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Abstract. In this paper generalized form of some new inequalities of the Hadamard and the Fejér-Hadamard type

have been established. Fractional integral operators due to an extended generalized Mittag-Leffler function via

harmonically convex functions are utilized to obtain the new results.
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1. Introduction

Convex functions are equivalently defined by the Hadamard inequality stated in the following

theorem.

Theorem 1.1. Let / be an interval of real numbers and f : I — R be a convex function on /.
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Then for a,b € I, a < b the following inequality

1 (25) <t [ 121

holds.

It is always in the focus of researchers especially working in the field of mathematical anal-
ysis. Now a days it is under consideration via a variety of fractional integral operators and
fractional differential operators (see for example [1, 2, 4, 6, 7, 11] and references there in). In
this paper, we are interested to find the Hadamard and the Fejér-Hadamard and related frac-
tional inequalities for harmonically convex functions via fractional integral operators due to an
extended generalized Mittag-Leffler function. First we give the definition of harmonically con-
vex function as follows.

Definition 1.1. Let / be an interval of non-zero real numbers. A function f : I — R is said to
be harmonically convex function, if

m f(astizas) SO+ -05@

holds for all a,b € I and ¢ € [0, 1]. If inequality in (1) is reversed, then f is said to be harmoni-
cally concave function for more detail one can see [6].

Definition 1.2. [7] A function 4 : [a,b] C R\ {0} — R is said to be harmonically symmetric

(0)=+(i=)

Now we define the extended generalized Mittag-Leffler function

atb
about b if

for x € [a,b].

Y783k7c
Eyvi

Definition 1.3. [3] Let u, v,1,y,c € C, R(u), R(v),R(I) >0, R(c) > R(y) >0with p >0, >

(t;p) as follows.

0and 0 < k < 8+ R(u). Then the extended generalized Mittag-Leffler function EZ(\S,]I“ (t;p) is
defined by
ke = 3 BollEmke=1)_(Ou ¢

= Brie—y) T(un+v)(Ds’

(2) El ;
where f3, is the generalized beta function defined by

wv,l

1
Boley) = [ (1 =y e T ar
0
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and (¢)y is the Pochhammer symbol defined as (c),x = .F(lfzrcf)lk)
Remark 1.1. (2) is a generalization of the following functions.

(i) setting p = 0, it reduces to the Salim-Faraj function E 7.0k, “(t) defined in [10],

R
(ii) setting [ = 0 = 1, it reduces the function EZ:]&C(I; p) defined by Rahman et al. in [9],

(iii) setting p = 0 and [ = & = 1, it reduces to the Shukla-Prajapati function Eﬁ, (t) defined in
[12] see also [13],

(iv) setting p =0 and [ = 6 = k = 1, it reduces to the Prabhakar function E 2{ v(?) defined in [8].
The corresponding generalized fractional integral operators 82: (3 Loat f and sy’v 17 o.b- f are de-
fined as follows.

Definition 1.4. [3] Let o, u,v,l,7,c € C, R(u),R(v),R(1) > 0, R(c) > R(y) >0 with p >0,

0>0and 0 <k <5+R(u). Let f € Li[a,b] and x € [a,b]. Then the generalized fractional

integral operators 82:(3 Lot f and 82:(3 I; Z) b f are defined by

3) (60 aef) i) = [ =) ELS (@ s (e
and

@ (22, ) ) = [ =0 EL3 (ol — 0 phs ey

Remark 1.2. (3) and (4) are the generalization of the following fractional integral operators.
(1) setting p = 0, it reduces to the fractional integral operators defined by Salim-Faraj in [10],
(ii) setting / = 0 = 1, it reduces to the fractional integral operators defined by Rahman et al. in
[9],

(iii) setting p = 0 and [ = & = 1, it reduces to the fractional integral operators defined by
Srivastava-Tomovski in [13],

(iv) setting p =0 and / = § = k = 1, it reduces to the fractional integral operators defined by
Prabhakar in [8],

(v) setting p = @ = 0, it reduces to the right-sided and left-sided Riemann-Liouville fractional

integrals.
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Definition 1.5. [14] Let f € L|a,b]. Then Riemann-Liouville fractional integral operators of f

of order v are defined by

Rf) = 7 | = x>

and

1

b
B0 = 5 / (t—x)"" f(1)dt, x < b.

