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Abstract. In [5], we found an upper bound on the number of edges, &(G), of a graph G containing no r vertex-
disjoint cycles of length 3. In this paper we generalize this result to graphs containing no r vertex-disjoint cycles
of length 2k + 1. We showed that &(G) < LWJ +(r—1)(n—r+1) for every G € 4 (n,V,2¢+1), the class
of all graphs on n vertices containing no r vertex-disjoint cycles of length 2k + 1. Determination of the maximum
number of edges in a given graph that contains no specific subgraphs is one of the important problems in graph

theory. Solving such problems has attracted the attention of many researchers in graph theory.
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1. Introduction

In this paper, we only consider simple graphs. That is, graphs that has no loops or multiple
edges. Let V(G) denote the set of vertices of a graph G and E(G) be the set of edges of G. If

an edge e € E(G) is incident with the two vertices u and v in V(G), we write e = uv = vu. For
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a vertex u € V(G) we denote the neighborhood of u by Ng(u), which is the set of all vertices
v € V(G) such that uv € E(G). For a vertex u € V(G), we define the degree dg(u) to be the
number of edges incident with u.

For vertex-disjoint subgraphs H; and H; of G, we let E(H\,H>) to be the set of all edges
that are incident to a vertex in H; and a vertex in H,. That is E(H,H,) = {uv € E(G) |u €
V(H;),v € Hy}. We also define & (G) to be the number of edges of G. That is, &(G) equals the
|E(G)| and &(H,,H>) = |E(H,H,)|. The cycle on n vertices is denoted by C, and the complete
tripartite graph with partitioning sets of order m, n and k is denoted by K, ,, x. For given graphs
G1 and G, we denote the union of G| and G, by G|+ G5 such that V(G 4+ G,) =V (G ) UV (G3)
and E(G| + G,) = E(G) UE(G>). We also denote the joint of G| and G, by G V G; such that
V(G1VGy)=V(G)UV(Gy) and E(G1VGy) = E(G)UE(Gy) UE(G1,G)).

The determination of maximum number of edges in a given graph that has no specific sub-
graphs has attracted the attention of many graph theorists. For example, Hoggkvist et al in [6]

proved that &(G) < L%j + 1 for a non bipartite graph G with n vertices that contains no odd

cycle Cy1 for all positive integers &, Jia in [7] proved that & (G) < L@j + 3 for a nonpartite
graph G with n vertices such that contains no odd cycle for n > 10, and Hailat in [5] proved that
8(G) < LWJ +(r—=1)(n—r+1) forevery G € 4(n,V,,3).

In [2], M. Bataineh and M. Jaradat proved that &(G) < Léj +r—1 for any graph G €
S (n;r,2k+ 1) for large n and r > 2, k > 1, where . (n;r,2k + 1) is the set of all graphs on n
vertices containing no r edge-disjoint cycles of length 2k + 1.

In this paper, we generalize the result of [5] to the case where G is a graph that contains
no r vertex-disjoint cycle of length 2k + 1. This result is parallel to the result of [1] in which

the author considered the case of vertex-disjoint cycles instead of edge-disjoint cycles that was

addressed in [2].

2. Important Lemmas and Theorems

In this section, we introduce the following results that will be used to prove the main theorem

of this paper.
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2.1. Theorem (Jia [7]). Let G € 9(n,5), n > 10. Then &(G) < | 52| +3.

2.2. Theorem (Batineh [1]). Let k > 3 be a positive integer and G € ./ (n;2k + 1). Then for
large n, £(G) < L%J +3.

Let ¥ (n,r,2k+ 1) denote the class of graphs on n vertices containing no r edge-disjoint cycles
of length 2k + 1, and ¢ (n,V,,2k + 1) denote the class of graphs on n vertices containing no r
vertex-disjoint cycles of length 2k + 1. Note that 4 (n,V,,2k+1) C 9 (n,r,2k+1).

2

2.3. Theorem (Batineh and Jaradat [2]). Let G € ¢ (n,2,3). Then for large n, &(G) < |T] + 1.
Furthermore. equality holds if and only if G € Q(n,2) = L SRETREAL

2.4. Lemma (Bondy and Murty [3]). Let G be a graph on n vertices. If &(G) > '2—2, then G

contains a cycle of length 2k + 1 for each 1 < k < L%J — %

2.5. Theorem (Batineh and Jaradat [2]). Letk > 1, r > 2 be two integers and g € 9 (n;r,2k+ 1).
For large n, £(G) < L%J +r— 1. Furthermore. equality holds if and only if G € Q(n,r) =

Kr_]’\_nfrdrlj’"nfﬂrl -I .

2 2

Let . (n, Va1 1) denote the class of graphs on n vertices containing no vertex disjoint cycles

of length 2k + 1.

