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Abstract. In this paper, using proximal-point mapping technique and the property of a fixed-point set of multi-
valued contractive mapping, we study the behavior and sensitivity analysis of a solution set for a parametric gen-
eralized multi-valued implicit quasi-variational-like inclusion in real Hilbert space. Further, under some suitable

conditions, we discuss the Lipschitz continuity of the solution set with respect to the parameter. Our results can be

viewed as a refinement and improvement of some known results in the literature.
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1. Introduction
Variational inequality theory has become very effective and powerful tool for studying a wide
range of problems arising in mechanics, optimization, operation research, equilibrium problems

*Corresponding author
E-mail address: faizan_math@yahoo.com

Received March 28, 2018

467



468 F.A. KHAN, LM. ELSIDDIG, A.A. ALATAWI, J.S. ALATAWI

and boundary value problems etc. Variational inequalities have been generalized and extended
in different directions using novel and innovative techniques. A useful and important general-
ization of variational inequality is called the variational inclusion. Hassouni and Moudafi [9],
Agarwal et al. [2,3], Ding [5,6], Ding and Luo [7], Fang and Huang [8], Huang [10] and Noor
[17,18] have used the resolvent operator technique to obtain some important extensions and

generalizations in existence results for the various classes of variational inequalities (inclusion-

S).

In recent years, much attention has been given to develop general techniques for the sensitiv-
ity analysis of solution set of the various classes of variational inequalities (inclusions). From
the mathematical and engineering point of view, sensitivity properties of various classes of vari-
ational inequalities can provide new insight concerning the problem being studied and stimulate
ideas for solving problems. The sensitivity analysis of solution set for variational inequalities
have been studied extensively by many authors using quite different techniques. By using the
projection technique, Dafermos [4], Ding and Luo [7], Mukherjee and Verma [15] and Yen [21]
studied the sensitivity analysis of solution set for some classes of variational inequalities with
single-valued mappings. By using the implicit function approach that makes use of so-called
normal mappings, Robinson [20] studied the sensitivity analysis of solutions for variational
inequalities in finite-dimensional spaces. By using the projection and resolvent operator tech-
niques, Adly [1], Agarwal et al. [2,3], Ding [5,6], Lim [13], Liu et al. [14], Noor [17,18], Peng
and Long [19] and Zeng et al. [22] studied the behavior and sensitivity analysis of solution
set for the various classes of parametric generalized variational inclusions involving single and

multi-valued mappings.

The technique based on proximal-point mapping is a generalization of projection technique
and has been widely used to study the existence of solutions and to develop iterative schemes for
the various classes of variational (-like) inclusions. Recently Fang and Huang [8], Huang [10],
Kazmi and Alvi [11] and Kazmi and Khan [12] has introduced the notion of n-proximal point
mapping, P-proximal point mapping and P-n-proximal point mapping and used these to study
the behavior and sensitivity analysis of solution set for some classes of parametric generalized

variational (-like) inclusions involving single and multi-valued mappings.
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Motivated by recent work going in this direction, we define strongly P-1-proximal mapping
for strongly maximal P-n-monotone mapping and discuss some of its properties. Further, we
consider a parametric generalized multi-valued implicit quasi-variational-like inclusion prob-
lem (in short, PGMIQVLIP) in real Hilbert space. Further, using proximal-point mapping tech-
nique and the property of a fixed-point set of multi-valued contractive mapping, we study the
behavior and sensitivity analysis of a solution set for the PGMIQVLIP. Furthermore, under
some suitable conditions, we discuss the Lipschitz continuity of the solution set with respect to
the parameter. The results presented in this paper generalize and improve the results given by

many authors, see for example [5,6,8,10-14,18,19,22].

2. Preliminaries

Let H be a real Hilbert space equipped with inner product (-, -) and norm || - |; 2 is the power
set of H; CB(H) is the family of all nonempty closed and bounded subsets of H; C(H) is the
family of all nonempty compact subsets of H; (-, -) is the Hausdorff metric on C(H) defined
by

J(A,B) = max{supinfd(x,y), sup infd(x,y)}, A,BeC(H).