A lot of authors of this age are working on inequalities involving fractional integral operators
for example for Riemann-Liouville, Caputo, Hillfer, Canvati etc [3, 5, 11].
Kunt et al. in [7], produced the following result for harmonically convex functions.
Theorem 1.2. Let f: I C (0,00) — R be a harmonically convex function on [a,b] for a,b € I

with a < b. If f € L[a, D], then the following inequalities for fractional integrals hold

2ab C(v+1) [ ab \" 1 1
< I) — |+ -
(25) <0 () (e ron() e ()

_ f@)+(b)
- 2

where g(t) = 1 fort € [3,1].

Chen and Wu in [2] presented the following Fejér-Hadamard inequality for harmonically convex
functions.

Theorem 1.3. Let f: I C R\ {0} — R be a harmonically convex function on |a,b] for a,b € I

with a < b. If f € L[a,b] and g : [a,b] C R\ {0} — R is non-negative integrable as well as

a-t+b
U Sap s

f(azibb> /ab g)(;)dxg /ab f(x))cf(x)a,xS f(a);f(b) /ab gg)dx.

harmonically symmetric abou then the following integral inequalities hold

In the next section first we prove the Hadamard type inequality for harmonically convex func-
tions via generalized fractional integral operators defined in (3) and (4). Also we produce the
Hadamard type inequalities given in [1, 2, 6, 7]. Then we investigate the Fejér-Hadamard type
inequalities via fractional integral operators defined in (3) and (4) and reproduce such results

givenin [1, 2, 6, 7].

2. Main results
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In this section we give our results.
Theorem 2.1. Let f: [a,b] C (0,00) — R be a function such that f € L;[a,b] with a < b. If
f is a harmonically convex function on [a,b], then the following inequalities for generalized

fractional integral operators hold
2ab ’)/767k7c 1 .
©®) f(a+b) (%,v,m/,;_l b'P
1 7,0 k,c 1 8 ,k,c 1
<5 <(8u viw,l I° g> (E;p) + ( Zvlw’ S0 g) < p)>

Sf(a)+f( ) ( TSk 1+1> (l;p),
2 w,v,l,o, a

where @’ —a)(b ) and g(1) = %fort € [}),é]

Proof. Since f is harmonically convex function on [a, b], therefore for all x,y € [a,b] f (xz%yy) <

LO+0) por y = it and y = ﬁ we have
2ab ab ab
< _ .
(6) 2f (a+b) —f<tb—|—(1—t)a) +f(m+<1 —r)b)

Multiplying (6) by ¥~ ]EZ’i I; “

2ab 5.k, 1 8 ke ab
2 tVTLETO S (@t dt</ VEY it - )dr
f(a+b>/ ot (@RS [ By (@D G

V-lprdke o ab
E (t*; —— | dt
+/ povil p)f(ta+(1—t)b>

If we put in above x = w andy = m+(a+l)b, then we have the following inequality

o))
(o) (3 ) %)
PR D) ) )
) (2 o)
() () ) )

(wt*; p) on both sides and integrating over [0, 1], we have
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After simplification, we get
2ab \ [i N ke \H
zf(a—f—b)/l (x—5> E“vl (co (x—z ,p)dx
1
a 1 voke [ N 1
S/l (X_E> E,uvl ((D _E P f ; dx
T yek 1 H 1
) s (e
a y

By using Definition 1.4, we get
2ab 7.8 ke 1 7.8 ke 1
2 (ﬂ) (%,v,zﬁwa;l) (z’f’) : ( wviwt 1 g) (W)
1
() +<Z5l;c,1+fog) (5;19)-

