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Abstract: In this paper, we consider the non-uniformly distributed zeros on the unit circle of n" Legendre

polynomial. Here, we are interested to establish the convergence theorem for the derivative of (0,2) interpolatory
polynomial on the above said nodes.
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1. Introduction
J. Suranyi and P.Turdn [8] was first, who initiated the problem of Lacunary interpolation on zeros
of

[I,(x) =1 - xB;_, (=) |
where, B,_,(x} is the Legendre polynomial of degree (» —11.The problem of (0,2) interpolation

on the roots of unity was first studied by O. Kis [7]. He obtained its regularity, fundamental
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polynomials and established a convergence theorem for the same. Later on several
Mathematicians have considered the Lacunary interpolation on the unit circle. After that author®

(with K. K. Mathur) [1] considered the weighted (0,2)"-interpolation on the set of nodes obtained
by projecting vertically the zeros of (1 — x*)E,(x) on the unit circle and established a convergence

theorem for that interpolatory polynomial. Later on author® (with M. Shukla) [3] considered

(0,2)-interpolation on the nodes, which are obtained by projecting vertically the zeros of
(1 =« “" (x) on the unit circle, where 2/ (x) stands for Jacobi polynomial, obtained the

explicit forms and establish a convergence theorem for the same. Recently, authors [2]

considered weighted (0,2)-interpolation on the nodes, which are obtained by projecting vertically
the zeros of the (1 —=x*}7 (x).onto the unit circle, established a convergence theorem for the
same.

In 1990, K. Baldzs [5] proved the simultaneous convergence of the derivatives of Langrange
interpolating polynomials by giving an estimate for |f® () — L (f.2)| G = 0.1.2..........) bythe aid

of the Lebesgue constant of Lagrange interpolation. In 1993, K. Baldézs and T. Kilgore [6]

considered the approximation of derivatives by interpolation. Also author! (with M. Shukla) [4],
considered the convergence of the derivative of the Hermite interpolatory polynomial.

These have motivated us to consider the convergence of the derivative of the Lacunary
interpolatory polynomial on the unit circle and established a convergence theorem. In section 2 we
give some preliminaries and in section 3, we describe the problem. In section 4, we give the
explicit formulae of the interpolatory polynomials. In section 5 and 6, estimation and convergence

of interpolatory polynomials are given respectively.

2. Preliminaries

There are some well-known results in this section, which we shall use.

The differential equation satisfied by £,(x) is
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(21) 0 —x¥R'(x) —2xF(x) + nln + )R, (x) = 0

(2.2) W = TG - z) = B, (25) 2

¥

(2.3) R(z) = (z* —1)W(z)
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We shall require the fundamental polynomials of Lagrange interpolation based on the zeros of

wiz) and R(z) are respectively given as:

24) L@ = =22 — | k=10

(z—zp W (=)

(25)Ly(z) = —22 — | k=02 +1

(z—z) B (=)

We will also use the following results

For k=1(1)2n,

(2.6) E Wiz = - ﬂjﬂﬁ(ﬂxﬂzg-:
1-1-"'"{2;;] = —K, n(1- z;;:] +zf }*F;'T':I;;:]ZE'E

For k=001)2n+1,

R'(z) = (= - D)W’ (z)
(27) IR"{ZRJ _ :LXE—HFL—E;';_IJ 1‘1-'”':2';‘:]

Ik

We will also use the following well known inequalities:

For, —1l<x<l
. T _4s
(28) @ -x)hIR @I £ a7,

(2.9) (== sIB ] = vZn',

(2.10) IB,() < 1,

Let x; = cosfy (k = 1.2,.......n) are the zeros of n™ Legendre polynomial E,(x}, with
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1>2 > %% wanwn X = —1, then
(211) @ -xD~ (57

(2.12) 18, G~ &2

(2.13) IR Gxdl~ k2 m?

For more details, one can see [9].

3. The Problem:

Let, Z, = {z;: k = 001) 2n + 1} satisfying:

=

31) z.= Zp =1, Zapyy = -1,
B1) Z.= I = cosBy +isingy, 7, = 3 k=1{1)n,

H

are non-uniformly distributed zeros of unit circle, obtained by projecting vertically the zeros of

(1 -x¥E () , where, E(x) stands for n™ Legendre polynomial having the zeros
{xy=cosf, :k=11n}suchthat 1=x >x;> v = x> —1

Here we consider the interpolatory polynomial @, (z) of degree = 4n + 1 satisfying the following
conditions:

Qnlz) = k=001)2n+1,
(32) {[F{Z:]Qr!{z:]];:x;: = B k=1(1)2n

where, «; and g, are arbitrary complex numbers and p(z) = (z* —1)72 zecC. We establish a

convergence theorem of the derivative of @,(z) on the above said nodes.