First, we review and define the following known concepts:

Definition 2.1[11]. Let ) : H x H — H be a mapping. Then a mapping P : H — H is said to be:

(1) m-monotone if

(P(x) = P(y), n(x,y)) = 0, Vx,y € H;
(ii) strictly n-monotone if

(P(x) = P(y), n(x,y)) > 0, Vx,y € H,

and equality holds if and only if x = y;

(iii) O-strongly n-monotone if there exists a constant 6 > 0 such that

(P(x) = P(y), n(x,y)) > 8llx—y|? Y,y € H.
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Definition 2.2[11,12]. A mapping 1) : H x H — H is said to be 7-Lipschitz continuous if there

exists a constant T > 0 such that

MGyl < zlle—yll, Y,y € H.

Definition 2.3[11,12]. Let n : H x H — H be a single-valued mapping. Then a multi-valued
mapping M : H — 2 is said to be:

(1) m-monotone if

(u—v,n(x,y)) > 0,Vx,ye H,Vue M(x), Vve M(y);
(ii) strictly n-monotone if

(u—v,n(x,y)) > 0,Vx,ye H, Vu e M(x), Vv e M(y),

and equality holds if and only if x = y;

(ii1) 7y-strongly m-monotone if there exists a constant 7 > 0 such that
(w=v,n(xy) = vl—y|* Yy € H, Vu e M(x), Vv e M(y);

(iv) maximal 1-monotone if M is n-monotone and (I + pM)(H) = H for any p > 0, where
I stands for identity mapping.
Remark 2.1. If n(x,y) =x—y, Vx,y € H, then from Definitions 2.1 and 2.3, we recover the

usual definitions of monotonicity of mappings P and M.

Definition 2.4[10-12]. Let n: H xH — H and P : H — H be mappings. A multi-valued
mapping M : H — 27 is said to be maximal P-1-monotone if M is 1-monotone and (P +

pM)(H) = H for any p > 0.

Definition 2.5[10-12]. Let n : H xH — H and P : H — H be mappings. A multi-valued
mapping M : H — 2 is said to be y-strongly maximal P-1-monotone if M is y-strongly 7-

monotone and (P + pM)H = H for any p > 0.

Remark 2.2. Under some suitable conditions on the mappings M, P, 1, we recover the usual

definitions of maximal monotonicity discussed by many authors given in [8,10-12,22].
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The following theorems give some important properties of y-strongly maximal P-1-monotone

mappings.

Theorem 2.1[10-12]. Let n : H x H — H be a mapping and P : H — H be a strictly 11-monotone
mapping. Let M : H — 21 be a y-strongly maximal P-1-monotone multi-valued mapping. Then
(@) (u—v,n(x,y)) > 0,V (v,y) € Graph(M) implies (u,x) € Graph(M), where Graph(M) :=
{(u,x) EHxH:uecMx)};

(b) the mapping (P + pM)~! is single-valued for all p > 0.

By Theorem 2.1, we define strongly P-n-proximal mapping for a y-strongly maximal 1-monotone

mapping M as follows:
RY,(z) = (P+pM)~', Vz€H, (2.1)

where p > 0 1is a constant, 1 : H x H — H 1s a mapping and P : H — H is a strictly 1-monotone

mapping.
Theorem 2.2[10-12]. Let ) : H x H — H be a t-Lipschitz continuous mapping and P: H - H

be a 8-strongly n-accretive mapping. Let M : H — 2 be a y-strongly maximal 1-monotone

T
multi-valued mapping. Then strongly P-1-proximal mapping Rl},{n 1s m -Lipschitz contin-
uous, that is,
M M T
IRy () = Req M) = 5 ey lx—=yll, Vx,y € H.

Lemma 2.1[16]. Let (X,d) be a complete metric space. Suppose that T : X — C(X) satisfies
H(T(x),T(y)) < vd(x,y), Vx,y €X,
where v € (0,1) is a constant. Then the mapping 7 has fixed point in X.

Lemma 2.2[13]. Let (X,d) be a complete metric space and let 77,75 : X — C(X) be 6-5¢-
contraction mappings, then
A(F(T), F(T2)) < (1-6)'supA(T1(x), Ta(x)),
xeX

where F(T}) and F(T>) are the sets of fixed points of 7} and 75, respectively.

3. Formulation of problem
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Let A and Q be open subsets of a real Hilbert space H such that (A, d;) and (,d,) are metric

spaces, in which the parameters A and u takes values, respectively.