Again by using that harmonically convexity of f for ¢ € [0, 1], one can have

ab ab
9 - -
©) f(tb+(1—t)a) +f<ta+(l—t)b) fla)+f(b).
Multiplying (9) by V'~ IEZ‘\S, ll( “(wt*; p) on both sides and integrating over [0, 1], we have
1 b
10 VI ET Ok tH A dt
(10) / wvi (O15P)] th+(1—1t)a
vl %5k€ u. ab
E [ A — | dt
+/ (@r:p)f (ta+(l—t)b)

< (f(a)+f(b))/1 Ve IEZ’?,];C(a)tu;p)dt.

0

By putting in above x = tb+(1b 14 and y=

}/,Skc 1 v,0,k,c 1
(uv,l’w,l fo g) (b,p>+(e“vlw, fo g) (a p)

an < (@) + 1) (194 1) (Gir).

uvla)’

za+(l )b

, then after simplifications, we have

Inequalities (8) and (11) provide the required inequality (5). UJ

Remark 2.2. In Theorem 2.1.
(1) If we put p =0, then we get [1, Theorem 3.1].
(i1) If we put @ = p =0, then we get [6, Theorem 4].

Now we prove the next result.
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Theorem 2.3. Let f : [a,b] C (0,00) — R be a harmonically convex function such that f €

Li|a,b] with a < b. If f is a harmonically symmetric about %, then the following inequalities

for generalized fractional integral operators hold

2ab 0.k,c 1
12 2 ) [ ghoR 1 -
12 f(a+b) ( v L0 S ) (b p)
<l 8%67k7c fo l + y,5kc fo l
—2 H,V,l,a)/,%+ g a,p H v,l, o, M 8 b’p

f(a)+f(b> Y, k¢ 1
< J N 7 JN 7 s Uiy .
= 2 8u,v,l,(u’,%+1 al)

where @’ —a)(b ) and g(r) = %,te (3,1,

1

Proof. Multiplying (6) by 2t¥~ IEZ (3]; “(wt*; p) on both sides and integrating over [0, 5], we

have

2ab Sk ‘ ke ab
13) 2 tV1ETO: M dt</ A IEY’ M — | dt
(13) f(a b)/o povd (@15) 0 (@:p)] ta+(1—1)b

1

VL prSke oo ab
E t; dt.
Jr/o vt (@ p)f(tb—l—(l—t)a)

Mthatls ” +(1b 0 = 11 , then we have

+E—X

Putting in above x =

1
a

2ab St ([ ab \" 1\"! 5.k, ab \* 1\
2 — - EY’ ¢ —— 1| ipld
(@) G5 (ma) A (o) (=3) e
ath v—1 u u
b ab 1 8.kc ab 1
< _Z EY’ N
<7 (G%) (oa) s (o) () )
atb \ v—1 u
b [ ab 1 y,Skc ab
(g 1 G2) (s) e (o 62
1
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Since f is harmonically symmetric about 42

S5 » We replace % + % — x by x in first term on R.H.S.
of the above inequality and after simplification, we have

2ab \ % N sk 1\ *
2 - = E”’ VYo' x—=) ;
(@) () e (o (=g) v

1 v—1 u

a (1 ,,75,“ (1 ' 1
“folas) o <w <a—x> ) () o
n 2ab 1\ 1

By using Definition 1.4, we get

2ab Sk 1
14 2 Yv )Yy 1 .
( ) f (a+b) (8”7‘/7176013%25 ) (b,p>
1 1
< }/75kc L 775/(0 L ‘
< ( u,vzw/,g;g*f g) (a,p> +( wvio s T8 )\ P

Now multiplying (9) by ¥~ 1E y,6 k “(wt*; p) on both sides and integrating over [0, %], we have

1 . b
(15) /0 BN (s p) f (—tb +E”1_t)a) dt
c b
+/ - IEZil; wtu;p)f(taJr(al—t)b)dt
< (la)+ ) [T B (@t s

