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Abstract. Let 7 (DD) be the space of all analytic functions on the open unit disk . Let y; and y, be analytic

functions on ID, and ¢ be an analytic self-map of ID. We consider the operator Ty, y, ¢ that is defined on 7 (ID) by

(Tyyn0f) (&) = Wi () f(8(2)) + v2(2) f (9(2))-

In this paper, we characterize the boundedness and compactness of the operator Ty, y,.¢ that act from the Hardy

spaces H” into the weighted-type space H;;' and the little weighted-type space H7 .
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1. Introduction

Let D be the open unit disk {z € C: |z| < 1} in the complex plane C, 7#(ID) be the space of

all analytic functions on D, and H* = H*(ID) be the space of all bounded analytic functions on
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D such that || f|| = sup|f(z)] is finite. For 0 < p < oo, the Hardy space H”(ID) consists of all
zeD

analytic functions f on D that satisfy

71 = sup [ 1) Pdo(£) <

O<r<1

where o is the normalized Lebesgue measure on the boundary of the unit disk. For f belongs

to HP (D), it follows from Fatou’s theorem that the radial limit

fH(8) = lim f(r¢)

r—1-

exists for almost all { on dD. Moreover,

71 = [ 1" (©)Pdo (),

for all finite values of p. In this paper we consider only radial weights, these arise from the
positive and continuous functions u : [0,1) — (0,c0). We define u on D as u(z) = u(|z|) for
each z € D. Given a radial weight u : D — C, the weighted-type space H; = H;; (D) consists

of all analytic functions f on DD such that

£l = sup u(2)| f(2)] < oo
zeD

The little weighted-type space H/, is a closed subspace of H);" that contains all those functions

f € Hyj such that

lim 1(2)|f(2)] = 0.

|z[—1
If u = 1, we get the space H(ID) of all bounded analytic functions on . if u(z) = (1 — |z|?)P,
for —1 < B < o, we get the Bergman-type spaces HE" and HEO. These Bergman-type spaces
are sometimes called growth or Bers type spaces, see, for example [3] and [20].
Suppose ¢ is an analytic function mapping D into itself and y is an analytic function on D,
the weighted composition operator Wy, 4 is defined on the space #(ID) of all analytic functions
on D by

Wy 0 f)(2) = w(2)Co f(2) = W(2) f(¢(2)),

for all f € (D) and z € . It is well known that the weighted composition operator Wy y f =
V(fo¢) defines a linear operator Wy, 4 which acts boundedly on various spaces of analytic or

harmonic functions on D. In recent years, considerable interest has emerged in the study of the
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weighted composition operators, on spaces of analytic functions, with the goal of explaining
the operator-theoretic properties of Wy, o in terms of the function-theoretic properties of the
induced maps ¢ and y. For the overview of the field, we refer to the monographs [1], [2], [3],
[10], [18] and [19].

The differentiation operator D is defined on 7 (D) as Df = f" and D°f = f for f € /(D).
For y € 7 (ID) the multiplication operator My, is defined by My, f(z) = y(z) f(z), for f € 72 (D)
and z € D. Therefore, the weighted composition operator can be defined as the product of the
multiplication and composition operators, that is Wy, o = My Cy.

Suppose w1 and Y, are analytic functions on D, and ¢ is an analytic self-map of . In this pa-
per we consider the operator Ty, , ¢ that defined on 72 (D) by (Ty, v.0f) (2) = V1(2) f(¢(2)) +
v2(2)f'(¢(z)). Moreover, this operator can be written as (Ty, .0 f) (2) = My, CoD°f(2) +
My,CyDf(z) = Wy, sD°f(2) + Wy, D f(2). This operator has been introduced and studied on
weighted Bergman spaces by the authors of [11] and [12].

In this paper, we characterize the boundedness and compactness of the operator Ty, y, ¢
from the Hardy spaces H? to the weighted-type spaces H; and H:ZO. As a consequence of the
main results, we get the characterization of the products operators MyCyD, MyDCy, Cy My D,
DMy Cy, Cy DMy, and DCy My, that act from the Hardy spaces to the weighted-type spaces. If
we set f1(z) = (1 — |z|*)P for B > —1, then by simple modifying all the results of this paper
one could also obtain similar results for all the previous operators act from Hardy spaces to the

bloch-type spaces %"E and the little bloch-type spaces %’EO.
2. Preliminaries

The following are some auxiliary propositions which will be used in the proofs of this paper
main results. The next proposition is a standard result on the Hardy spaces and it is curial for

our work in this paper. For the proof, see for example [17].