Letgm:HxA—H;P:H—H;n:HxH—H; N:HXxHXxH xQ — H be single-
valued mappings such that g # 0, and let A,B,C: Hx Q — C(H) and F : H x A — C(H) be
multi-valued mappings. Suppose that M : H x H x A — 2 is a multi-valued mapping such that
for each (t,A) € H x A, M(-,t,A) : H — 2 is strongly maximal P-n-monotone and range(g —
m)(H x {A})NdomainM(-,t,A) # 0, where (g —m)(x,A) = g(x,A) —m(x,A) for any (x,A) €
H x A. For each (f,A,u) € Hx A x Q, we consider the following parametric generalized

multi-valued implicit quasi-variational-like inclusion problem (PGMIQVLIP):

Find x = x(A, 1) € H, u = u(x,pt) € A(x,1t), v=v(x, 1) € Blx, ), w=wlx, 1) € C(x, )
and z = z(x,A) € F(x,A) such that (g —m)(x,A) € domainM(-,z,A) and

feNu,v,wu)+M((g—m)(x,1),z,1). (3.1)

Some special cases:
(1) If (A,dy) = (2,d2); N(u,v,w,1t) = N(u,v,A); P =1, an identity mapping; n(x,y) =
x—yforall x,y € H; f =0, and M(-,z,A) is maximal monotone for each fixed (z,A) €
H x A, then the PGMIQVLIP (3.1) reduces to the following problem: Find x = x(1) €
H, u=u(x,A) € A(x,A), v=v(x,A) € B(x,A), z=z(x,A) € F(x,A) such that (g —
m)(x,A) € domainM(-,z,A) and

0eNu,vA)+M((g—m)(x,A),z,1). (3.2)

Problem (3.2) was introduced and studied by Ding [5].

(2) If m(x,A) =0and A(x,A) = B(x,A) = F(x,A) = xforall (x,A) € H X A, then problem
(3.2) reduces to the following problem: Find x(4) € H such that g(x,A) € domainM(-,z,A)
and

0eN(x,x,A)+M(g(x,A),x,1). (3.3)
Problem (3.3) was introduced and studied by Noor [18].

(3) If N(x,y,A) = N(x,A) and M(x,y,A) = M(x,A) for all (x,y,A) € H x H X A, then

problem (3.3) reduces to the following problem: Find x(A) € H such that g(x,A) €
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domainM(-,A) and
0eNxA)+M(g(x,A),A). (3.4)

Problem (3.4) was introduced and studied by Adly [1].

In brief, for a suitable choice of the mappings A,B,C,F,N,M,P,g,m,n, the element f, the
space H, it is easy to see that the PGMIQVLIP (3.1) includes a number of known classes of
quasi-variational-like inclusions studied by many authors as special cases, see for example [1-

7,11-14,17-21] and the references therein.

Now, for each fixed (A, 1) € A x Q, the solution set S(A, 1) of the PGMIQVLIP (3.1) is denoted

S(A,u) = {x:x(ﬂ,,u) EH:u=u(x,u) €Alx,u),v=v(x,u) € Bx,u),w=w(x,u) €

C(x,u),z=2z(x,A) € F(x,A) such that f € N(u,v, w,u)—i—M((g—m)(x,l),z,?L)}. (3.5)

In this paper, our main aim is to study the behavior and sensitivity analysis of the solution
set S(A, 1), and the conditions on these mappings A,B,C,F,N,M,P,g,m,n under which the
solution set S(A, ) is nonempty and Lipschitz continuous with respect to the parameters A € A,

u e Q.
4. Sensitivity analysis of the solution set S(A, 1)

First, we define the following concepts.

Definition 4.1[11,12]. A mapping g : H x A — H is said to be:

(i) (Lg,l,)-mixed Lipschitz continuous if there exist constants Lg, [, > 0 such that
18(x1, A1) —g(x2, )| < Lellxy —xafl + L[| A1 — Al V(x1, A1), (x2,42) € H X A;
(i1) s-strongly monotone if there exists a constant s > 0 such that

(g(x1,4) — g(x2,A), x1 —x2) > slx; — x|, V(x1,A), (x2,4) € H x A.
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Definition 4.2[11,12]. A multi-valued mapping A : H x Q — C(H) is said to be (La,ls)-7-

mixed Lipschitz continuous if there exist constants La,l4 > 0 such that

HC(A(x1,11),A(x2, 12)) < Lallxy —x2|| +Lallt — p2||, ¥ (x1, 1), (x2, 42) € H X Q.