Putting in above x = M

ab
that 1s P

1
=p = — then we have

ath v v—1 U i
b [ ab 1 8 ke ab 1 1
- — EY’ —— ] - )d
J7 %) () m (o (2a) (a) ) (5)«
a+b \ v—1 u u
b ab 1 ’)/5kc ab I
)7 6) () (o) (5) )

b

f(ﬁ) dx < (f(a) + £(5) / (b“_”a> (1)

b
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Since f is harmonically symmetric about ‘;’é’ , therefore by replacing }l + % —x with x in first

term of L.H.S. of above inequality and after simple calculation, we have

y’67k’c 1‘ 8kc l.
(16) (Sﬂvvlw’ ‘;Zf+fog) (a’p> i (8# vl o' S fo g> <b’p>

< @)+ (704 1) (Gir).

[.L,VJA)’,W

Inequalities (14) and (16) provide the required inequality (12). ]

Remark 2.4. In Theorem 2.3.

(1) If we put p=0, then we get [1, Theorem 3.3].

(1) If we put @ = p =0, then we get Theorem 1.2.

To prove our next result first we give the following lemma.

Lemma 2.5. Let £ : [a,b] C R\ {0} — R be integrable and harmonically symmetric about 4:2.

Then the following equality for generalized fractional integral operators hold

Y75kc 1 . Y,Skc l.
(" ( 1,10 ,%Z,Tf g> (a’p> N (gu v.ilo4? fo g> (b’P)
— 1 Y767k7c 1 . Y,S k C 1 .

where g(t) = 1 fort € [3,1].

a

Proof. Since f is harmonically symmetric about %Jrf, we have f (%) =f (ﬁ) By the
T

definition of generalized fractional integral operators, we have

(18) 81/767k7c fog 1p :/i l_t v E%SkC ® l—t up f 1 dt
M7V7l7w7%+ a, % a u,v l a ) :

replace ¢ by é + % — x in above, we have

y’67k’c 10
<8H7V717w7‘§2§+fog) <a’p)
atb v—1 u
2ab 1 1 1
_ L 7,0,k,c I
_/;, ( b) Fuvi (“’ (X b) ’p)f<é+%,—x> "
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By using Definition 1.4, we get

’)/757](76 l- —_— ’Y76kc l-
(19 (Sﬂ7v,l,w,‘%’+fog) <a’p) N <8uvlw7‘§f fe g) (b’p) '

By adding ( gloke Jifo g) (1; p) in both sides of above, we have
u,v

a+.
l Oy 2ab

Y76kc l. . Y,Ekc 1
20 2( uvvlawa‘gﬁf g) <a’p) B ( uvvlvwa%*;é’*f g) (a p)
Y,0.,k,c 1
(s 1o¢) (57)

which is required. 0

Theorem 2.6. Let f : [a,b] C (0,00) — R be a harmonically convex function with a < b. Let

f €Lyla,b] and also let g : [a,b] — R be a non-negative, integrable and harmonically symmetric

about ‘;*f , then the following inequalities for generalized fractional integral operators hold

2ab 'J/,Sk(, 1_ ’Y767k7(/ 1
(21) f(a+b) |:< “vlw,’(;‘:é,#-g h> (a’P) + (8“ v,l,wlylﬂ,—b g h b’p
’Y753k7c ]‘. ')/,Skc 1
S (gu,v7l7a)’,“2;r£+fg0h> (;’p> + <£IJ vl a+b fgoh) (b’p)
f(a)—l—f(b) y5kc 1 ')/5kc 1
< JN I TN L Y
- 2 u v,Lo' “gfﬂg oh ’p + M v, S goh b’p ’

where @' = 0(;2)* and h(t) = 1 fort € [§,1].

