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1. Introduction

In this paper, we study the new type of spectral problem T,which is defined by:

—=y"(x) +y'(x) = *p(x)y(x), x € [0,a], (1)
y(0) =y'(0) = y(a) +y'(a) =0, ()
foa y'(x)y(x)dx = 72 (T is constant), €))
([ p@Iy()2dx)? = 1, 4)

wherelis a spectral parameter, and A = 8 + io,where §,0 € R,and i = vV—1. Leta > 0, we

assume that p(x) = pis a constant and let m and M be fixed such that 0 < m < M. Let

* Corresponding author
Received May 6, 2012
1335



1336 KARWAN H.F JWAMER", ARYAN ALI. M

V[0, a] denotes the family of allpositive integrable functions p(x)on the closed interval
[0, a] that satisfy the condition0 < m < p(x) < M, equipped with usual L, metric. In what
follows we refer to these functions as weight functions. Here we attempt to specify the
properties of eigenvalues of the spectral problem T, and estimating the eigen functions
corresponding to the eigenvalues.For the first time an Italian physicist T.Regge[7] has
studied thedifferential equation —y"" + q(x)y = A?p(x)y(x), x € (0, a)with the boundary
condition y(0) = 0,y’(a) — idy(a)=0, andwas considered by who showed that the system
of eigen functions of this problem are completed and studied asymptoticbehavior of
eigenvalues of this problem p(x) = 1. Kravitsky [6] specified a class of functions that
allowed expansion in uniformly convergent series in eigen functions and associated
functions in the Regge problem whenp(x) = 1. The present time they are many Arthurs
studied the estimation of eigen functions to the equation—y"" + q(x)y = A%p(x)y(x) but
with different boundary conditions for more known about their works see [1-5].

2. Features of Eigenvalues of the problem T,

Here we determine the properties of the eigenvalues of our problem T, with the given

boundary conditions.

Theorem 1: Let y(x) be an eigen function corresponding to the eigenvalue J. of the problem

T,, andp(x) = p is a constant, then: (i) If § # 0, then 1 is real.
(i) If o # 0, then A is complex.
Proof: Multiplying equation (1) by ¥(x) and integrating the obtained equation

from0O to a, yields:

a a a

- f Y ()7 () dx + f Y (07 ()dx = 22 f ()Y () F(x)dx

0 0 0
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a a a

@Y @ I+ [y @y @+ [ y0yeds =22 [ pelyeldx
0 0 0
@Y @+ FOY' O+ [ Y@@+ [ y@3eade =2 [ peolyedx
0 0 0

By using boundary conditions (2), we get:

a a

7@y(a) + f ' (Ol2dx + f V' (07 ()dx = 22 f Py ()Pdx
0

0 0

In view of condition (3) and normalized condition (4), we have:
(@2 + [}y’ ()Pdx +72 = 22 (5)
From equation (1)and the conditions (2)-(4) replacey(x) byy(x), we get:

—y"(x) + 7' (x) = 22p()F (x)

7(0) = 7'(0) = §(a) + 7'(a) = 0, f 7' (0)y()dx = 72.
0

Multiplying theabove differential equation by y(x) and integrate from 0 up to a, we obtain:
ly@I? + [, 1y'(0)|2dx +1% = 22(6)
Subtracting equation (6) from equation (5) yields:
2-2=0->2-1)(2+2)=0,(1—2) =0 or(2+ 1) =0, then:

(i) 1f8#0, ~(1+2)#0,thus(A—1) =0 -1 =2,then A is real.

(i) Ifo#0,s0(2—2) =0 hence(1+1) =0 -2 =—Athen A is complex.

3. Estimation of Eigen functions of problem T,
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In this section, we estimate the eigen function y(x) corresponding to eigenvalue A of

problem T,.

Theorem 2: Let A be an eigenvalue corresponding to the eigen function y(x) of problemT,,
and p(x) € L*[0, a], ands # 0,then

nax ly () 5
lim ————— = A,whered = . —.
Rk vm
Proof:

Let us consider the identity:

X

ly()I? = y(0)y(x) = f[)_/(t)Y’(t) +y(©y'(®)]dt + |y(0)[?

