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Abstract.In this paper, the generalized Bessel matrix polynomials are introduced, starting from the
hypergeometric matrix function. Integral form, Rodrigues’s formula and generating matrix function are
then developed for the generalized Bessel matrix polynomials. These polynomials appear as finite series
solutions of second-order matrix differential equations and orthogonality property for the generalized
Bessel matrix polynomials are given. Finally, connections between generalized Bessel matrix polynomials

with Laguerre matrix polynomials and Whittaker matrix functions are established.
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1. INTRODUCTION

The theory of generalized special matrix functions has witnessed a rather significant
evolution during the last years. The reasons of interest have a manifold motivation.
Restricting ourselves to the applicative field, we note that for some physical problems the
use of new classes of special matrix functions provided solutions hardly achievable with
conventional analytical and numerical means. Hermite, Chebyshev, Jacobi, Laguerre and
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Gegenbauer matrix polynomials were introduced and studied in [1, 4, 5, 13, 17]. Recently,
a new extension of hypergeometric matrix functions and Humbert matrix functions have
been introduced as a matrix power series in [15, 18].

The Bessel polynomials were proposed nearly a century ago [3, 16]. Since then, they
have been recognized as a unique tool in both pure and applied mathematics. the main
object of this paper is study some important properties of the generalized Bessel matrix
polynomials which is a matrix extension of Bessel scalar polynomials [2, 6, 7, 8, 9, 19, 20].
The paper is organized as follows: Section 2, provides the definition of the generalized
Bessel matrix polynomials, Y;,(A, B; z), for parameter matrices A and B, and integral for-
m of the generalized Bessel matrix polynomials is given. Section 3, Rodrigues’s formula
and the generating matrix function of Bessel matrix polynomials is established. In Section
4, these polynomials appear as finite series solutions of second-order matrix differential
equations and orthogonality property for the Bessel matrix polynomials is given. Sec-
tion 5, connections between generalized Bessel matrix polynomials with Laguerre matrix
polynomials and Whittaker matrix functions are obtained.

CN*N of complex matrices of com-

Throughout this paper, consider the complex space
mon order N. A matrix A is a positive stable matrix in CV*¥ if Re(\) > 0 for all
A € 0(A) where 0(A) is the set of all eigenvalues of A. If Ay, Ay, ..., A, are elements of

CV*N and A, # 0, then we call
Po(2) = Ap2™ + Ap_ 12" 4 Ay 02" 2 4 L+ Ay,

a matrix polynomial of degree n in z.
If f(z) and ¢(z) are holomorphic functions of the complex variable z which are defined
in an open set € of the complex plane and A is a matrix in CV*¥ such that o(A) C Q,

then from the properties of the matrix functional calculus [10], it follows that
(1.1) f(A)g(A) = g(A)f(A).
Hence, if B in CM*¥ is a matrix for which o(B) C  and if AB = BA, then

(1.2) f(A)g(B) = g(B)f(A).
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The reciprocal gamma function denoted by I'"'(z) = ﬁ is an entire function of the
complex variable z. Then for any matrix A in CV*¥ | the image of I'"1(2) acting on A

denoted by I'"1(A) is a well defined matrix. Furthermore, if
(1.3) A+nl is invertible for all integer n >0

where I is the identity matrix in C¥*¥_ then T'(A) is invertible, its inverse coincides with

['~1(A) and one gets the formula [12]
(1.4) (A),, =AA+ D). (A+(n—1DI) =T(A+nDT 1 (A); n>1;(A)=1.
Joédar and Cortés have proved in [12] that

(1.5) I'(A) = lim (n— D[(A),] 'n"

n——oo

(CN><N

Let P and () be two positive stable matrices in . The gamma matrix function I'(P)

and the beta matrix function B(P, Q) have been defined in [11] as follows

I'(P) :/ et at;
0

(1.6)

t" T =exp ((P —1I) lnt)
and
(1.7) B(P.Q) / P - et

In [15] Kishka et al are given the definition of hypergeometric matrix series as

(1) o, fiyi ) = 30 CHODIONT

k=0

Laguerre matrix polynomials may be defined in [13] by

(1.9) Li(z) =) % (A+1), [(A+ D))t 2™,

m=0
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2. ON GENERALIZED BESSEL MATRIX POLYNOMIALS