Definition 4.3[11,12]. Let A, B,C : H x Q — C(H) be multi-valued mappings. A single-valued
mapping N : H x H x H x Q — H is said to be:

(i) a-strongly mixed monotone with respect to A, B and C if there exists a constant & > 0

such that

<N(M1,V1,W1,‘U)—N(MZ,VZ,Wz,‘Ll),X—y> > OCHX—sz, V(x,y,u) GHXHX'Q'a

u EA(X,,LL), u3 GA(ynu)v Vi EB(X,H), V2 EB(.Y?.“)? w1 EC(X,‘IJ,), w2 GC(%H);

(i) (Lev,1y>Ln2)Lin 3), In)-mixed Lipschitz continuous if there exist constants Ly, 1y, Ly 2)> Ly 3)»

Iy > 0 such that
[N Ger,y1,21, 1) = N(x2,¥2,22, 2) | < L,y llxr —x2([ + Liw ) [y — 2]

+Lvg)llzr = 22fl + vl — o],
Y (x1,y1,21, 1), (x2,¥2,20,2) € H X H X H X Q.
Now, we transfer the PGMIQVLIP (3.1) into a parametric fixed-point problem.

Lemma 4.1. For each (f,A,u) € H X AXQ, (x,u,v,w,z) withx =x(A,u) € H, u = u(x,u) €
A(x 1), v=v(x,u) € Blx,u), w=w(x,u) € C(x, ) and z = z(x,A) € F(x,A) such that (g —
m)(x,A) € domainM(-,z,A) is a solution of the PGMIQVLIP (3.1) if and only if the multi-

valued mapping G : H x A x Q — 2 defined by

G(t,A 1) = U 1= (g=m)(1,2)
u€A(t,u),veB(t,u),weC(t,1),z€F (t,1)
M(-,z,A)
FRpy " (Po(g—m)(t,A) — pN(u,v,w, 1t) +Pf)], teEH, (4.1)

M(-,z,1)

has a fixed point, where P : H — H; P o (g —m) denotes P composition of (g —m); Rp,

(P+pM(-,z,A)) " and p > 0 is a constant.
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Proof. For each (f,A,u) € H x A x Q, PGMIQVLIP (3.1) has a solution (x,u,v,w,z) if and
only if

feNu,v,w,u)+M((g—m)(x,A),z,A)

& Po(g—m)(x,A) —pN(u,v,w,u) +pf € (P+pM(-,z,4))((¢—m)(x,4)).

Since for each (z,A) € H x A, M(+,z,A) is maximal strongly P-n-monotone, by definition of

M(-,z,1)

strongly P-1n-proximal mapping R Pn of M(-,z,A), preceding inclusion holds if and only if

2,4
(8= m)(x.A) = RSP [Po(g—m)(x,2) — pN(u,v,w, ) + p ],
that is x € G(x,A, ). This completes the proof.

Theorem 4.1. Let the multi-valued mappings A,B,C: H x Q — C(H) and F : H x A — C(H)
be 77 -Lipschitz continuous in the first arguments with constant L4, Lp, Lc and Lr, respectively.
Let the mappings 1 : H x H — H be t-Lipschitz continuous and P : H — H be §-strongly 1-
monotone. Let the mappings g,m : H x A — H be such that (g —m) is s-strongly monotone and
L(4—m)-Lipschitz continuous in the first argument and P o (g —m) be r-strongly monotone and
Lpq(g—m)-Lipschitz continuous in the first argument. Let the mapping N : H x H x H x Q — H
be a-strongly mixed monotone with respect to A, B and C and (Ly, 1), L(y 2), L(n 3), In)-mixed
Lipschitz continuous. Suppose that the multi-valued mapping M : H x H x A — 2 is such
that for each (z,A) € H x A, M(-,z,A) : H — 2 is y-strongly maximal P-1-monotone with
range (g —m)(H x {A}) NdomainM(-,z,A) # 0. Suppose that there exist constants kj,ky > 0

such that

[RYCA14) () — RYCRRD () < kg — o + Ko [ — Ao, Wi xast € H: A Ao €A, (42)

and suppose for p > 0, the following condition holds:

0=qg+e(p)<l, (4.3)

where g := k| Lp + \/1 —2s-|—L%g7m) ; €(p) = Ffpy[p-l-\/l —2poc+p2L12\,];

pi= \/1—2r+L2

po(g—m) ; Ly == (LAL(NJ) +LBL(N72) +LCL(N,3))-



476 FA. KHAN, LM. ELSIDDIG, A.A. ALATAWI, J.S. ALATAWI

Then, for each fixed f € H, the multi-valued mapping G defined by (4.1) is a compact-valued
uniform 6-77’-contraction mapping with respect to (A, 1) € A x Q, where 0 is given by (4.3).
Moreover, for each (A, 1) € A x Q, the solution set S(A, i) of the PGMIQVLIP (3.1) is nonemp-

ty and closed.

