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Abstract. This paper deals with g—analogue of sampling theory associated with g—Dirac system. We derive

sampling representation for transform whose kernel is a solution of this g—Dirac system. As a special case, three

examples are given.
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1. Introduction

Consider the following g—Dirac system

1
—=D,1y2+p(x)y1 = Ay,
(1.1) q

Dyy1+r(x)y2 = Ay,
(1.2) k11y1 (0) +ki2y2 (0) =0,
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(1.3) ka1y1 (a) +kaayz (ag™') =0,

: . 1(x
where k;; (i,j = 1,2) are real numbers, A is a complex eigenvalue parameter, y (x) = y1)

y2 (%)
p(x) and r(x) are real-valued functions defined on [0,a] and continuous at zero and p(x),

r(x) EL}] (0,a) (see [1,2]).

The papers in g—Dirac system are few, see [1 —3]. However, sampling theories associated
with g—Dirac system do not exist as far as we know. So that we will construct a g—analogue
of sampling theorem for g—Dirac system (1.1)-(1.3), building on recent results in [1,2]. To
achieve our aim we will briefly give the spectral analysis of the problem (1.1)-(1.3). Then we
derive sampling theorem using solution. In the last section we give three examples illustrating

the obtained results.
2. Notations and Preliminaries

We state the g—notations and results which will be needed for the derivation of the sampling
theorem. Throughout this paper g is a positive number with 0 < g < 1.

A set A C R is called g-geometric if, for every x € A, gx € A. Let f be a real or complex-
valued function defined on a g-geometric set A. The g-difference operator is defined by
f(x) — f(gx)

x(1—q) ~

If 0 € A, the g-derivative at zero is defined to be

@.1) D,f (x) := x#0.

2.2) D,f (0) := lim

if the limit exists and does not depend on x. Also, for x € A, Dq—l is defined to be

fx)=f(q'x) .
(2.3) qulf(x) — x(I—g 1) 7 € A\ {0},
qu(0)7 XZO,

provided that D, f (0) exists. The following relation can be verified directly from the definition

2.4) D, 1f (x) = (Dyf) (xq7").
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A right inverse, g-integration, of the g-difference operator D, is defined by Jackson [4] as

2.5) [rdpi=x1-q) ¥ ¢'f (xg") x e,
0 n=0

provided that the series converges. A g-analog of the fundamental theorem of calculus is given

by
X

2.6) Dy [ £Odyt =1 (). [ Dyf (6)dgt = £ () lim f (x0").
0

n—oo
0

where lijlq f (xq") can be replaced by f (0) if f is g-regular at zero, that is, if 1i_r>n f(xg") = £(0),
n—oo n—oo
for all x € A. Throughout this paper, we deal only with functions g-regular at zero.

The g-type product formula is given by

2.7 Dy (fg) (x) = & (x) Dgf (x) + f (qx) Dyg (%),

and hence the g-integration by parts is given by
) [ #@Duf ()dx = (£) (@)~ (£2) (0) — [ Dug () f (@)
0 0

where f and g are g-regular at zero.
For more results and properties in g-calculus, readers are referred to the recent works [5 — 8|.

The basic trigonometric functions cos (z;¢) and sin(z;q) are defined on C by

= (1) (2(1—q))"

2.9 5q) 1=
(2.9) cos (524 nzzlo (4:9)2n

o 1\ n(n+l) . 2n+1
(2.10) sin(z;q)::Z( Va z(1-9) :

7=0 (@:9)2n41
and they are g-analogs of the cosine and sine functions. cos(.;¢) and sin(.;g) have only real

and simple zeros {£x,,}, _, and {0, %y, }, _, , respectively, where x,,, y,, > 0,m > 1 and

(2.11) xm = (1 _q)—l g 2rE(1/2) i B < (1 _q2)27

1 e (—1/2) - 2
(2.12) ym=(1—q) g a2 g < (1-¢%)".

Moreover, for any ¢ € (0,1), (2.11) and (2.12) hold for sufficiently large m, cf. [5,9 — 11].
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Let Lé (0,a) be the space of all complex valued functions defined on [0, a] such that
1\2

a

@13 7= { [1r@Pdp) <o
0

The space Lé (0,a) is a separable Hilbert space with the inner product (see [12])

(2.14) (F.0) = [ £ g0dgx. frg € L2 (0,0).
0

Let H, be the Hilbert space

The inner product of H, is defined by

(2.15) ()2 Da, = / y' () z(x)dgx,
0
. i (x) 71X
where T denotes the matrix transpose, y (x) = ,2(x) = €Hy, yi(.),zi(.)€
y2 (x) 22 (x)

Lz(0,a) (i=1,2).