Definition 2.1. Let A and B be a matrix in CV*¥ satisfying the spectral condition (1.3).
For any natural number n > 0, the n-th generalized Bessel matrix polynomial Y;,(A, B; z)

is defined by

n

(2.1)Yn(A, By 2) = Zn: ( )(A +(n+k-2DP (B Y (neNy:={0,1,2,..}).

k

If we replace A by A+ 21 then the n-th generalized Bessel matrix polynomial Y;,(A, B; z)
given by

n

(2.2) Yo(A, B;z) = Z ( )(A +(n+ 1Dz B™H (n € Ng:={0,1,2,..}),

k

where ( > is a binomial coefficient and (A)* as usual means (A)(A—1I)...(A— (k—1)I).
k

By the explicit formulas for generalized Bessel matrix polynomials Y,,(A, B; z) the first

four of these polynomials are therefore given by
Yo(A, B;z) =1,
Yi(A,B;z) =1+ A(z B™Y),
Yo(A, B;2) =1 +2(A+1)(z B+ (A+1)(A+2I)(z B™')?

and
Y3(A, By 2) = [+3(A+21)(2 B~)+3(A+2I)(A+3I)(z B™")*+(A+21)(A+3I)(A+4I)(z B~1)?.

From (1.8) we can written

oFo(—nl, A+ (n—1)I;—;—2z B™)

" (—nD)(I —nI)2I —nl)..(kI —nl — )(A+ (n+ D)I)..(A+ (n+k—2)I)

= X (—z B~Y*
_ Z (nl)(In —I)(nI —2I)..(nd — k]+é!)(A+ (n+1I)..(A+(n+k—2)I) ( B!

el

s |

o

(n) (A+ (n+k—2))®¥(z BTH*,

k

bl

=0
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where

(—1 k —n) —n[k
(n—)k)!I:(n!k] ( n!) '

This gives the generalized Bessel matrix polynomials
(2.3) Yo(A,B; 2) = oFo(—nl, A+ (n—1)I;—;—z B™');(n € Ny := {0,1,2, .}).

To get an integral form for the generalized Bessel matrix polynomials of complex variable.

By (2.3), we can write

(2.4) :i (—nI W T A+ (n — DDT(A+ (k+n— 1))

x (z BT,

k=0

According to (1.6), we find that
(2.5) A+ (k+n—-1)I)= / A= o=t gy
0

therefore, we see that

(—n[)k
k!

(=t z B~YHkat,

NE

(2.6l A, Bi2) T (At (n—)1) [ e
0

il

0

thus,

Y, (A, B;2) =I"""(A+ (n— 1)[)/ tAT =D Bo(—nl; — —t 2 B~ e 'dt
(2.7) .
=T YA+ (n—1DI) / tAT=DI(T Lt 2 BT et

0

Summarizing, the following result has been established.

Theorem 2.1. Let A and B be a matriz in CN*N satisfying the spectral condition (1.3),

let z,t be a complex numbers. Then for any integer n > 0, expressions (2.7) hold true.

3. THE GENERATING FUNCTION OF GENERALIZED BESSEL MATRIX POLYNOMIALS

It is well known the interest in the applications of the generating function of classical
generalized Bessel polynomials, (see [8, 9, 19, 20]). The aim of this section to obtain

formula for the generating function of generalized Bessel matrix polynomials.
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Lemma 3.1. Let A and B be a matriz in CN*N satisfying the spectral condition (1.3)
and let Y, (A, B; z) be the n-th generalized Bessel matriz polynomial. Then the following

formula holds for n >0

B

(3.1) Y,(A, B;z) = B "2 e Dn( Aten-21,~2y.

d
dz

Proof. By expanding the right side of (3.1) and identifying it which formula (2.1) for
Y, (A, B; z). We see that

B 24, Dn( A+(2n—2)16—§>

>~  pm oo B
_ p—n2I-A n _1\sZ JA+(2n—2—s)I
o) ~ETETL S0 )
—n  2I-A - " B* (n) ,A+(n—2—s)I
= Bz ZmW (1) (A+@2n-2-5)D)", 2 :
m=0 """ s=0

set m + s = k, then the double sum can be written as

B B
BfnZQIfAeg Dn(ZAJr(anZ)Ief;)

Z 2=y

k= s=0

(3.3) 0 —n n— k k
‘ ()((A+2(n— NI) —sI)™

s

Using lemma 2 in [9] and applying the matrix functional calculus [10], one gets

(3.4) zk:(—l)s (k) (A+2(n—1)I) —sH™ = {

s=0

0, for k>n,
n®) ((A+2(n—1)I-kI)(n=k)  for k<n,
the final expression in (3.3) reduces to

_ _A B _ _B
B nZQI Aez Dn(ZA—i-(Qn 2)]e z)

(3.5) - Z

— Z( ) (A+(n+k—-21)P(z BHY =Y, (A, B;2).

