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Abstract. In this paper, we consider a generalized set-valued mixed equilibrium problem (in short, GSMEP)
in real Hilbert space. Related to GSMEP, we consider a generalized Wiener-Hopf equation problem (in short,
GWHEP) and show an equivalence relation between them. Further, we give a fixed-point formulation of GWHEP
and construct an iterative algorithm for GWHEP. Furthermore, we extend the notion of stability given by Harder
and Hick [3] and prove the existence of a solution of GWHEP and discuss the convergence and stability analysis
of the iterative algorithm. Our results can be viewed as a refinement and improvement of some known results in

the literature.
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Equilibrium problems, as the important extension of variational inequalities, have been
widely studied in recent years. One of the most interesting and important problems in the theo-
ry of equilibrium problems is the development of an efficient and implementable iterative algo-
rithm. Various kinds of iterative schemes have been proposed for solving equilibrium problems
and variational inequalities, see for example [1-9,11-13,15]. In early 1990’s, Robinson [14]
and Shi [15] initially used Wiener-Hopf equation to study the variational inequalities. In 2002,
Moudafi [8] has studied the convergence analysis for a mixed equilibrium problem involving

single-valued mappings.

Recently, many authors given in [2,4-6,11,12,15] used various generalizations of Wiener-
Hopf equations to develop the iterative algorithms for solving various classes of variational

inequalities and mixed equilibrium problems involving single and set-valued mappings.

Inspired by the works given in [2,4-6,8,11,12,15], in this paper, we consider a generalized
set-valued mixed equilibrium problem (GSMEP) in real Hilbert space. Related to GSMEP,
we consider a generalized Wiener-Hopf equation problem (GWHEP) and show an equivalence
relation between them. Further, we give a fixed-point formulation of GWHEP and construct an
iterative algorithm for GWHEP. Furthermore, we extend the notion of stability given by Harder
and Hick [3] and prove the existence of a solution of GWHEP and discuss the convergence and
stability analysis of the iterative algorithm. By exploiting the technique of this paper, one can

generalize and improve the results given in [1-9,11-13,15].

2. Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by (-,-) and || - ||,
respectively; let K be a nonempty, closed and convex subset of H and let CB(H ) be the family
of all nonempty, closed and bounded subsets of H. The Hausdorff metric 5 (-,-) on CB(H) is
defined by

J(A,B) = max{sup infd(x,y), supinfd(x,y)}, A,Be€CB(H).
xcAYEB yeBxeA

We need the following known concepts and results.
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Definition 2.1[6]. Let 1) : H x H — H be a mapping. A set-valued mapping M : H — 2H is said

to be:

(i) s-strongly monotone if there exists a constant s > 0 such that
(“—V,Tl(x»)’» > st_yH27 vx?)) € H7 u GM(X)v Ve M<y>’

(ii) maximal strongly 1-monotone if M is strongly 1-monotone and (I + pM)(H) = H for

any p > 0, where I stands for identity mapping.

Definition 2.2[8]. A mapping T : H — H is said to be y-cocoercive if there exists a constant

Y > 0 such that
(T(x)=T(),x—y) > NTx—Ty|, Vx,y € H.

Definition 2.3[6]. A set-valued mapping T : H — CB(H) is said to be p-7#-Lipschitz contin-

uous if there exists a constant i > 0 such that
H(T(x), T(y) < plx—yl, vVx,yeH.

Theorem 2.1[6,10]. (i) Let 7 : H — CB(H) be a set-valued mapping. Then for any given € > 0

and for any given x,y € H and u € T(x), there exists v € T(y) such that
lu—v]| < (1+€) A(T(x),T(y));

(ii) If T : H — C(H), then the above inequality holds for € = 0.

Definition 2.4[1]. A real valued bifunction F : K x K — R is said to be:

(i) monotone if

F(x,y)+F(y,x) <0, Vx,y € K;

(i1) strictly monotone if

F(x,y)+F(y,x) <0, Vx,y € K with x # y;

(i11)) o-strongly monotone if there exists a constant & > 0 such that

F(x,y)+F(yx) < —a|lx—y|*, ¥x,y €K;
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(iv) upper-hemicontinuous if

limsup F(tz+ (1 —t)x,y) < F(x,y), Vx,y,z € K.

t—0
Theorem 2.2[1]. If the following conditions hold:
(i) F is monotone and upper hemicontinuous;
(ii) F(x,.) is convex and lower-semicontinuous for each x € K
(iii) There exists a compact subset B of H and there exists yo € BN K such that F(x,yg) <0

for each x € K\ B.