Proposition 1.1. Let n be a nonnegative integer, let 0 < p < . If f € H?, then

[Lf |

(= |7

F@)<c

for some positive constant C independent of f.
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The following proposition is a basic fact about the compactness of the operator Ty, y, ¢. The
proposition’s proof follows by similar arguments to those outlined in (Proposition 3.11, [1]). So

we omit the proof’s details.

Proposition 1.2. Let 0 < p < . Let Y,y € F(D), and ¢ be an analytic self-map of
D such that Ty, y,¢ : H? — Hj' is bounded. Then Ty, vy, ¢ is compact if and only if when-
ever {fi.} is bounded sequence in HP and fi — 0 uniformly on compact subsets of D, then
1m (1T, o0 felle = 0.

The following proposition can be proved using arguments similar to those outlined in (Lemma

1, [8]). Thus, we omit the proof’s details.

Proposition 1.3. A closed set K in H;‘:O is compact if and only if it is bounded and satisfies

lim sup p(z2)|f(z)| = 0.
lz|=1 rek
3. Main results

In this section we characterize the boundedness and compactness of the operator Ty, y, ¢
that acts from the Hardy spaces H” into the weighted-type spaces H;’ and Hﬁ"o. The following
theorem gives necessary and sufficient conditions for the boundedness of the operator Ty, y, ¢

that acts from Hardy spaces into the weighted-type spaces H,;’.

Theorem 3.1. Let ¢ be an analytic self-map of D and y, y, € 7 (D). Then Ty, vy, ¢ : H? — H}

is bounded if and only if the following conditions hold

u@wEl
M e <

o 1@l ()

sup

eGP =7

Proof. First, suppose that Ty, y, ¢ : H” — Hy; is bounded. For f(z) = 1, we have that

3) sugu(z)lllfl (@) = [ITyy,yn,0 f Iy < e
ze
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For f(z) = z, we have that

@ j:]gu(Z) ¥1(2)9(2) + ¥2(2)| = [Ty a0 Nz < oo
Since ¢ is a self-map of D, from (3) and (4) we get that

®) ilelgu(Z)!Wz(Z)! < oo

For a fixed w € D, set
(1=lom?)”
(1 _Z¢(W)>2+l/p

L-[pw)>
(1—Z¢(W)>l+l/p

fw(z)=(2+1/p) (1+1/p)

It is easy to check that f,, € H(ID) and sup,cp || fw||ar < C, for some positive constant C.

Moreover, f!,(¢(w)) =0 and

1

Jw w))= .
(90 (1—lo(w)[2)"/7

Hence, for every w € D we have

C= ||TW17V/27¢fW||Hﬁ°

= sup L(w) [y (W) fu(@(w)) + o (w) £, (¢ (w))]

weD
L B
T (1=|p(w)2)P

which gives condition (1). To show condition (2) holds, for a fixed w € D, set

(1=low)P)*  1—|p(w)P
N 2+1 N 141 :
(1-z00m)"" (1-00)

gw(z) =

Then, g, (¢(w)) =0 and
o (w)
1+1/p
(1= lo(w) 1
Since g,, € H”, by the boundedness of the operator Ty, v, ¢ We get for every w € D

g (o(w)) =

C=> ||TW1,W2,¢gW|’Hﬁ°

L)y (w)[[o(w)]
© - (1—|¢§w>|2>1“/’"
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On the one hand, from(5) we get

1(w)|ya(w)l
—l¢

<1 (1—[p(w)[2)! 17

4 1+1/p
<(3) s uOlveo)
o(w)I<3

(7) < oo,

On the other hand, from (6) and

“ w(w)|ya(w)|
Ljgwi<t (1= g (w)[2) /P
N O IACIIEICS]

o<t (1—9(w)2)! 1P

(8) <2C.

