—1)
y(xyjn + 2yjn—l) QQ(xyjn—l + 2yjn—2)

jn+2 2jn+1

Yint1  2Ydn

Therefore the proof is completed.

Theorem 2.2. For n € N, we have

A

Jinin= Jm-Jn (2.6)

Proof. It’s proven by induction. We can easily see the truth of the hypothesis for n = 0. Let us
suppose that the equality in (2.6 ) holds for all p < n € Z".After that ,we want to show that the

equality is true for p = n + 1.

Jmint1 = Ypin + 20N
= xyjij + 2yjij,1
= Jm(zyJy +2yJy_1)
= Jmdni

Theorem 2.3. For any integer n > 1, we get

Jo=J' (2.7)

Proof. It can be proven easily by using induction method.

Theorem 2.4. (Catalan Identity) For any integer n,r > 1

Proof. It’s proved by using the equality (2.7).
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Theorem 2.5. (d’Ocagqne’s Identity) For any integer n, m > 1
jnjm—l—l _jmjn+1 =0

Proof. It’s also proved by using the equality (2.7).

Theorem 2.6. (Honsberger Identity) For any integer n, m > 1

A A

I+ 1 jn—QyjmJn_IZ xyj

m-+n

Proof.

Fuidn = 2dduey = R = ol
= Jtntl gy jmtn—l

= NI - 20

= iy = 2y0)
= Jmn-l z?y® 2zy
zy? 0

= oy = 2ydoin

Theorem 2.7. (Generating Function)

OGRS 1 1 2
J =) Jth= .
— 1 — ayt — 2yt yt 1 — oyt
Proof.
j - j0+j1t+j2t2+
—xytj = —xytjo - xyjﬂfz - xngt?’ - ..

—oyt®] = —2yt*Jy — 2ut>Jy — 2yt Jy — ...
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By adding these equalities, we obtain

(1 —ayt —2yt*)J = Jo+ Lt —aydo+2(Jy — ayJy — 2ydo) + ...

= I+j1t—xytl+0

7 ](l—xyt)—l—jlt_ 1 1 2
1 — ayt — 2yt? 1 — axyt — 2yt? yt 1 — ayt
Theorem 2.8. For n is any positive integer, we have
A Cn, 2¢y,
n— i (28)
yén chnfl

Proof.We use the method of induction again. For n = 1, we have

. 22y + 4y 2y
Cl (1:7 y) =
xy? 4y
Let us suppose that the equality in (2. 8) holds for all m < n € Z*. To end up the proof, we

have to show that the case also holds for n + 1. We get

Cn+1 - xyén+2yén—l

~

én—i—l Qén Cn 2671—1
= wy + 2y
YCn  2YCp_1 YCn_1 2YCp_o
Y(xycn +2yén1) 2y(ryén 1 + 2y, 2)

Cnt2  2Cnp

yén—i-l 2yén
Theorem 2.9. For n > 0 any integer, we have
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Proof.For n = 1, it is obvious that the claim is true:

R 22y +4y 2z Ty 2 10
Ci = Y Y Y =y Y +4
Ty 4y y 0 0 1

<

By using the above equality, we have

Cpir =ChJ, = (xyjl + 4yj0)jn = 2y Jus1 + 4y .

Theorem 2.10. For n > 0 any integer, we have

A A

CA’n+1: C]Jn

Proof.For n = 0 it can be easily seen the truth of the hypothesis due to product of identity

. L 5 v?y? +4y 2wy . Ty 2
matrix. For n = 1, it is obvious from C| = and J; =
x> 4y y O
Cy, = CiJy
22y? + 4y 2xy xy 2
x> 4y y 0

23y + 6xy®  22%y% + 8y
x2y3 + 49 21>

Cs  2C

Yéa 2yc
We assume that it is true for all integers m < n. Now we show that it is true form =n + 1 :

Crdp = Crdndi

N

= On—H . jl
Cny2 2041 ry 2
yén+1 2yén Yy 0

Cnt3  2Cn42 A
- = Cn+2 .
Cny2  2Cn41
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Theorem 2.11. For n > 0 any integer, we have
én: jn—i—l +2yjn71

Theorem 2.12. For n, m > 0 any integers, we have the commutative property

A

jm CAanrII énJr] I

Proof.

jménJrl = jméljn = jm |::ij1 + 4yj0:| jn = 953/jn+m+1 + 4yjn+m

= [%yjl -+ 4yj0] jner = éljnjm = én+1jm.

Theorem 2.13. For n > 0 any integer, we have

C2 ,=C?.Js, (2.9)
6’721—1—1 = CA’1~CAV2n+1 (2-10)
02n+1 - jnén+1 (211)

Proof. Their proofs are seen easily by using some algebraic operations

Corollary 2.1. For n > 0 any integer, we have some relations between bivariate Jacobsthal and

bivariate Jacobsthal Lucas polynomial sequences
i): éi+2 + 2yéi+1 = (xz + 8Y) Jon+3
i): & o+ 296 | = TYConta + 2yConio

iii): Cop = JnCni1 + 29Cnin_1
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Proof. For the proof of i), we use the equality (2.9)

Cn+2

Cn+41

2

2. 92 A A
A Ag 2 ry*+4y 2wy J2n 221
C2, = CPy = "
zy? 4y Yjon  2Yjon—1
2
2Ch 41 rtyt 4+ 16y* + 102%y*  22%y° + 162y Jont1 2)n
26, 23yt + Sxy? 22293 + 163> Jon 2on—1

From the equality of the matrices, we have

ot 2yci, = (2 + 16y + 102°9°) jont1 + (22%y" + 1629°) jon

= $3yg (2YJon+1 + 2yJan) + 8$yz (2YJon+1 + 2yJan) + 16?/2j2n+1 + 2$293j2n+1
= $3y3j2n+2 + 8953/2j2n+2 + 1692j2n+1 + 2$2y3j2n+1

2.9/ A N . .