0

f\/p(t [y (©)y' () +y(@©)y' ()] dt + [y ()2

NPIO)
From inequality (t) = m, we get:
ly(o? < f\/p(t)la‘/(t)y’ég+ y(t)s‘/’(t)IdtJr 1y (0)]2

m

<i—fx,/ )|y(t '(t)|dt+fx,/ Oy@®)y' @®)|dt| +]y(0)]?
_m_o p®Iy@)y J p(®ly )y y(0)
<i—fx\/ Oyl ’(t)Idt+fx\/ HlyOIy' ®ldt| +y(0)]?
_m_o p®Iy@®lly J p®ly@Olly y(0)

2 X
=— | Jo@®Oly®OIly'®| +1y(0)|?
2w
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And from boundary condition (2), y(0) = 0, therefore

2 pe
G < <= Of Jr@l®Olly' ©)

2 a
<= Of Vo ly®lly' @)l

Using Bunyakovsky’s inequality on the last inequality, we shall obtain:

1

—|[ o |y(t)|2dt] [f |y'<t)|2dt]

ly(o1? < o=

From normality condition (4) we have: [[p(t) ly()[?dt]* =1, hence
1
2 / 2
Y@PF < =[fy 1y ©Fdt] (7)
From equation (5), we have:
foaly'(x)lzdx = 2% — |y(a)|? — 72 therefore equation (7) becomes:

2 1 2 1
ly()|? < \/—%[/12 —ly@I* - 7%z = \/—EW —(ly@P*+7*) ]z

And since 8 # 0, s0 by theorem (1) A is real, hence 22 = |1 |2, thus the last inequality

becomes:

P o | [, (h@p s et)f
I)/(X)IZS\/—ﬁ“/1 | _(|}’(a)|2+12)] =~ [1— T

Or

|y(x)|2<—lﬂ | = lyl <2 | /

And since x is any value in the interval [0, a], thus
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max Iy(x)l VZ
< xE Oa <
max |y ()| |2 | / S

Hence

max |y (x)| VZ
lim % = A,whered = . —.
n—oo |/1|E \/ﬁ

Theorem 2.3.2: Let p be a constant in the problem T, and if y(x) is an eigen function of

the problemT,, then y(x)satisfy the inequality
1

Ky < max |y()| <
\/ml axyx \/_

Where K; and K, are constants.

Proof:

From equation (1), we have vy (x) —y'(x) + A2py(x) = Othis is second order linear

differential equation with constant coefficients, and then general solution is:
y() = e lqeimx + cZe_i\/mxl
Applying the condition y(0) = 0, yields ¢, = —c,, then we have
y(x) = ¢ [e(%ﬂm)x — e(g_i\/ﬁ_ax]

Then
1 1 (l +i [A2 _l) 1 1 (l —i |22 _l)
y,(X)=C1 §+i’12p_z ezl\’ P=3)* E_i AZP_Z ezl/ p—7 %

From the boundary conditiony(a) + y'(a) = 0, we obtain:
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Dividing both sides of the above equation by c,,we get:

%—i\llzp—% Zi\/ﬁ a

%+i Azp—%

The resulting equation (8) is used for specifying the eigenvalues of our problem.

To find the coefficient c;, we use the normalization condition (4)

a 2
1 i ,/’sz—lx —i ,/’sz—lx
f p lci|? e2” Ie +tT — e 4 dx =1,
0
Or
a 2
1 i [A2p-2 x —i [22p-2«x
Plcllzf elee\J Pra® _ o7ITP dx = 1.
0

We introduce the notation a +if = i /Azp —i (where a and S are real numbers),

then

a

,0|C1|2]

0

e%x[e(aﬂﬁ)x — e~ (a+ip) x]|2 dx =1,

Or

2
o |C1|2 foa |e(% +a)x+iﬂx _ e(%—a)x— iﬁx| dx = 1 (9)
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Since

2
|e(% raferipx _ o (5ma)r- iﬁx| = 2 e*(cosh2ax — cos2fx)

Thus equation (9) becomes:

a

p |01|2f 2 e*(cosh2ax — cos2fx) dx = 1.

0

By integrating the last equation by parts, we obtain

1 1
2p |cq|? [ m(e(l+za)a _ 1) + m(eu—m)a _ 1)
(2Bsin2fa + cos2fa) 2B 4
- (47 + 1) “tap+n! T

After some algebraic operations, we get

lc |2 = (1 —4a®)(4B% + 1) / 2p[ e*(cosh2aa — 2asinh2aa)(4B% + 1)
—(4B% + 1) + 28(1 — 4a?) — e*(2Bsin2Ba + cos2fa)(1 — 4a?) ]

Or

1 1

|C1| 2\/5

1
(4p2+1)

[e¢(cosh2aa — 2asinh2aa) — 1] +

(25 -

(1-4a?)

e*(2Bsin2Ba + cos2fa) |

By substituting |c, |in equation y(x),we conclude that:

1 1
2p

y(x) =c,

1
(4B2+1) 126 -

[e¢(cosh2aa — 2asinh2aa) — 1] +

(1-4a?)

e*(2Bsin2Ba + cos2fa) ]
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[eeﬁ\/@)x — ee_i\/@) x]. (10)

Where c,arbitrary complex number with module is one (i.e.|c,| = 1).