Then the set of solutions to the following equilibrium problem (in short, EP): Find x* € K such

that

F(x*,y) > 0, Vy €K, (2.1)
is nonempty, convex and compact.
Remark 2.1[1,8]. If F is strictly monotone, then the solution of EP (2.1) is unique.

Definition 2.5[3,13]. Let G : H — 2! be a set-valued mapping and xy € H. Assume that
Xn+1 € f(G,x,) defines an iteration procedure which yields a sequence of points {x,} in H.
Suppose that F(G) ={x€ H: x € G(x)} # 0 and {x,} converges to some x € G(x). Let {y,}
be an arbitrary sequence in H and &, = ||y,+1 — Xn+1]|-
(1) If ’}gl(}o €, = 0 implies that ,}5‘; yn = x, then the iteration procedure x,; € f(G,x,) is
said to be G-stable.
(ii) If § €, < 0 implies that nlgrolo yn = X, then the iteration procedure x, 11 € f(G,x,) is said

n=0

to be almost G-stable.

Remark 2.2. Definition 2.5 can be viewed as an extension of the concept of stability of the

iteration procedure given by Harder and Hick [3].
Theorem 2.3[5,6]. Let {a,}, {b,} and {c,} be nonnegative real sequences satisfying
an+1 = (1=Ay)an+ Apnby+cp, Y0 >0,

where Y A, =o; {A,} C [0,1]; li_r>n b,=0 and Y ¢, <. Then lim a, = 0.
n=0 n—reo =

n=0 n—oo
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3. Formulation of the problems

Letg:K—+K, n:HxH—H, N:HXxHxH — H be nonlinear mappings and F :
K x K — R be a bifunction such that F(x,x) = 0,Vx € K. Let T,B,S: H — CB(H) be three
non-monotone set-valued mappings with non-compact values, then we consider the following

generalized set-valued mixed equilibrium problem (in short, GSMEP):
Findx € K, u € T(x), v € B(x), w € S(x) such that

F(g(x),y) + (N(u,v,w),n(y,8(x))) = 0, Vy € K. (3.1)

We remark that for appropriate choices of the mappings g,F,N,T,B,S, and the space H,
one can obtain many known classes of mixed equilibrium problems and variational inequalities

from GSMEP (3.1), see similar type of problems in [1-9,11-13,15].

We need the following concepts and results.

Definition 3.1[8,9]. For p > 0 and a given bifunction F, the associated Yosida approximation,

Fp, over K and the corresponding regularized operator, AL are defined as follows:

1 1
Fp(x,y) = <5(X—J§(X)), n(y,x)) and Ag (x) = 5 (x—Jp (), (3.2)
in which Jg (x) € K is the unique solution of
PF (5 (x),y) + (Jg (x) —x,n (3,5 (x))) > 0, Vy € K. (3.3)
Remark 3.1. If F satisfies all conditions of Theorem 2.2 and Remark 2.1, and 7 is continuous
and affine then the problem (3.3) has an unique solution.

Remark 3.2. If K = H and F(x,y) = sup (&,n(y,x)), Vx,y € K, where M is a maximal
GEM(x)
strongly 1-monotone operator, then it directly yields

J5(x) = (I+pM)~" (x) and A} (x) = M (),

where M, := ll)(l — (I+pM)~1) is the Yosida approximation of M. In this case J, 5 generalizes
the concept of resolvent mapping for single-valued maximal strongly monotone mapping given

in Li and Feng [7].
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Theorem 3.1[6]. Let the bifunction F : K x K — R be «-strongly monotone and satisfy the

conditions of Theorem 2.2, and let the mapping 1 : H x H — H be 0-strongly monotone and

T -
S+pa

7-Lipschitz continuous with 1 (x,y) + n(y,x) = 0, Vx,y € H, then the mapping Jg is

1

max{1+(x=

Lipschitz continuous and Ag is c-cocoercive for ¢ = ]
o+pa

22}

Now, related to GSMEP (3.1), we consider the following generalized Wiener-Hopf equa-
tion problem (in short, GWHEP):

Findz € H,x € K,u € T(x),v € B(x),w € S(x) such that
N(u,v,w)%—Aﬁ(z) = Oand g(x) = Jg(z). (3.4)

Lemma 3.1. GSMEP (3.1) has a solution (x,u,v,w) with x € K,u € T(x),v € B(x),w € S(x) if

and only if (x,u,v,w) satisfies the relation

g(x) = Jy[g(x) = pN(u,v,w)].