Proof. Let (x,A, ) be an arbitrary element of H x A x Q. Since A, B,C, F are compact-valued,
then for any sequences {u,} C A(x, ), {va} C B(x,ut), {wn} C C(x,1), {zn} C F(x,A), there
exist subsequences {un, } C {un}, {va,} C {vn}, {wn,} T {wn}, {zn,;} C {21} and elements u €
A(x,u),veB(x,u),we C(x,u), z € F(x,A) such that u,, — u, vy, — v, Wy, = W, Zn; —> Z a8

i — oco. By using Theorem 2.2, (4.2) and the mixed Lipschitz continuity of N, we estimate

M(-.2,.,A
[Ry M [P o (g —m) (x, 1) — PN (1t Vi Wiy ) + P f)

W Po (g —m)(x,A) — pN(u,v,w, 1) +pf]|

—R
< |IRpy ™ [P o (g —m) (e, 4) — PN (Vs Wi 1) + P
R P o (g — ) (x,4) — PN (1t Vs Wi 1) + P 1]
+IRpS M [P0 (8= m)(x,A) = PN (., vy W 1) + P.f]

RSN Po (g —m)(x.A) — pN(u,vow, 1) +p |

T
< killzs; =zl +p 5+py\|N(un,»Vnan,-,u)—N(u,v,w,u)H
T
< killzn =zl +p 5+p},[L(N,1)||Mn,~—M||+L(N,2)|!Vni—v\|+L(N,3)Hwn,~—W||
— 0, as i — oo. (4.4)

Thus (4.1) and (4.4) yield that G(x,A,u) € C(H).

Now, for each fixed (A,u) € A x Q, we prove that G(x,A, 1) is a uniform 6-.7-contraction
mapping. Let (x1,A,1), (x2,A,1) € HX A X Q and any t; € G(x1,A, ), there exist u; =
uy (x1, 1) € A(xr, ), vi = vi(xr, 1) € B(xy, ), wi = wi(x1, 1) € C(xy, 1) and zp = z1(x1,4) €
F(x1,4) such that

t1 = x1— (g —m)(x1,A) + Ry M [Po (g —m) (x1,4) — pN(ur,vi,wi, o) +pf]- (4.5)
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It follows from the compactness of A(xp, 1), B(xz, 1), C((x2, ) and F (x5, A ) and .77-Lipschitz
continuity of A,B,C,F that there exist uy = up(x2, ) € A(xo, ), va = va(x2, 1) € B(xa, 1),

wy =wa(x2, i) € C(xo, 1) and zp = 22(x2,A) € F(x2,A) such that
|1 —ua|| < F(A(x1, p), Alxz, 1)) < Lallxr —xaf,

[vi =val| < HA(B(x1, 1), B(xa, 1)) < Lgllx1 — x|,
Wi =wal| < H(Clx1, 1), Clxz, 1)) < Lellx —x2|,
lz1 =22l < A(F(x1,4), F(x2,A)) < Lrllxi —xf.  (4.6)
Let

f=2xy— (g—m)(x2, ) + Rpy M [Po (g —m)(x2, &) — pN(uz, v, w2, 1) + p £, (4.7)

then we have 1, € G(xp, A, ).

Next, using Theorem 2.2 and (4.1), we estimate
[ =6l <l —x2—((g—m)(x1,4) = (g —m)(x2,4))]

HIRMEAD P o (g —m)(x1,1) — PN (w1, vy, wi, 1) + p f]

~Rpy [P0 (g —m)(x1, ) — pN(ur.vi,wr. 1) +p ]|

IRy [Po (g —m)(x1,A) — PN (ur, vi, w1, 1) + pf]
—RYS M PO (g m) (x2,A) — pN(uz,v2, w2, 1) + p f]]

< o1 =x2 = (g =m)(x1,4) = (g =m)(x2,4)) || +ki[[z1 — 22|
T
é+py

X1 —x2 = (Po (g —m)(x1,A) = Po (g —m)(x2,1))||
+H~xl — X2 _p(N<ul;vl7W17;u) —N<M2,V2,W2,H))H . (48)
Since (g —m) is s-strongly monotone and L g m)-Lipschitz continuous, we have
et —x2 = (g =m)(x1,4) = (g —m) (x2,1))||?