If A satisfies equation (8) (i.e. A eigenvalue), then equation (10) gives eigen functions for

our problem T, (corresponding to the eigenvalueA ).
Now we determine max,po 41|y ()| and its behaviour depends on, aand .
From

(l +a)x+' x (l—a)x—' x 2
2 B _ o3 x| = 2 eX(cosh2ax — cos2fx),

le

We conclude that

|e(% +a)x+ifx _ e(%_“)x_ hxf — \/2 e*(cosh2ax — cos2fx)

Therefore,

1] 1 1 1
=+ /12p——>x <——l Azp——>x
c, e(z 1) \2 4

@)l = 1
V2p e [e¢(cosh2aa — 2asinh2aa) — 1] + @D [28 —
e?(2Bsin2Ba + cos2fBa) ]
Or
(O] 1 e*(cosh2ax — cos2Bx)
Yyl =—
\/5 (1_1a2) [e2(cosh2aa — 2asinh2aa) — 1] + (43;1) [28 —

e?(2Bsin2Ba + cos2fBa) ]

Then
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1 e*(cosh2ax — 1)
JP |——[e?(cosh2aa — 2asinh2 1 T g =P
p 2 [e?(cosh2aa — 2asinh2aa) — 1] + (4ﬁ2+1)[ B —

e*(2Bsin2Ba + cos2fa) ]

- 1 e*(cosh2ax + 1)
B \/5 L [e?(cosh2aa — 2asinh2aa) — 1] +

1

(1-4a?) (4B2+1) [28 -
e?(2Bsin2Ba + cos2Ba) ]
Or
e*(cosh2ax — 1) < ly()| <
p[(l —e%(cosh2aa — ZaSinhZaa)) + (Zﬁ +e*(2B + 1))] =V -

e*(cosh2ax + 1)
p [(e“(coshZaa — 2asinh2aa) — 1) +

1
(4B2+1)

(28 -e22 +D)|
Let max,e(o,q)|y(x)|be achieved at the point of x,, then

xgl[gﬁ]ly(x)l = |y (x,)]

e¥o(cosh2ax, + 1)
1
(4p2+1)

<
P [(ea(coshZaa — 2asinh2aa) — 1) +

(28 - (28 + 1)]

- e?(cosh2aa + 1)

B p [(ea(coshZaa — 2asinh2aa) — 1) + :

(4B2+1)

(28— ea(28 + 1)
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(Since e* and cosh2ax are monotonic increasing on[0, a]), on the other hand

ly(xo)l = max [y(x)| = |y(a)| =
x€[0,a]

e2(cosh2aa — 1)
p[(l — e®(cosh2aa — 2asinh2aa)) + (28 + e*(2p + 1))]
Therefore
e?(cosh2aa — 1)
: < max [y(x)|
p[(l —e%(cosh2aa — ZaSlnhZaa)) + (Zﬁ +e2(28 + 1))] x€[0,a]
- e?(cosh2aa + 1)
B p [(ea(coshZaa — 2asinh2aa) — 1) + (4/;“) (2,8 —e(2B + 1))]
Or

(cosh2aa — 1) < max |y(o)|
[ 1 , 2B ~ x€[0,a] Y
Pllza— (cosh2aa — 2asinh2aa) | + prin 2+1) ]

(cosh2aa+1)
- (11)
\/p[((coshZaa—ZaSinhZ aa) _eia) +m(2—g—(23+1))]

Now, in the obtained equation (11) used parameters a and S clearly are not parts of the
equation (1) and the boundary and normalized conditions (2)-(4). Therefore we express a
and g through p.

Suppose argA = 6, then A2 = |1 |2(60529 + isin20).

Ap — % =p|a |260329 —%+ ip|A |Zsin29

On the other hand — (Azp — i) = (a+ip)? = a? — p% +i2ap,
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Hence
1
a?—p%=—p|a |200329 +7

2af = —p|/’l |zsin20

Or
2 1
a?—p%=—p|1 | 00329+Z

4a’p? = p?|A |4 sin? 26

Solving these two last systems of equations, we get

. —p|1 [‘cos26 +i+ J(p|A |*cos26 —%)2 +p22 | sin?20
a? = >

and
g2 - p?|a |* sin?20

2[—p|a |2c0529+§+\/(p|/1 |2c0520—%)2+p2|1 |4 sin226 |

(Sincea? > 0, then chose non negative root). Separating out the factor p|A |2 from the last

relations, we deduce

2
—c0520 + —— + |1 ———c0s20 + <—2)
4p|2 | 2p|2 | 4p|2 |

a?=pl |’ -

and
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p |2 |2 sin? 20

p? =
1 1 1 2
2 |—cos26 + >+ 1——2c0529+<—2>
4p|l | 2p|A | 4p|l |
Or
1 1 1 2
~pc0s20 +—+p |1 - ——cos20 + (1)
pcos +4|/1 |2+p " |2cos ol |2
= (A
a=|1 | .
and
g = \/E |/1 | sin 26

2
—2c05260 + — s+ 2 [1-— L 5C0S20 + ( : 2)
2p|l | 2p|/1 | 4p|l |

(We take the positive root and for negative root we proceed by similar way).