Proof. The proof directly follows from the definition of J,f given by (3.3).
4. Iterative algorithm

The following lemma, which will be used in the sequel, is an equivalence between the

solutions of GSMEP (3.1) and GWHEP (3.4).

Lemma 4.1. GSMEP (3.1) has a solution (x,u,v,w) with x € K,u € T(x),v € B(x),w € S(x) if
and only if GWHEP (3.4) has a solution (z,x,u,v,w) with z € H, where

gx) = Jy(2) (4.1)
and
z = g(x) —pN(u,v,w). (4.2)
Proof. The proof immediately follows from the definition of Ag and Lemma 3.1.

The GWHEP (3.4) can be written as

Ag (z) = =N(u,v,w),
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which implies that

7= Jg(z) — pN(u,v,w),

= g(x) — pN(u,v,w), by (4.1).
Using this fixed point formulation, we construct the following iterative algorithm.
Iterative Algorithm 4.1. For a given zo € H, xo € K, up € T(xp), vo € B(xp), wo € S(x0)

and g(xp) = J[f (z0), using induction principle, we can compute an approximate solution

(Zny Xy Un, Vi, Wy) given by the following iterative scheme:

gxn) = Jp (zn), (4.3)

g € T(xn) ¢ it —wn| < (14 (140)"") ST (a1), T (30)), (4.4)

Vn € Bxa) |Vt —vall < (1+(14n)7") H(Blxns1), Bxw)), (4.5)

Wi € S(xa) ¢ |IWart —wal| < (14 (1+n0)7") A(S(xs1),50m)), (4.6)
Zntt = (1= A)zn — A [g(xn) — PN (s, vy W) ] (4.7)

where n =0,1,2,...; p > 0is a constant and 0 < A < 1 is a relaxation parameter.

5. Existence of solution, convergence and stability analysis

We prove the existence of a solution of GWHEP (3.4) and discuss the convergence and

stability analysis of the Iterative Algorithm 4.1.

Theorem 5.1. Let K be a nonempty, closed and convex subset of H; let the mapping 1) : H X
H — H be §-strongly monotone and 7-Lipschitz continuous with 1 (x,y) +1n(y,x) =0, Vx,y €
H; let the bifunction F : K x K — R be a-strongly monotone and satisfy the assumptions of
Theorem 2.2; let the mapping N : H x H x H — H be (07, 0>, 03)-mixed Lipschitz continuous;
let the mappings 7,B,S : H — CB(H) be p;-7-Lipschitz continuous, p,-7#-Lipschitz and
W3- -Lipschitz continuous, respectively; let the mapping g : K — K be y-strongly monotone
and &-Lipschitz continuous. Suppose that there exists a constant p > 0 such that the following

conditions hlod:

6+Tpa[1+%} <1; (5.1)
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E>\2y—1;te<ab;b>0, (5.2)

where e := (o1 + Oolr + O3 43) and b :=1— /1 — 2y + £2. Then the sequences {z, },{xn }, {un}, {vu}, {wn}
generated by Iterative Algorithm 4.1 strongly converge to z € H,x € K,u € T(x),v € B(x),w €

S(x), respectively, and (z,x,u,v,w) is a solution of GWHEP (3.4).
Proof. From Iterative Algorithm 4.1, we have
zn+2 = znr1 || < (1 =) lzn+1 = znl| + Al|g(nr1) — g(3n) ||

+AP[IN (U1, Vi1, Wnt1) — N(ttn, Vi, W) || (5.3)

Since N is (07, 02, 03)-mixed Lipschitz continuous; 7 is y;-7#-Lipschitz continuous; B is

Wo-7¢-Lipschitz continuous and S is u3-7-Lipschitz continuous, we have
[N (Un15 Vi1, Wne1) = N, v, wi ) ||
< O1[unt1 = un|| + G2Vt — val| + O3 [[Wir1 —wal|
< (141 4n)") [015(T (36041), T () + 027 (B(xn 1), B(xa)) + 037 (S(x1.1), S (x2) )]
< (14 (14+n)7") (o111 + ol + 0343) | X041 — 2. (5.4)

By using Theorem 3.1 and (4.3), we have

gCens1) = gCun)ll = Vg (zns1) = Jp (z)l

< =zl 5.5
< 575!k (55)