< v —x2? =2{(g —m) (x1,4) = (g —m) (x2, &), x1 —x2) + | (g —m) (x1,A) — (g —m) (x2, ) |

< (1=25+L3, )X — x| (4.9)
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Similarly, since P o (g —m) is r-strongly monotone and Lpq(g—m)-Lipschitz continuous, we have
b1 —x2 = (Po (g —m)(x1,A) =Po(g—m)(x2,A))|* < (1=2r+Lp )1 =02 (4.10)
Since N is (L( N1 Liv2ys Liv ) Iy)-mixed Lipschitz continuous; A, B, C are #’-Lipschitz con-
tinuous, we have

[N (ur,vi,wi, ) = N(ug, v, wa, )| < Loy llun — w2l + Ly gy [[vi = vall + Ly 3y [[wi — w2 |

< Ly (A(xr, 1), Alxo, ) + Ly 2y 7 (B(x1, ), B(x2, 1)) + Ly 37 (C(x1, 1), C(x2, 1))

< (LaLgy,1) +LeL(y )+ LeLiy 3)) Ixn — x2- (4.11)

Further, since N is o-strongly mixed monotone with respect to A, B and C and using (4.11), we

have

lx1 —x2 — (N (ur,vi,wi, 1) =N (uz, va, wa, ))||>

< [lxr = x2|[* = 2p (N (ur, vi, wi, 1) — N(u,v2, w2, i), X1 —X2)
+p?||N (ur, vi, w1, ) = N(u,va,wa, 1)|°

< lx1 —xal|* —2pa|x; _x2H2+p2(LAL(N,1) +LpLy2) +LCL(N,3))2||X1 — x|
< (1 —2p0t+ p*(LaLy, 1)+ LeL(y o) +LCL(N,3))2) et =221 (4.12)

Now, from (4.8)-(4.12), we have

[ti =t < 0x —xaf, (4.13)

where 6 :=qg+¢€(p); q:=kiLr+ \/1 —ZS+L%g_m) ;

_ T — 2 _ 272 1.
é(p) '_6+p7[\/1 24 Ly 1= 200+ 2L

Ly = (LaLw,1) +LeL(v o) + LeL 3))-

Hence, we have

d(tl,G(xz,l,/.L)) = inf Htl —tz” < 9HX1 —XQH.
leG(Xz,l,[J)
Since 1; € G(x1,A, 1) is arbitrary, we obtain

sup  d(t1,G(x2,4, 1)) < Ollx1 —x2 .
lleG(xl,l,/J)
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By using same argument, we can prove
sup d(G(X],A,‘U,),tz) < GHX]—XZH.
1 eG(xy,A,U)

By the definition of the Hausdorff metric .7 on C(H), we have

%”(G(xl,?t,u),G(xz,l,,u)) < 0]|x; — ], (4.14)

that is, G(x, A, i) is a uniform 0-.7-contraction mapping with respect to (A, 1) € A x Q. Also,
it follows from condition (4.3) that 6 < 1 and hence G(x,A, 1) is a multi-valued contraction
mapping which is uniform with respect to (A,u) € A x Q. By Lemma 2.1 for each (A,u) €
AxQ,G(x,A,u) has a fixed point x = x(A,u) € H, that is, x = x(A, 1) € G(x, A, 1) and hence
Lemma 4.1 ensure that S(A, i) # 0. Further, for any sequence {x,} C S(A, 1) with ’}1_{130 Xn = X0,

we have x, € G(x,,A, ) for all n > 1. By virtue of (4.14), we have
d(30,G(x0, A, 0)) < [0 —xall + 2 (Gl A,0), G0, A, 1))

< (140)||x, —x0|]| = 0asn — oo,

that is, xg € G(xo,A, ) and hence xp € S(A, ). Thus S(A, u) is closed in H.

Now, we prove that the solution set S(A, i) of the PGMIQVLIP (3.1) is .#-Lipschitz con-
tinuous for each (A, 1) € A x Q.