Therefore, (7) and (8) give condition (2).
For the converse, suppose that conditions (1) and (2) hold. Then for any z € D and f € HF,

by using Proposition 1.1, we get

u(z) ‘ (T‘I/hllfzﬁf) (Z)‘

= 1(2) [y1(2)£(9(2)) + v2(2).f (9 (2)) |
(

Cu@Iyiz )|||f||Hp L CE@Ive @IS e
(1-19@P)'7  (1-lo@P)

Taking supremum of both sides over all z € D, we get

<

||TII/17W27¢f||H[f = su}gu(z) |(TWMI/27¢f) (Z)‘ < o,
z€

which gives the boundedness of Ty, y, ¢. This completes the proof.

The following theorem characterizes the compactness of the operator Ty, y, ¢ that acts from

Hardy spaces into the weighted-type spaces H;".
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Theorem 3.2. Let ¢ be an analytic self-map of D and i,y € (D). Then Ty, v, ¢ - HP — H

is compact if and only if Wi, Y, are in H; and the following conditions hold

w@@
® ot (1 p@P)7
o 1)y

lim =0.
0()[=1 (1= 9(z)]?)!+1/p

Proof. First, assume that yq, y» are in HE’ and that the growth conditions (9) and (10) hold.
Using sup,cp i (2)|y1(2)| is finite and condition (9) we get condition (1) in Theorem 3.1. Simi-
larly, using sup,cp i (z)|W2(2)| is finite and condition (10) we get condition (2) in Theorem 3.1.
Therefore, Theorem 3.1 gives Ty, y, ¢ i1s bounded.

Now let { f;.} be a bounded sequence in H”, say bounded by a positive constant M, such that
fi = 0 uniformly on compact subsets of . To show that Ty, y, ¢ is compact, by Proposition
1.2, it suffices to show || Ty, y, ¢ fillmz — O as k — co. Using the growth conditions (9) and (10),

for any € > 0 there exists 6 € (0, 1) such that when § < |9 (z)| < 1

o O] _,

(I=le@H)r

. @RI

(I=lg@))t+e =

Therefore, since Ty, y, ¢ is bounded, for § < |¢(z)| < 1 we have

1(2) | (Tyr 0 fi) (2)]

= 1) [W1 (D) fe(9(2) + v (2) £ (9(2))]

1) (2) 1(@)|va(2)]
(I=le@P)VP ~ (1—-]9(z)[2)+1/r

< Csup || fi|mr
zeD

(13) <2CMe.
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On the other hand, if |¢(z)| < & then we have

1(2) | (Ty yn,0.fx) (2)]
= 1) W1 f(9(2) + (2 H($(2)]

<|lwillmz sup [fiw)|+[[wallmz sup |f(w)]
<5 w|<8

In this case, since Y1, Y, are in H;;, we get by using Cauchy’s estimate
14 1Ty, v 0 fillz — 0 ask — oo,

Hence, (13) and (14) give the compactness of Ty, y, ¢-

For the converse, assume that Ty, , ¢ : H” — H,;" is compact. Then it is obvious that Ty, y, ¢
is bounded. Hence, from the proof of Theorem 3.1, we have y; and y; are in H;". To complete
the proof, let {z;} be a sequence in D such that |¢(z;)| — 1 as k — oo.

On the one hand, consider the test function

1_|¢(Zk)1|il/p_(l+1/p) (1_|¢(Zk)|22+)12/p'
(1—Z¢(Zk)> (1—z¢(Zk)>

It is clear that f; converges to zero on compact subsets of ID. Moreover, f] (¢ (zx)) = 0 and

filz) = (2+1/p)

1

Ji(¢(zk)) = (0107

Now,

Ty 0|z > 1 (ze) | Wi (2) fie(@ (z1)) + W2 (20) (0 (z1)) |

_ k(v (=) .
(1= 10 )[2)"7

Since Ty, ,y,,¢ 18 compact and f; — 0 on compact subsets of ID, by using Proposition 1.2, we get

kh_{l;lo ||TW171I/27¢fk||Hff =0.