2.6. Theorem (Batineh [1]). Let k > 1 be an integer and G € .#(n,Vaiy1). Then for n >
max{w,ﬂﬂcz +8k—3)+1}, &(G) < L@J +n— 1. Furthermore, equality
holds if and only if G = Q(n,2).

2.7. Theorem (Hailat [S]). Let G € .7 (n,Vy,3). Then for large n, &(G) < | 2202 | 4 (r—
1)(n—r+1). Furthermore, equality holds if and only if G = Q(n,r).

3. Main Result

In this section, we generalize the result of Theorem 2.7 to the case where G € ./ (n,V,,2k+ 1).
That is to the case where G is a graph on n vertices containing no r vertex-disjoint cycles of

length 2k + 1. We prove our main result using induction on r and we start with r = 2.
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3.1. Theorem. Let k be a positive integer and G € ¥ (n,2,2k+ 1). Then for large n, &(G) <
L@J +n— 1. Furthermore, equality holds if and only if G = Q(n,2).

Proof. Since G € . (n,2,2k+ 1), then G has no two vertex-disjoint cycles of length 2k + 1.
Suppose first that G has no cycle of length 2k + 1. The for n > 4k — 1, we have 3 < 2k+1 <
7(4k+2) < L%j, so that, using Lemma 2.4 (Bondy and Murty [3])

I’l2
£(6) < ZJ
_ ((n—1)+1)2J
i 4
< _(n—41)2J+2<n4—1)+ o
< _(n—41)2J +(n—1) forn >4k —1

Suppose second that G has a cycle of length 2k + 1. Then for large n, &(G) < L%j +n—1
by Theorem 2.6. Note that if G = Q(n,2) = K| NN then

o[l Tl [ e

Therefore equality holds if and only if G = Q(n,2). O

To prove the main result we need to introduce Turdn graphs, since these graphs play a major

role in the proof.

3.2. Definition. The complete s-partite graph on n vertices with part sizes being (ﬂ or L?J is

called Turdn graph. We denote this graph by 7}, ;.

Note that Turan graph is K| free, where K| is the complete graph on (s + 1)-vertices. In

[4], David Conlon introduced the following statement of Turdn’s theorem.

3.3. Theorem. (Turdn) If G is an n-vertex K, -free graph, then it contains at most & (T, )

edges.

In addition, Conlon introduced three different proofs of Turdns Theorem. In this paper we use

the result of 2 (Zykovs Symmetrization). In this proof it was concluded that the set of vertices
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of a K, -free graph G on n vertices with maximum number of edges can be partitioned into s
equivalence classes. In these classes, vertices in the same class are non-adjacent and vertices
in different classes are adjacent. Since the graph G is K -free, it must be a complete s-partite
graph. Note that 7, ¢ is the unique graph that maximizes the number of edges among such

graphs.

3.4. Theorem. Let G be a graph that has (r — 1) vertex-disjoint cycles Cy, Cy,...,Cr_1, but has
no rvertex disjoint cycles of length 2k +1 and let H = G — Ul’:_f G(C;). Then éa(Ulr:_l] G(Ci),H) <
2(r—1)(n—r+1)—4k(r—1)? and & (U=} G(C;)) < 2k+1)(k+1)(r—1)2

Proof. Note that H is Ky free graph since, otherwise, G would have r vertex-disjoint cycles
of length 2k + 1, a contradiction to the assumption. Let H' be a graph on the vertices of H with
a maximum number of edges. Note that |[V(H)| = |V(H')|=n— 2k+1)(r—1)=(n—r+1)+
2k(r—1), £(H) < E(H'), and £(UjZ| G(C)),H) = E(UiZ| G(C)), H).
Letn/=n—(2k+1)(r—1)=(n—r+1)—2k(r—1)=(|V(H")|. Since H' is Ky -free graph
then, using proof 2 of Turans theorem, H’ is T,y ; and the vertices of H' can be partitioned into

/

2k equivalent classes H{,H,,...,Hy, where |V(H])| = fg—llj or | 5z]. Note that vertices of Hj

are non-adjacent for all i = 1,...,2k, but vertices of H/ are adjacent to all vertices of H; In

Figure 1, let

Ci =vi1-. Vi)V

Cre1 = V(1)1 - V(1) 2k 1) V(= 1)1

Note that |H]| = {"_(Zkzl)(r_lw or V—(Zkg)('—l)J , o that

2k
&Evij,H') < Z |H/|=n—(2k+1)(r—1)
i=1

=m—r+1)—=2k(r—1)
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N

In Figure 1, if v;; € V(G;) is adjacent to a vertex x € V(H) and to a vertex y € V(H}) then we
can construct a cycle of length 2k + 1, C; = v;jx...yv;; since each vertex in H, is adjacent to
every vertex in H,,, for t # m. Now if we take another vertex w;; € V(C;) and assume that its
adjacent to x’ € V(H;) and to y' € V(H;) then we can construct another disjoint cycle, C/ of
length 2k + 1. If we replace C; with C; and C/ then we have r vertex-disjoint cycles in G, a
contradiction. This implies that if a vertex in V(C;) is adjacent to more that one component of
V(H') = V(H) then the other vertices of C; cannot be adjacent to more than one component of