Theorem 4.2. Let the multi-valued mappings A,B,C and F be .7/-mixed Lipschitz continu-
ous with pairs of constants (La,l4), (Lg,Ip), (Lc,lc) and (LF,lF), respectively. Let the map-
pings 1, P be the same as in Theorem 4.1. Let the mappings (g — m) be s-strongly mono-
k

tone and (L —m))-mixed Lipschitz continuous, and P o (g —m) be r-strongly monotone

g—m)>*(g

and (Lpq(g—m); lpo(g—m))-mixed Lipschitz continuous. Let the mapping N be a-strongly mixed
monotone with respect to A, B and C, and (L(y,1),L(y,2),{(n3),In)-mixed Lipschitz continu-
ous. Suppose that the multi-valued mapping M is same as in Theorem 4.1 and condition (4.3)
holds, then for each (A,u) € A x Q, the solution set S(A, 1) of the PGMIQVLIP (3.1) is a

¢ -Lipschitz continuous mapping from A x Q into H.

Proof. For each (A,u), (4,i1) € A x Q, it follows from Theorem 4.1, S(A, ) and S ( ,[1) are
both nonempty and closed subsets of H. Also by Theorem 4.1, G(x,A,u) and G(x, A, 1) bot
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are multi-valued 6-.77-contraction mappings with same contractive constant 8 € (0,1). By

Lemma 2.2, we obtain

A(S(A1), S ) < (119) sup A (Glx, 2 1), Gl A 1), (4.15)

where 0 is given by (4.3).
Now, for any a € G(x,A, ), there exist u = u(x,u) € A(x,u), v=v(x,u) € B(x,u), w=

w(x,u) € C(x,u) and z = z(x,A) € F(x,A) satisfying

g("z’l)[Po (g—m)(x,A) — pN(u,v,w,1t) +pf]. (4.16)

a=x—(g—m)(x,A)+Rpy

It is easy to see that there exist & = u(x, 1) € A(x, i), v =v(x,[1) € B(x,i1), w = w(x,f1) €
C(x, 1) and 7 = z(x,A) € F(x,A) such that

lu—al < (A1), Alx, 1) < lalln—al],

lv=vl < A(B(x, 1), Blx, 1)) < lg|lu—all,

w—w|| < A#(C(x,A), Clx, 1)) < lcllp—al],

lz=zll < A (F(x,A),F(x,A)) < Ip|A—Al. (4.17)
Let
b::x—@—meimJﬁyﬁ%pqg_mxnm—pr;ﬁun+pﬂ. (4.18)

Clearly, b € G(x, 4, f1).

Since N is mixed Lipschitz continuous and in view of (4.2), (4.16)-(4.18) and witht = Po (g —

m)(x,A) — pN(@,%,w, i) + pf, we have

la—b] < |I(g —m)(x,4) — (g —m)(x,A)]|

7, A A
Ry [P0 (g = m)(x.2) = PN, vow, ) 4 p.f] = Ryly =M ()]

A A A A
HIRps =M (0) = Rpe ™M ()| 4+ | R ) () = Ry (o)

< (g =m)(x,A) = (g —m)(x,A)]

o[ lIPo(g—m)(x,A) — Po (g —m)(x. A)]

T
d+py
PN v, w, ) = N (7,9, 1) || + K12 = 21|+ Ko |4 = A
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- T -
< LgomlA =1+ g | Tpegem 12 = 2
+p(IaL,1) +1BL(v2) +IcLiv3) + )| — FL||] +hilpl|A = A +kal|A — 4|

< 6 (1A =20+l — &1, (4.19)

where

T T
61 := max {(l(gfm) +kilp +k + WLPo(gfm))a m(lAL(w) + gLy o) +lcLiy3) + lN)}-

Hence, we obtain

sup d(a,G(ij,/.L)) < 91”(1’“)_( 7“)”*7

acG(x,A )

where [|(4, )[l« = [[A ]|+ [l

By using similar argument, we have

sup  d(Gx A, ),b) < O1(Au) — (A, )]

beG(x,A, )

Hence, for all (x, A, ), (x,A, i) € H x A x Q, it follows that
H(G(x, A, 1), G(x, A, 1) < 61| (A, 1) — (A, )|+
By Lemma 2.2, we obtain

A0, 50m) < (725 ) I~ Rl

which implies that S(A, ) is #-Lipschitz continuous in (A, ) € A x Q. This completes the

proof.

Remark 4.1. Since the PGMIQVLIP (3.1) includes many known classes of parametric general-
ized quasi-variational-like inclusions as special cases, Theorems 4.1-4.2 improve and generalize

the known results given in [5,6,8,10-14,18,19,22].
Conflict of Interests

The authors declare that there is no conflict of interests.