By substituting « and gin equation (11) and making some algebraic operations we get:
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2
—pcos20+ E s+p (1 E 5C0520+ L > \
4 | 22 | woft |

2

-1

cosh2a |/1 |

—pcos20+ = =+p |1 L €026+ ;2
4|A | 2p|l | 4p|l | I

—a |
P2 __ _P cosh2a | |/1 |

I 2
1 1 1 2
+p\/§ —pcos20 + ——=+p 1——2C0529+< 2) *
42 | 2p|2 | ap|2 |

( A
—pcos26+ L >+p |1 = 5€0520+ ;2

| 4|A | 2p|A | 4p|/1 | |

sinh2a | |/1 | . '
Ze—a \/; sin26 N

2
—2c0520+—= >+ 2 |1 L 5C05260+ L >
2p|A | 2p|A | 4p|/’l |

/3 in26
2 p2 sin o

;1
-2c0520+— >+2 |1 L €020+ 1 >
2p|/1 | 2p|}L | 4p|l |

< <
< xgl[gﬁ]ly(x)l <
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2
—pcos20+ L s+p |1 L 5C0s260+ ;2 \
a2 | 2p[a | apla |

2

+1

cosh2a |/1 |

4p|l |

/ —pcos20+ L +p |1 L 5C05260+
| 4|A | 2p|z |

ﬁcoshZa ' |/’l |

)

2

2
—p V2 |—pcos26 + m |2+p 1—F1|2C0S29+(;2) *
p

2
—pcos20+ = +p |1 = €026+ ;2
4|A | 2p|ﬂ | 4p|l |

sinh2a k|/1 | > ]

2
—pcos20+4 L s+p (1 L 5€0520+ L >
ala | 2p[a | ap|r |

2
2p|a |2 sin220 —c0s20+————+ |1-———cos26+[ ——
4p|l | 2p|l | 4p|l |

20~ /P sin26

2
—2c0s26+ L >+ 2 |1 L 5C0520+ ;2
2p[a | 2p2 | apl |

le lﬁ sin26

2
—2c0s26+ E =+ 2 |1 E 5€0520+ ;2
2p[a | 2p[2 | aplr |

A
\

-1

1349
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LetK; =
( A
—pcos20+ L +p |1 L €026+ ;2
| 4|A | 2p|A | 4p|l | |
cosh2a | |4 | > -1
2
—pcos26+ | 1 |2 :pjl |1 |2.,0529+( |1 |2)
pe-a p 4(1 2p|A 4p|A
— —cosh2a | |1
O v 2| 2
+p V2 |—pcos26 + 12+p 1- 2C0529+< : 2)2*
A | 202 | sl |

2
—pcos26+4 L >+p (1 L 5C0520+ L >
. R wl |
sinh2a| |4 |

\ J

-a 3 sin260
2e P

2
~2c0520+— s+2 |1 L 5€0520+ ;2
2p|l | 2p|l | 4p|l |

3 sin20
2 p p

> 2]
—2c0520+—= s+2 |1 1 5€0520+ ;2
2p|l | 2p|/1 | 4p|/1 |

+

And
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2
/ —pcos20+ L s+p |1 L €026+ L >
| 4|A | 2p|z | 4p|l |

cosh2a | |/’l |

\=

+1

2

2|

2
—pcos26+4 L =+p |1 1 5C0520+ ;2
p 4|A | 2p|1 | 4p|)L |
——cosh2a |/1 | .

2
1 1
- 1- cos20 + (—) *
P2 | 202 | a2 |
2
—pcos26+ L =+p |1 L 2»0529+<;2>
sinh2a |A il 2ol | +o[2 | _pe@
2 2|

2
—pcos26+ L s+p |1 L 5C0520+ ;2 \
4|/1 | 2p|A | 4p|/1 |

2
2p|a |2 Sin226 —cos20+—- >+ |1 L 5c0520+ L 5 /
4p|l| 2p|/1| 4p|l|

20~ /P sin26

2
—2c0520+—= >+2 |1 L 5€0520+ L >
Zp‘l | 2p|l | 4p|l |

Jp sin26

R

¥
\

2|2 |

2
20520 +—= >+2 |1 L 5C05260+ ;2
2p|/’l | 2p|/’l | 4p|l |

-1
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Then

1 1
K,.
|

Jial Vil

Thus the proof of theorem is completed.

< <
K < xrg[gﬁ]ly(x)l <
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