Using y-strongly monotonicity and &-Lipschitz continuity of g and (5.5), we have

|1 = Xal| = |1 — X0 — (§(xns1) — 8(xn)) +I5 (znr1) — I (zn) |
T
<1 =20 — (8(xng1) — 8(xn)) || + 51 ||Znt1 = 2al|
T
<A1 =274+ &2 [|xpt1 —xn||+m |zn+1 =zl

which implies that

T

(1—m> (5 +pa) ||Zn+1 — Zn] |-

Hxn+1 _an <
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From (5.3)-(5.6), we have the following estimate:

||Zn+2 —Zn+1|| <1 —/l)||z,,+1 —Zn||

PR [1 P(Gl.ul+62H2+G3M3)(1+(1+n)_1)]HZ 1 — Znl|
5+ po (I—V1=21+8) T

= (1= (1= 02)llzns1 = zll (5.7)

where

n

T [1 p(o111 + o2ty + o33) (1 + (1 +n)‘1)]'

T dpa (1-VT=27+8)

Letting n — oo, we see that 6,, — 6, where

o L[l P(01H1+62H2+63H3)]
- S+pa (1-y1-2y+82) 1

Since 6 < 1 by conditions (5.1), (5.2), then (1 — A (1 — 9,,)) < 1 for sufficiently large n. It

(5.8)

follows from (5.7) that {z,,} is Cauchy sequence and hence there is a z € H such that z, — z.
Similarly, by (5.6), we observe that x, — x € K as n — oo, since K is closed. Also, from (4.4)-

(4.6) and the Lipschitz continuity of 7, B, S, we have u, — u, v, - vandw, — win H.
Next, we claim that u € T'(x). Since u, € T(x,), we have
d(u,T(x)) < [Ju—un|[+d(un, T (xn)) + (T (xn), T (x))
<||u — un|| + t1|}xn — x|| = 0 as n — oo.

Hence u € T (x), since T (x) € CB(H). In similar way, we can observe thatv € B(x) and w €
S(x). Finally, continuity of N, T, B, S, g,Ji)F , and Iterative Algorithm 4.1 ensure that (z,x,u,v,w)
is a solution of GWHEP (3.4).

Theorem 5.2(Stability). Let the mappings g,n,F,N,T,B,S be same as in Theorem 5.1 and
conditions (5.1), (5.2) of Theorem 5.1 hold with e = (1 +€) (o111 + O lr + 033 ). Let {g,, } be
any sequence in H and define {a,} C [0,0) by

gvn) = J5 (qn), (5.9)

Uy € T(vn) = [[inr1 =l < (14 (14+0)"") (T (1), T (), (5.10)

Vo € BOn) ¢ [Vt =Vl < (14 (140)"") S(B(ynr1), BOn)), (5.11)
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Wn € S(yn) * W1 —Wal| < (1+(1+n)_1)%(5(yn+1),5(yn)), (5.12)
an = |lgnt1— (1 = 2A)qn — A[g(yn) — PN (thn, Vi, )], (5.13)
where n = 0,1,2,...; p > 0 is a constant and 0 < A < 1 is a relaxation parameter. Then

im (g, Yn, Un, Vn, Wy) = (z,x,u,v,w) if and only if lim a, = 0, where (z,x,u,v,w) is a solution
n—oo n—oo

of GWHEP (3.4).
Proof. By Theorem 5.1, GWHEP (3.4) has a solution (z,x,u,v,w), that is,
z2=(1=A)z+2[g(x) = pN(u,v,w)].

Now, we assume that lim a,, = 0, we have
n—yoo

[|gnt1 =2l < [[(1=2)gn+A[g(yn) = PN (thn; Vi, W) | = 2|
Hlgnr1 = (1 =2)gn = A[g(vn) — PN (@, Vi, W )]
< (1=2)llgn = 2|/ + A1[g(vn) = ()| + PA|IN (1, Vi, W) — N (ut, v, W) [ + .

By Theorem 2.1 and Theorem 3.1, the preceding inequality reduces to

T
o+pa

+)Lp(1+8)(GI%(T()’n)7T(y))+62%(B()’n)73(y))+G3%(S(Yn>vs(y)))

an+1 =2l < (1= 2A)lgn —2|| +-A |lgn — ]|

T
o+pa
Next, we estimate ||y, —x||:

<(1=A)llgn—zl[+2

llgn—zll+Ap(1+€) (o111 + 02ty + O3 43) | [yn —x[ | +-an.  (5.14)

[y =2l < 11y =2~ (§(y) = (NI + 5 () =I5 )]

T
<4\/1-2 2|y, — —7ll.
< Y+&* |yn xH+5+pqun Zl|
It follows that
T
[y — x| < llgn —z||- (5.15)
" (1-/1-2y+E2) (8 +pa)
Hence, from (5.14) and (5.15), we have the following estimate:
lgnet —2ll < (1= 2(1 = 8))llgn 21l +a, (5.16)
. _ T P(1+€)(01H1+02H2+03u3)]
where 6, = STpa [H— 2 e .
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Setting: b, = ||gn —z||; An =A(1 = 6¢); By =A"'(1—6¢)"'a,; 1, =0, Vn.