482 F.A. KHAN, LM. ELSIDDIG, A.A. ALATAWI, J.S. ALATAWI

Acknowledgements

This work has been done under a Research Project (Project Grant Number: S-0114-1438) sanc-
tioned by the Deanship of Scientific Research Unit of Tabuk University, Ministry of Higher

Education, Kingdom of Saudia Arabia.

REFERENCES

[1] S. Adly, Perturbed algorithms and sensitivity analysis for a general class of variational inclusions, J. Math.
Anal. Appl. 201 (3) (1996) 609-630.
[2] R.P. Agarwal, Y.-J. Cho and N.-J. Huang, Sensitivity analysis for strongly nonlinear quasi-variational inclu-
sions, Appl. Math. Lett. 13 (2002) 19-24.
[3] R.P. Agarwal, N.-J. Huang and Y.-J. Cho, Generalized nonlinear mixed implicit quasi-variational inclusions
with set-valued mappings, J. Inequal. Appl. 7 (6) (2002) 807-828.
[4] S. Dafermos, Sensitivity analysis in variational inequalities, Math. Oper. Res. 13 (1998) 421-434.
[5] X.-P. Ding, Sensitivity analysis for generalized nonlinear implicit quasi-variational inclusions, Appl. Math.
Lett. 17 (2004) 225-235.
[6] X.-P. Ding, Parametric completely generalized mixed implicit quasi-variational inclusions involving h-
maximal monotone mappings, J. Comput. Appl. Math. 182 (2005) 252-269.
[7] X.-P. Ding and C.L. Luo, On parametric generalized quasi-variational inequalities, J. Optim. Theory Appl.
100 (1999) 195-205.
[8] Y.-P. Fang and N.-J. Huang, H-monotone operator and resolvent operator technique for variational inclusions,
Appl. Math. Comput. 145 (2003) 795-803.
[9] A.Hassouniand A. Moudafi, A perturbed algorithm for variational inclusion, J. Math. Anal. Appl. 185 (1994)
706-721.
[10] N.J. Huang, A new completely general class of variational inclusions with noncompact set-valued mappings,
Comput. Math. Appl. 35 (10) (1998) 9-14.
[11] K.R. Kazmi and S.A. Alvi, Sensitivity analysis for parametric multi-valued implicit quasi-variational-like
inclusion, Commun. Fac. Sci. Univ. Ank. Ser. Math. Stat. 65 (2) (2016) 189-205.
[12] K.R. Kazmi and F.A. Khan, Sensitivity analysis for parametric generalized implicit quasi-variational-like
inclusions involving P-m-accretive mappings, J. Math. Anal. Appl. 337 (2008) 1198-1210.
[13] T.C.Lim, On fixed point stability for set-valued contractive mappings with applications to generalized differ-
ential equation, J. Math. Anal. Appl. 110 (1985) 436-441.
[14] Z. Liu, L. Debnath, S.M. Kang and J.S. Ume, Sensitivity analysis for parametric completely generalized
nonlinear implicit quasi-variational inclusions, J. Math. Anal. Appl. 277 (1) (2003) 142-154.



MULTI-VALUED IMPLICIT QUASI-VARIATIONAL-LIKE INCLUSION 483

[15] R.N. Mukherjee and H.L. Verma, Sensitivity analysis of generalized variational inequalities, J. Math. Anal.
Appl. 167 (1992) 299-304.

[16] S.B. Nadler Jr., Multi-valued contractive mappings, Pacific J. Math. 30 (1969) 475-488.

[17] M.A. Noor, Sensitivity analysis for quasi-variational inclusions, J. Math. Anal. Appl. 236 (1999) 290-299.

[18] M.A. Noor, Sensitivity analysis framework for general quasi-variational inclusions, Comput. Math. Appl. 44
(2002) 1175-1181.

[19] J.W. Peng and X.J. Long, Sensitivity analysis for parametric completely generalized strongly nonlinear im-
plicit quasi-variational inclusions, Comput. Math. Appl. 50 (2005) 869-880.

[20] S.M. Robinson, Sensitivity analysis of variational inequalities by normal maps technique, In variational in-
equalities and network equilibrium problems, (Edited by F. Giannessi and A. Maugeri), Plenum Press, New
York, (1995).

[21] N.D. Yen, Holder continuity of solutions to a parametric variational inequality, Appl. Math. Optim. 31 (1995)
245-255.

[22] L.-C. Zeng, S.-M. Guu and J.-C. Yao, Characterization of H-monotone operators with applications to varia-

tional inclusions, Comput. Math. Appl. 50 (2005) 329-337.