Proof. Multiplying (6) by ¥~ EZ?/ /l< “(wt*;p)g <%) on both sides and integrating over

[0, 1], we have

2ab -1 V.8.ke . L
(22) 2f (Hb)/ Eva (@fp)g (tb+(l—t)a) “
vl V.6.keq . ab ab
S/ E)y " (o ,P)f<m+(1_t)b)g(tb+(1—t)a)dt

V 1 YvSk(‘ u. ab ab
E (ot dt.
+/ vl p)f(lb+(1—l)a E\itb+(1=1)a
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ab
ta+(1—-0)b —

2ab Sh [ ab \" 1\"! Sk ab \* \*
23) 2 - proke I
e 2 (Z5) [0 (%) (o5) a(eGZ) (3) )
1 55 ([ ab \" N\ sk ab \* N\*
“)dx < — - EVOke ——
Jos 7G5 b)) m (eGR) (-5) )
1 5 1 H
.

tb+(1 —t)a
ab

Putting in above x = that is — then we have

(e

a+b
2ab >’

2ab \ [%# N skl o T\* 1
(24) 2f (a—i—b) /ll7 (X— E) ElthJ ((l) (X— B) ;p) g (;) dx
1 v—1 u
a 1 8/{(,‘ / 1 1 1
< - — E" o|-—x) ; - —)d
<o (am) e (o G o) (2)e () o
ath v—1 u
2ab 1 v8ke [ \" 1 1
‘i‘/é (X_E> E,uvl ((D (X—Z P f ; g ; dx.

By using Definition 1.4, we get

2ab S.k,c 1
2f — ) (€7
f<a+b) ( vl gt 8
Y, k¢ 1 )/75 k,c l
= (eu,v,l,w’féﬁffg h) ( p> " ( wovil o 5 fgoh> (b’p) '

Using Lemma 2.5 in above inequality, we have

2ab Y787k7c 1 Y787k7c 1 .
(25) f ( +b> |:(€‘u V./l,(i)/";(:}? gOh b’p + 8#7v7law,7%+g0h E’I)
75 k. l ,6,k,c l
S ( u, Vl / %+fg0h> (a’p) + <8“7v7lvwl7%fg0h) <b’p) )

Since f is harmonically symmetric about therefore after simplification (23), becomes
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Now multiplying (9) by ¢V~ 1gYoke

v (wt*;p)g (%) on both sides and integrating over

[0, 3], we have

1

PETS ke oy (P Y (A
(20) / By (o1 ’p)f(tb—i-(l—t)a)g(tb—i—(l—t)a) dt

vl }’5k€ u.
E * dt
+/ povi (@ p)f(ta+ l—tb)g(tb—l- (1-1)a )

< (F@+ ) [ B wf“apg(tH =y )‘”-

0

By putting x = W and using harmonically symmetry of f with respect to ‘3*;)’ in above

then after simplification, we have

/)/767k7c l- y’87k’c l-
@7) (Su,v,l,w’,‘ﬂ’+fg0h> (a’p> + (EH,V,l,wH‘%ngh) (b’p)
<

e+ 1) (104 gon) (Gir).

) 2ab

Using Lemma 2.5 in (27), we have

y,Bkc l .6,k l
29 < uvlw’,%ucg h) (a,p) i (8“"1“” % fgoh> (b’p)
f(@)+f(B)) ( yoke 1 g ke :
< A+ f®) (o 73 ’ P
= 2 Cuviogp 8O\ 5P )T uvlwﬂ%ﬁngh a'’

Inequalities (25) and (28) provide the required inequality (21).

Remark 2.7. In Theorem 2.6.
(1) If we put p=0, then we get [1, Theorem 3.6].
(1) If we put ® = p =0 and v = 1, then we get Theorem 1.3.

(iii) If we put @ = p =0 and g(x) = 1, then we get Theorem 1.2.
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Corollary 2.8. In Theorem 2.6, if we put @ = p = 0, then we get the following inequalities

via Riemann-Liouville fractional integral operators

2ab v 1 v 1
(@55 (o) () (o) )]
< (Iv+b+fgoh> (1) + (I(‘I/er fgoh) <l)
Tab a Fab - b
13 (g ) () sG]
2 St a ab - b
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