= Y (2ylonte + 2YJont1) + 8Y(XYJont2 + 2YJon+1)

= 2%’ Jants + SYJants = (27y° + 8Y) Jonss.

For the proof of i1), we use the equality (2.10)

2 2 N N
~ A~ A Ty + 4y 2[L’y Con+t2 202n+1
Ciy = Cr.Conpn =

n
2 A A
Ty 4y Cony1 2Cop

From the equality of the matrices, we obtain

éi+2 + Qyéiﬂ = (x2y + 4y)Conta + 20YCont1 = Tlonts + 4YCopia.

For the proof of iii), we use the equality (2.11)

CZn—i—l =

Cont+2  2Con41 In+1 27n Cnt2  2Cn41

:jnén—i-l -
YCont1  2YCap Yin  2YJn—1 YCnt1 2yCy

From the equality of the matrices, we obtain

2yé2n - Qyjnén+1+4y26njn—l

éQn = jnén+1+2yén]n—1-
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Theorem 2.14. For n > 0, we get

3 (jz—rzjo> n <j1—7’1j0) n
J,=| —— ri—|—— | rg.
T'1—To T'1—To
Proof.

2 Ji —raJy n Ji—ridy n
J, = — |y | ——— | 1y
™ —T2 ™ —T2

B i Yy —Tro 2 ry xy —1ry 2
N Yy —T2 N (Y -
1 vy (rf = r5) =i (177 = 137) 2(rf —13)
e y(rt —r3) —riry (rf =1y )
. jn+1 2jn
Y 2YJn—

Theorem 2.15. The partial sum of bivariate Jacobsthal matrix polynomial sequence for

xy + 2y # 1 is given in the following

iéj Jnve=2Y + 2Yfui1—2t  2(Jy,t2y5,—1)
k:
payt YTy F200,—1) 295, +2YJn_—1)

Proof.Let S, = > Ji. By multiplying J; two sides of the equality, we get
k=1

Spdiv=Jo+ Js4 o+ T
By adding J; two sides of the equality, we get
Sohi+Ji = Ji4do+Js+ oo+ Jouia
Spdi = Sp = Jnp1 — Ji
So(Jy —Jo) = Jus1 — Ji.
The inverse of J, — J, is available for det(jl - jo) =1— a2y — 2y # 0. Then we get

S, = (jn+1 - jl) (Jy — Jo) L.
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. . Int2 — TY  2Jpy1 — 2 S xy—1 2
By using following equalities J,,,1—J1 = Jn2 oS ,Ji—Jy = Y
Yint1 =Y 2Uhn y 1
. . ) 1 2
and (i —Jo) ' = , we get
y 1—my
o _ 1 Jnsz =y Znm -2 | |12
WA= -y 2y y 1—my
. 1 jn+2 + 2yjn+1 — Y — 2y 2(jn+1 + 2yjn - 1)
Ty + 2y -1 L y(jn+1 + Qyjn - 1) 2y (jn + 2yjn71 - 1)

Corollary 2.2. The partial sums of bivariate Jacobsthal polynomial sequence for xy + 2y # 1

are given in the following:

Y

Zn:j _ Jn2 = TY A+ 2Yjni1 — 2y
— o ry+2y—1

and

- A jn+1+2yjn_1
2= -

— ry +2y—1

Theorem 2.16. The partial sum of bivariate Jacobsthal Lucas matrix polynomial sequence

for zy + 2y # 1 is given in the following > Ciy = (a;)
k=1

1
a - (3, 20, 2U7n 4y?i,1 — x2y? 2y) — 2y(3 4
1 xy+2y_1(j 4 2YJnss + 2nse + 4y Jnn — 2%y (2y + 2y) — 293y + 4y))
2
ay = —————(Jn 2Un 2U 4979, — x?y? — dy — 2xy?
12 q:y+2y—1(1+3+ YJnv2 T 2YJnt1 +4Y Jn — T7Y y — 2zy°)
Yy ~ ~ A 2 A 2 2,2
= ——— (7, 2Uin 2 7n dy“ i, — 22y~ — —4
a1 xy+2y—1(j 43+ 2Ydny2 + 2YJn1 +4Y°) Ty — Y y)
2y . . A A
ayy = —(]n+2+2y]n+1+2ﬁy]n+4y2]n—1_xy_4y)

zy+2y—1
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Proof.By using C’k+1 = () J,, and Theorem (2.10) we get
S = 3 Cudi -
k=1 k=1

1 2y? + 4y 2wy

zy+2y—1 2y? Ay

jn+2 + Qyjn-i-l —TY — 2y Q(jn-i-l + 2yjn - 1)
y(jn—f—l + 2yjn - 1) 2y (jn + 2yjn—l - 1)
If the product of matrices is made the desired result is found.

Corollary 2.3. he partial sums of bivariate Jacobsthal Lucas polynomial sequence for xy+2y #

1 are given in the following:

n

. 1 . . . .
> bk = ————— (Gns2+ ins1 + 2000 + 497501 — 2y — 4y) .
— zy +2y —1
and
n
. 1 . . . .
Ch1 = —————= (Jnts + 20Jns2 + 2yJnsr + 4700 — 2°y° — dy — 2297) .
xy+2y—1
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