Bk n,m— k
n™(A+ (2n—2— k)P

O

The following result formula for the generating function of generalized Bessel matrix

polynomials.
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Theorem 3.1. Let A and B be a matriz in CN*Y satisfying the spectral condition (1.3)
and let z,t be complex number. Then the generating function for generalized Bessel matrix

polynomial is given by

11 21— A _1 B (1 —+/1—2zt)
VT2 |~ 2:1)73
y [2 +3 2t ( 2t)77 exp | 5 ]
30 (B VAB)
B —~ n! ‘

Proof. Lagrange’s theorem, c.f [8] states that if w = z + t1(w); when w is many valued,

that branch is taken which converges to z when t — 0, then

(3.7) )+ Z z j — [{v)} d%f(z)}-
From (3.7) we easily deduce that
(3.8) & rw) = 30 D [y )

Now, let us rediscover the generating function (3.6) by use of Lagrange’s theorem for this

purpose we take ¢(z) = 22
' _ A-2r -Z _ f 2
f(z) == e zandw—z+(2)w,

so that
= (1~ (VT-2Za0),

since we are to have w = z, when ¢t — 0. Thus it at once follows from (3.8) that

(39 P2 =3 U2

Thus, we obtain from (3.1) and (3.9)

oo

o a5 (B Ya(AB2)
wA emw (1—22t)72 =24 H e Z oy t
n=0

z

b
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whence, we derive

[1-

=\ (B/2)" Y, (A, B;z2) ,
(B m< )

n=0

(1— T 94 ta)}ﬂ—A(l B 22t)_% exp [B (1—+/1- 2zt)}

2z

N | —

(3.10)

Therefore, the proof of Theorem 3.1 is completed.

4. ORTHOGONALITY FOR GENERALIZED BESSEL MATRIX POLYNOMIAL

Orthogonal matrix polynomials is an emergent field whose development is reaching
important results from both the theoretical and practical points of view. Important con-
nections between orthogonal matrix polynomials and matrix differential equations appear
in [4, 5, 14].

The operator 6 = z(:L), already used in the derivation of the many matrix differential
equations, c.f [15], is helpful in deriving a matrix differential equation satisfied by (2.1),

we obtain

(01) VoA, Biz) =g S CURERDAT (0 = DD 2 (B

k!
Y o (CUf{enDuAt (e Dt (B
1 —1)5(=nD)p(A+ (n — 1)I)pzF (B~1)k1
> EECE e '

A shift of index yields

01) V(4. B: 2y =3y CVEnDen (At gz — DD (BT

k=

[e=]

=~ B (k= m)D)(A+ (0 — 1+ k)) Un(2)

— — (2 BY(OI — nI) (0] + (A+ (n — 1)I))] Yo(A, B; 2),

where, Uy(2) = (_l)k(_”l)’“k(!AH”_l)I)’“ (z B71), thus,
(4.2) (01) + (= B~ ((0I —nI)(01 + (A+ (n—1)1)))| Yu(A, B;z) = 0.
Equation (4.2) is easily put in the form

(4.3)  22Y,(A,B;2)+ (Az+ B)Y.(A,B;2) = nl(A+ (n — 1)I)Y,(A, B; 2).
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Therefore, the following result has been established.

Theorem 4.1. For each natural number n > 0, then the generalized Bessel matriz poly-

nomial Yy, (A, B; z) satisfies the equation (4.3).

Now, we shall show that the generalized Bessel matrix polynomials form an orthogonal
system with path of integration an arbitrary curve surrounding the origin, and with the
weight function p(z) given by

—-B
z

(4.4 p() = 5 ST (A4 (n— 1)) ()

which satisfies the related a matrix nonhomogeneous equation

1
211

(4.5) (2p(2)) = (Az+ B)p(z) — 5 [(A ~ I)(A—21)]z.