Therefore, since |@(z;)| — 1 as k — oo, we get

L M@l
ke (1= [@ () )P

which gives condition (9).
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On the other hand, consider the test function

gr(z) = (1-10@)P)°  1-[o()P

(1_Zm>2+l/p <1_Zm>l+l/p'

It is obvious that gy — 0 on compact subsets of D. Moreover, g; (¢(zx)) = 0 and

O () .
(1=o(z)2)" /7

g (0(zx)) =

Using the compactness of Ty, v, ¢ We get

0 :kli_>n30“TW1,W2»¢ngHﬁ°

o RGN0 )|
T (=@

Since |¢(zx)| — 1 as k — oo, we get

m(z)lya(z)l
ke (1 |9 (z)2)' /7

which gives condition (10). This completes the proof.

The next theorem gives necessary and sufficient conditions for the boundedness of the oper-

ator Ty, y,,¢ that acts from Hardy spaces into the weighted-type spaces H, ;",0.

Theorem 3.3. Let ¢ be an analytic self-map of D and yi,y, € (D). Then Ty, y, ¢ : HY —

H::O is bounded if and only if Y1, y» are in H:;O and Ty, y,.¢ - H? — H}j" is bounded.

Proof. First, suppose that Ty, y, ¢ : H” — H);" is bounded and that y;, y, are in H7o. Then for

each polynomial p, we have

1(2) | (Tyryn0p) (2)| = 1(2) [W1(2)p(9(2) + ¥2(2)P(9(2))|

< u@ly1 @l + p @) w2 @) Pl
Since the polynomials p and p are in H, taking limit as |z| — 1 we get that Ty, y, ¢p is in
Hj7. Now let f € HP. Since the set of all polynomials is dense in H?, there is a sequence of

polynomials {p,} such that || f — p,||z» — 0 as n — co. By the boundedness of Ty, v, ¢ : H® —

H;’f, we have

||T1//1,\4/2,¢f_Twl,w,(anHH;’f < ||T‘I/17V/27¢||||f_pn||ﬂp'
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Since Ty, .y, : H? — H}; is bounded, we get that

r}l—r}c}o HTW17W27¢ (f = pn) HHff =0.

Since H:f,o is closed subset of Hff swe get Ty, yy.0 - H? — H:;O 1s bounded.
For the converse, suppose that Ty, y, ¢ : H? — H;‘:O is bounded. Then it is clear that Ty, y, ¢ :

H? — Hy is bounded. Taking f(z) = 1, we get

0= \;\iinl |(Tll/1~,llfzy¢f) (Z)‘

(15) = lim u(z)|yi(z)]-

lz]—1

Thus, y1 is in Hy . Similarly, taking f(z) = z, we get

0= ‘;‘iinl |(T‘I/1,II/2,¢f) (Z>’

(16) = lim p(z) [y1(2)9(2) + va(2)|.

|z|—1

By using (15), (16) and the boundedness of ¢, we get

lim p1(z)[ya(z)| =0

lz]—1
Therefore, y; is in H::O. This completes the proof.

The next theorem characterizes the compactness of the operator Ty, y, ¢ that acts from Hardy

spaces into the weighted-type spaces HYo.

Theorem 3.4. Let ¢ be an analytic self-map of D and w1, W, € S (D). Then Ty, y, ¢ : H? —

H?  is compact if and only if the following conditions hold

um,0
. u@w)
a7 NG lepe
(18) . “(Z)|W2(Z)| —0.

e
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Proof. First, assume that Ty, v, ¢ : HP — Hp is compact. Then it is clear that Ty, y, ¢ : H P —

H:ZO is bounded. Then, from Theorem 3.3, we get y; and y» are in H; 1.0° that is
(19) Jim, 1)y (z)] =0.
20) lim 11(2)|ya(z)| = 0.

|z|—
If [|[@ || < 1, then from (19) and (20) we get

REWIGL _ (j_gp2)7

A G o < ’ lim u(3)|w(2)] = 0;

and

1(z)|v2(2)] (1-

tim ey < (1= 1912) ™ tim (@) a0 =

|z[—
Hence, we get conditions (17) and (18).