4. Explicit Representation of Interpolatory Polynomials:
Let @.(z) satisfying (3.2) [1]:

(4.1) Qn() =Xt adp (@) + KR, 5y By (2)
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where, A.(z) and B.(z) are fundamental polynomials of first and second kind respectively, each
of degree at most 4n + 1 satisfying the conditions :

For z=001)2n+1

A (z;) = &g j=0Mn+1
(4.2) [(z: _ 1]1_.,.-:‘_4;‘{2:]]" = 0, j= 1(1) 2n
x=xJ'

For k=1(1}2n

2 - 12B,(2)] = &, j=12n

rr
—. Ik
z=5;

By (z;) =0 , j=02n 41
(4.3)

Theorem 4.1 [1, Theorem 2]: For k=1{1)2n , we have

(4-4) Bk{z =z7"W(z) {ﬂ'k jk{z] + E'DRJFLD{Z:] + ﬂ'licfn'f«z]}
where,

(45) @ = [}t L (Dat
(4.6) Iz = J’;t“*i‘"l—t’(ﬂdt, i=01

=k '[_.irh':l:] +.Iric{_1:]}

(a7) | R
' Oy = L{Ih{ﬂ -|-_,f;l.{—‘]_:]}

T

(4.8) o, = Xii:

2(zf-1) 2w ()

Theorem 4.2 [1, Theorem 3]: For k=0and 2n + 1,

(4.9) A2 = T2 b 1o &) + by ()

F.

For k=1(1)2n,

(410) HL{Z:] = I‘R{Z:]LLR {Z:I + b;lB;l{Z:] +z_ﬂ%{5k{z] + EJD;.;ILD{Z:I + hi;{fll{z:l}
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where,

(4.11) by = LI () —LE(z) — L (z) — 204 (2 L) — 22, (22 — DH{Li(z) — Ly Gz} + (2 — 1)

(8

(4.12) S,() = [Fen BEBOLE 4,

(t—zg]

For &k=1(1)2n,

{5.(0) +5.(-1)}
—— {5, (1) =5, (-1}

Box

ol b
(4.13) { fﬂL

by =

gl
For k=0and 2n+1,
1
EJL\'- = .
ozl
(4.14) {& e
1k

Tz jlD

5. Estimation of Fundamental Polynomials:

Lemma 1: Let L,;(z) be given by (2.4). Then

(5.1 maxpey TG = en T -

where, ¢ is a constant independent of » and =.

Proof: Let z=x+¢y and |zl =1,

_ZF'%{Z““‘Z =

Z" 1B, 11 — xx,)2
i (x — x )1 — x2) 72|

using (2.10) - (2.11) and (2.13), we get the result.

Lemma 2: Let B;(z) obtained by differentiating (4.4).Then
(5.2) i, Ip(z)Bi ()| < cnt logn

where, ¢ is a constant independent of » and =.
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Proof: Differentiating (4.4), we get

i [|P':Z:]'I.V':Z:] [{la, ]+ lagg 1730 + lagg 113, @) [} + Inlp W @ + |p(z) ;) 1} ]

Z P B = a2 | + lage ao@)] + lage ] )1

k=t
using, (5.1) and (2.10)- (2.13), we get the result.

Lemma 3: Let A.(z)be obtained by differentiating (4.9) (k= 0.2n+ 1) and (4.10) (k = 1(1)2n).
Then

(5.3) Eftttp(z) AL (z)] = en logn,

where, ¢ is a constant independent of » and =.

Proof: One can find (5.3), owing to conditions (2.8)-(2.13)

6. Convergence:

In this section, we prove the main theorem.
Theorem: Let f£(z) be continuous forlzl =1 and analytic for |z| =1. Let the arbitrary g.'s be
such that:

(6.1) 18] = 0(n w,(F.n~1)), k= 1(1) 2n
Then {@,(z)} defined by

(6.2) [p(=) @, ()] = BEEt Flz ) [pl=) AL (2] + X3, B [p(=) By (2)]
satisfies the relation,

(6.3) IpHQy(z) — FD3H = 0lna, (f. n~*) logn),

where, «, (f.n~*} be the second modulus of continuity of f(z).

Remark: Let fiz} be continuous for Izl =1 and analytic for Izl =1, and f' € Lipe.a = 0, then
the sequence 1@, (=)} converges uniformly to f(z) in lzI = 1, which follows from (6.3) as :

(6.4) w;(f.nt) =0(m~1"%),



618
SWARNIMA BAHDUR AND SARIYA BANO

To prove the theorem (6.1), we shall need the followings:

Let riz) be continuous for Izl = 1 and analytic for |z| < 1.Then there exist a polynomial F,(z} of
degree = 4n + 1, satisfying, Jackson’s inequality.

(6.5) If (@) — K@) < cay(f.nt), z=¢%(0 = 6 < 2n)

And also an inequality due to O. Kiz[7].

(6.6) |E™ @] < en™ wy(F.nm), mel*,

Proof: Since ¢,(z) be a uniquely determined polynomial of degree < 4n + 1 and the polynomial

E,(z) satisfying (6.5) and (6.6) can be expressed as:
n+1 n

EE =) REIAE + ) BEEE
k=0 k=1

Then,

lp(H{Qn(2) — FYH = lpGHQLE) - F (@ + |plzHE, @) - Fl2H

L

I

SEFG) - B )l p@ AL Q)]
£ 1B + G pEB )]
k=1

+lp({E, () — fz)
using, (6.1)-(6.2), (6.4),-(6.5), (5.3) - (5.4), we get (6.3).
Conclusion: Convergence of (0,2) Interpolation on non-uniformly distributed zeros on the unit
circle by derivative of polynomial is strong than the convergence of the derivative of (0,2)

Interpolation on non-uniformly distributed zeros on the unit circle by the same polynomial.
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