If equation (4.3) is multiplied by p(z), we have

AN

(£20(2)Y,) — (£°p(2))'Y, + (Az + B)p(2)Y,, = nl(A + (n = )])Y,p(2)

and using (4.5) we find that

(4.6) (22p(2)Y.) + (A=D(A=B)lzy _ nI(A+ (n—1))Y,p(2).

n

271
If we multiply equation (4.6) by Y;,(A, B;z) and integrate around the unit circle, we get

/c<z2p<z>Y;<z>>’Ym dz + / (A-D)(A-2D)]

. Y, Y, dz
C 2mi

(4.7)

=nl(A+ (n— 1)[)/ p(2)Y, Y., dz.

By integrating by parts we have

(4.8) nI(A+(n—1)1) /

p(2)Y,Y,, dz = —/ 2p(2)YY, dz.
c

c
Interchanging n and m, that is

(4.9) mI(A+ (m— 1)])/

p(2)Y, Y, dz = —/ 2p(2)Y, Y, dz
c

c

and subtracting gives

(410)  [nI(A+ (n — DI) — mI(A+ (m — D)1)] / p(2) YoV, dz = 0.
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Finally, for n # m we have
/ p(2)Y,Y, dz=0,
c

this shows that the generalized Bessel matrix polynomials are orthogonal with p(z) as

weight function.

5. A CONNECTIONS BETWEEN BESSEL WITH LAGUERRE MATRIX POLYNOMIALS AND

WHITTAKER MATRIX FUNCTIONS

In this section, we shall study relations of the generalized Bessel Polynomials and to
other matrix polynomials and matrix functions.

From (1.9), we can written
(5.1) LA(2) = Z % (A+1), [(A+1)y) "t 2™,

It follows that

n

ngnz_m(g) _ Zo % (—=2nl — A+2I), [(=2n] — A+2I),,] 7" =™

and multiply both sides by n! (—zB~1)", one gets

n (—ZB ) L onl— A+I Z

n

m+an n

m)!
(2nl + A—mlI —21I)....n] + A — I)n!

(=2nI — A+20),n! [(—=2n] — A+ 21),,]7 ! 2™

: —1\n—m
Z_ m! (n —m)! (2 BZ)"
Here by changing the indices n —m — k, we have
n . _ ] n —
Z (nl + A+ kI —2I)...(n] +A—I)n! (: BV = (nl +A+kI 2I)k(z By

k!l (n — k)! k! (n —k)!

k=0
This leads to

k=0

(52) V(A B:2) = (=B Lo+ (B e Ny = g0.1,2,).
z

The Whittaker function Wy, _, 41 /n42(2) is defined by

Wu,—u+1/n+2 (2

N “nn+1-20)(n—1Dn+2-2w)..(n—k+1)(n+k—20)
): e z/2 SV
(5.3) kzo

k! 2k

1
=72 oFo(—n,n+ 1 —2v; —; ——),
z
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where v € Ny, see [9, pp.37]. Hence, if C' is a matrix satisfying (1.3), then by the properties

of the matrix functional calculus [10] and (2.6), the matrix We _c1/n42(2) is well defined

for z and
. "L (—D)F(=nD)y ((n+ 1)1 —2C
Wo,-ctimia(z) = e7*/2 2 Z< )*(=nd)r (( - ) )k
k! z
(5.4) k=0
1
=% ¢ oFo(—nl, (n+ 1)1 —2C; —; ——).
z

From (2.1), we can written

n _1\k(_ o -1
z k! z
k=0
B—l

comparison with (5.4), we obtain

B
(55}/71(147 B> Z) = eB/ZZ(Z Bil)liA/Q WI—A/2,(A—I)/n+2 (;)7 (n € NO = {Oa 17 27 })
Now, we formalize of the results obtained so far in the following theorem:

Theorem 5.1. With previous notations for hypergeometric matriz functions, Laguerre
matriz polynomials and Whittaker matrix functions, the following relations connect the
generalized Bessel matrixz polynomials with these special matrixz functions:

(i) Yo(A, B;2) = oFp(—nl, A+ (n —1)I;—;—z B™').

(ii) Yo(A, B;2z) =n! (—zB~1)" L;2"1‘A+I(§).

(iii) Yn(A, B; Z) = 63/23 (Z B_I)I_A/Q W[,A/Q,(A,I)/Wrg ( )

L
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