By conditions (5.1), (5.2), it follows that 6; < 1, and hence A, € [0,1], Vn and ¥4, =

oo, Since lim a, = 0, then lim 8, = 0. Hence, by Theorem 2.3 and (5.16), it follows that
n—oo

n—yoo

b, — 0 as n — 0, that is, g, — z as n — oo. Also, from (5.10)-(5.12), (5.15) and the Lips-
chitz continuity of N, T, B,S, we observe that y, — x, u, — u, v, — v and w,, = w as n — oo.

Thus’ JE){IO(QHJyn?ﬂn?vn’Wn) = (Z7'x7u7v7w)'

Conversely, assume that 1i_r>n (Gn,Yn, Un, Vi, W) = (z,X,u,v,w). Then (5.13) implies that
an < |lgns1 =2l + (1= 2)gn +Ag(yn) — PN (tn, Vi, W) — 2|

<|gn+1 =2l + (1= 2)|lgn —zl| + Al[g(yn) — g(X)[| + PA|IN (W, Vi, Wn) — N (ut, v, w)]|
— Qasn — oo.

This completes the proof.

Remark 5.1. For p > 0, itisclearthat y< &; 6 <1; £ > /2y—1; te < ab, b > 0. Further,
0 € (0,1) and conditions (5.1),(5.2) of Theorem 5.1 hold for some suitable values of constants,

for example,
(a=4,y=E(E=15,0=1,t=15,e=.1,00=m=03=WU =l =U3=.5 b=.5).

Conflict of Interests

The authors declare that there is no conflict of interests.

Acknowledgements

This work has been done under a Research Project (Project Grant Number: S-0114-1438) sanc-
tioned by the Deanship of Scientific Research Unit of Tabuk University, Ministry of Higher

Education, Kingdom of Saudia Arabia.

REFERENCES

[1] E. Blum and W. Oettli, From optimization and variational inequalities to equilibrium problems, The Math.

Student, 63 (1994), 123-145.



252 F.A. KHAN, K.R. KAZMI FM. ALHARBI, M. DILSHAD

[2] X.-P. Ding, Generalized quasi-variational-like inclusions with nonconvex functionals, Appl. Math. Comput.
122 (2001), 267-282.
[3] A.M. Harder and T.L. Hick, Stability results for fixed-point iteration procedures, Math. Japonica, 33(5)
(1998), 693-706.
[4] A. Hassouni and A. Moudafi, A perturbed algorithm for variational inequalities, J. Math. Anal. Appl. 185
(1994), 706-712.
[5] K.R. Kazmi and M.I. Bhat, Convegence and stability of a three-step iterative algorithm for a general quasi-
variational inequality problem, Fixed Point Theory and Appl. 2006(1), (2006), 1-16.
[6] K.R. Kazmi and F.A. Khan, Existence and iterative approximation of solutions of generalized mixed equilib-
rium problems, Comput. Math. Appl. 56 (2008), 1314-1321.
[7] S.-J. Li and D.-X. Feng, The topological degree for multivalued maximal monotone operator in Hilbert s-
paces, Acta Math. Sinica, 25(5) (1982), 531-541.
[8] A.Moudafi, Mixed equilibrium problems: Sensitivity analysis and algorithmic aspect, Comput. Math. Appl.
44 (2002), 1099-1108.
[9] A. Moudafi and M. Thera, Proximal and dynamical approaches to equilibrium problems, Lecture Notes in
Econom. and Math. System, Springer-Verlag, Berlin, 477 (2002), 187-201.
[10] S.B. Nadler (Jr.), Multi-valued contraction mappings, Pacific J. Math. 30 (1969), 475-488.
[11] M.A. Noor, Wiener-Hopf equations and variational inequalities, J. Optim. Theory Appl. 79 (1993), 197-206.
[12] M.A. Noor, Generalized quasi-variational inequalities and implicit Wiener-Hopf equations, Optimization, 45
(1999), 197-222.
[13] O. Osilike, Stability for the Ishikawa iteration procedures, Indian J. Pure Appl. Math. 26(10) (1995), 937-945.
[14] S.M. Robinson, Normal maps induced by linear transformations, Math. Oper. Res. 17 (1992), 691-714.
[15] P. Shi, Equivalence of variational inequalities with Wiener-Hopf equations, Proc. Amer. Math. Soc. 111

(1991), 339-346.