V(H'). It follows that

<(n—r+1)=2k(r—1)+2k (%{((n—r+l)—2k(r— 1)))
=m—r+1)=2k(r—1)+(n—r+1)—2k(r—1)

=2(n—r+1)—4k(r—1).
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Therefore
E(UZ{G(C), H) < (r=1)2(n—r+1) —4k(r—1))
=2(mn—r+1)(r—1)—dk(r—1)>

Now, since |V (U/—G(C;)| = (2k+1)(r — 1) then

é"(U G(C)) < (2k+1)(r— 1)((22k+ D(r—1)—1)
=1

_ (2k+1)(r—1)((2k+2)(r—1))
= 2
= (2k+ 1) (k+1)(r—1)2

The following lemma is needed for the proof of Theorem 3.6.

3.5. Lemma. Let n, r, k be three positive integers such that r > 2 and n > 6k(r — 1). Then
Q—k)(r—=1)(n—r+1)+@2—k+1)(r—12 < (r—=1)(n—r+1).

Proof. Suppose not. Then
Q—=k)r—1D)n—r+1)+@—k+1)(r—1?2>(F-1n-r+1),

so that
Q—k)(n—r+ 1)+ @B —k+1)(r—1)>(n—r+1).
This implies that

(B2 —k+1)(r—1)
k—1 ’

n—r+1<

so that

—k+1
ng(r—1)<3kk—kl++l)

2
—r-D()
<(r=DER)G) = 6k 1),

a contradiction to the fact that n > 6k(r — 1). Therefore Lemma 3.5 follows.
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3.6. Theorem. Let k be a positive integer and G € ./ (n,r,2k + 1). Then for n > 6k(r —1):

n—r+1)>?
8(G) < {%J +(r—=1(mn—r+1).

Furthermore, equality holds if and only if G = Q(n,r).

Proof. We prove the theorem using induction on r. for r = 2 the theorem holds by Theorem 3.1.
Assume that the result is true for r — 1. We need to show that the result is true for r > 3.
Let G € . (n;r,2k+1). If G contains no r — 1 vertex disjoint cycles of length 2k + 1, then by

induction

&(G) <

{(n—(r—l)—i—l)z
4

J +(r—=1D)=1)(n—(r—1)+1)

n—r 2
_ {%J F(r=2)(n—r+2)
< (n—r—|—1)2+2(n—r—|—1)+14;14((r— H—1Dn—(r—1)+1)) 1
_ (n—r4+1)2 +2(n—r+1)—|—4(r—1)(n—r+41)+4(r—1)—4(n—r—|—1)—4+1
(n—r+1)?

1
=T+(r—1)(n—r+1)—§(n—r+1)(r—1)—1+1

_ 2
< {WJ +(r—1)(n—r+1), forn>3r-—3.

Assume that G has r — 1 vertex-disjoint cycles each of length 2k +- 1 and has no r vertex-disjoint
cycles of length 2k+ 1. Let Cy, Co, ..., C,—; be such cycles in G. Let H =G — Uf;llG(C,-),
so that H has no cycle of length 2k 4 1 since, otherwise, G will have r vertex-disjoint cycles of

length 2k + 1. Since |V(H)| =n' =n— (r—1)(2k+ 1) then, using Lemma 2.5, we have

n'? n—r —2k(r—1))?
st < | o) = | D2 DY

< L(”_;—+1>2J —k(r—=1)(n—r+1)+k2(r—1)%

From Theorem 3.4 we have:

EUTIG(C),H) <2(n—r+1)(r—1) —dk(r—1)*
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and

r—1

E(JG(C)) < (k+1)(k+1)(r—1)%
i=1

It follows that:

€(G) = E(H)+E(UZ{G(G). H) + & (UZ{ G(C)

< V”_;—“)ZJ k1) (= 1)+ R (r—1)?
+2(n—r+1)(r—1)—4k(r—1)>+ (2k+ 1) (k+1)(r—1)?

B (n—r—|—1)2 2 2 2

o +Q2=k)(r—1D)(n—r+1)+ (K — 4k 426>+ 3k +1)(r—1)

- —(”_r:l)z +R=k)r=1)(n—r+1)+ @B —k+1)(r—1)

< W +(r—=1)(n—r+1) (using Lemma 3.5)

Furthermore, equality holds for Q(n,r) = K,_, EESIRE==t since

s(@(nn) = =) |5 i | g | [

(1) n—rt1]+ LWJ

_ {(n—r—#l)z

) J-I—(r—l)(n—r-l—l).
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