Now, assume that [|¢ || = 1. The compactness of Ty, y, ¢ : H” — H;; ; implies that Ty, y, ¢ :

H? — Hff is compact. Therefore, by Theorem 3.2, we have

 u@ne
@b ol (1= [0 )7

 aEwel
(22) 0 (1 51 (1—|¢(z)|2)1+1/p

By using (21), for every € > 0 there is r € (0, 1) such that
(

(@) (2|
OAMWM‘&

whenever r < |¢(z)| < 1. By using (19), there exists 6 € (0, 1) such that

L@Iw )| <ed—r)"P,
whenever 6 < |z| < 1. Therefore, if § < |z| <1 and r < [¢(z)| < | then

1)y ()
) (- [o@)P)7

On the other hand, if 0 < |z| < 1 and |¢(z)| < r we obtain

< E.

L@wiz)|  _ p@)vi(z)
e A=6@P = (1—r)7r
Now combining (23) and (24) we obtain (17). Similarly, using (20) and (22) we obtain (18).

< E.
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Second, assume that conditions (17) and (18) hold. It is clear that conditions (1) and (2) hold.
Hence, by Theorem 3.1, we have Ty, y, ¢ : H” — H};" is bounded. On the other hand for any

f € HP, by Proposition 1.1, there exists C > 0 such that
1) [(Tyyno f) ()| = 1@ w1 () f(8(2) + 2 (2) £ (9(2))|

HEWEL sG]y
(I=le@P)VP  (1-[9(z)[2)1+1/P)

(25) < C[f 1]

So using (17) and (18) we have

lim p(z) {(Twl,w,q)f) (Z)‘ =0,

|z]—1
which gives that Ty, y, ¢ f is in H;'. Thus, Ty, y, ¢ : H” — H, is bounded. Now, let K =

{f €H?:|fllmr < 1}. Taking supremum in (25) over all f € K and then letting |z| — 1, we get

lim sup | (T a0/ (2)] =0

Hence, by Proposition 1.3, we get that the operator Ty, y,¢ : H? — H7y is compact. This

completes the proof.

Note that all products of composition, multiplication, and differentiation operators can be
obtained from the operator Ty, v, ¢ as follow: Tg y.9 = MyCyD, Ty y9'.9 = MyDCp, 10 yop.¢ =
C¢MWD, T‘///>‘V¢/:¢’ = DMWC¢, TW/O¢7WO¢7¢ = Cq)DMW, and T(W’°¢)¢,,(W°¢)¢/7¢ = DC¢MW These
operator have been investigated on spaces of analytic functions by many authors, see for exam-

ple [4], [5], [6], [7], [9], [13], [14], [15], [16], [20], and the references therein.

Moreover, for f € 5 (D) and z € D, those operators can be written as
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The following are immediate corollaries of the main results of this paper. These corollaries
characterize the boundedness and compactness of the products operators My, Cy D, My DCy, and

CyMyD. similarly, one could characterize the other product operators.
Corollary 3.5. Let ¢ be an analytic self-map of D and y € 7€ (D).
(1) MyCyD : H? — H,; is bounded if and only if

up HEIVE)
(= lo@P) 17

(2) MyCyD : H? — H,; is compact if and only if W is in H; and

< oo

HEIVE
0@I—1 (1—[9(z)[2)+1/p

(3) MyCyD : HV — Hp7 is compact if and only if

U 119117C9) N
dl=1 (1 —=[9(z)2) 1P

Corollary 3.6. Let ¢ be an analytic self-map of D and y € 7€ (D).
(1) MyDCy : H? — H;; is bounded if and only if

2)|y(z)¢'(z
ap KOV
ed (1 =10 (2)[)! /P
(2) MyDCy : H? — H[; is compact if and only ifwo' isin H; and
O] _
oG)I=1 (1= 9(2)[2)1 1/
(3) MyDCy : HV — Hp7 is compact if and only if

u@)|w)9'(2)
d=1 (1=[o(z) )1 +1/P

< oo

Corollary 3.7. Let ¢ be an analytic self-map of D and y € 7 (D).
(1) CoMyD : H? — H;; is bounded if and only if

< <
ap VO]
ed (1 =10 (2)[)! /P
(2) CoMyD : H? — H;; is compact if and only if W is in H} and

o HEWEE)
0@)[=1 (1—[9(z)]?)!+1/P

< oo
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(3) CoMyD : HP — H;"O is compact if and only if

im _H@we@)
=1 (1= (z) )+
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