[}

Itis known [1,2] that the problem (1.1)-(1.3) has a countable number of eigenvalues {4}~
which are real and simple, and to every eigenvalue A, there corresponds a vector-valued eigen-
function y,, (x,4,) = (Yn.1 (X, 4) , .2 (X, 4)) . Moreover, vector-valued eigenfunctions belong-

ing to different eigenvalues are orthogonal, i.e.,

/ Y (% ) Y (6, Ay digec

= f {yn,l (X, )‘n)ym,l (-x7 Am) +yn,2 (X, A’H)ym,Z <X7M>}dqx = Ov for )~n 7é A’m
0

x7)' X,A,
Let y (x,41) = yin ) and y; (x, A7) = ya () be two solutions of (1.1):
yiz2 (x,A1) y22 (x,A2)
hence
1
—D iy +{px)—A =0,
2.16) Pyiz+{px)—Ai}yn

Dgyi +{r(x) = A1} y12 =0,
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and

—éDq—lyzz +{p(x) = A2} y21 =0,
Dyy21+{r(x) — A2} y22 =0.

2.17)

Multiplying (2.16) by y»; and y»7 and (2.17) by —y1; and —y», respectively, and adding them

together also using the formula (2.4) we obtain

Dy {11 (x,M1)y2 (x¢7 1, A2) — yi2 (xg7 1, A1) yo1 (x,42) }

(2.18)
= (M1 —22) {y11 (x, 41) y21 (x,A2) +y12 (%, A1) y22 (%, A2) } -
y1(x) 21 (%) : :
Lety(x) = , z(x) = € H,. Then the ¢g-Wronskian of y (x) and z(x) is
y2 (x) 22 (%)
defined by
(2.19) W (32) (x) =y ()22 (xg ") —z1 (¥)y2 (xg ).

Let us consider the next initial value problem

—gDg-1y2+p () y1 = Ay,

(2.20)
Dygy1+r(x)y2 = Ay2,
(2.21) y1(0) =kiz, y2(0) = —ki1.
. . . : . ¢1(x,4)
By virtue of Theorem 1 in [1], this problem has a unique solution ¢ (x,A1) =
$2(x,4)

It is obvious that ¢ (x,A) satisfies the boundary condition (1.2) and this function is uniformly
bounded on the subsets of the form [0,a] x Q where Q C C is compact. The proof is similar
to the one in the proof of Lemma 3.1 in [13]. To find the eigenvalues of the g—Dirac system
(1.1)-(1.3) we have to insert this function into the boundary condition (1.3) and find the roots
of the obtained equation. So, putting the function ¢ (x,4) into the boundary condition (1.3) we

get the following equation whose zeros are the eigenvalues of the g—Dirac system (1.1)-(1.3)

(2.22) 0 (L) =—{ka191 (a,A) + kot (ag~ ', 1)}

It is also known that if {¢, (.)},__., denotes a set of vector-valued eigenfunctions corre-

sponding {A,},__.., then {¢,(.)},___, is a complete orthogonal set of H, For more details
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about how to obtain the solutions and the eigenvalues for g—Dirac system see [1,2], similar to

the classical case of Dirac system [14] and g—Sturm-Liouville problems [15,16] .

3. The Sampling Theory

The WKS (Whittaker-Kotel’nikov-Shannon) [17 — 19] sampling theorem has been general-
ized in many different ways. The connection between the WKS sampling theorem and bound-
ary value problems was first observed by Weiss [20] and followed by Kramer [21]. In [22],
sampling theorem is introduced where sampling representations are derived for integral trans-
forms whose kernels are solutions of one-dimensional regular Dirac systems. In recent years,
the connection between sampling theorems and g—boundary value problems has been the fo-
cus of many research papers. In [12,23], g—versions of the classical sampling theorem of
WKS as well as Kramer’s analytic theorem were introduced. These results were extended to
g—Sturm-Liouville problems in [13,24], singular g-Sturm-Liouville problem in [25] and the
¢, ®—Hahn-Sturm-Liouville problem in [26].

In this section, we state and prove g—analogue of sampling theorem associated with g—Dirac

system (1.1)-(1.3), inspired by the classical case [22].

Theorem 3.1. Let f (x) = i) € H, and F (1) be the g—type transform
f2(x)
3.1) FL) = /fT ()9 (x,)dgx, A €C,
0

where @ (x, A ) is the solution defined above. Then F (A) is an entire function that can be recon-

by means of the sampling form

(L)
62 - X r) G ey

n—=—-—oo

structed using its values at the points {A,}.

n—=—oo

where @ (A) is defined in (2.22). The series (3.2) converges absolutely on C and uniformly on

compact subsets of C.

Proof. Since ¢ (x,A) is in H, for any A, we have

(3.3) 0 (x,A) = Z il
e (9017,
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where

:(qu)T(x,?L)q)n (x) dyx

(3.4) a
=0f{¢1(x,/1)¢n1( X)+ 92 (x,4) @n2 (x) } dgx,

97 (x,A) = (91 (x,A), $2(x,2)) and @ (x) = (91 (x), B2 (x)) is the vector-valued eigen-
function corresponding to the eigenvalue A,,.

Since f is in H,, it has the Fourier expansion

—~ (l)n
) 9= L i o H

where
- f FT () 0 () dyx
—f{f1 ) Ot (X) + f2 (%) 92 ()} dy.

(3.6)

In view of Parseval’s relation and definition (3.1), we obtain

(3.7) F ()= i F (An) i

2
= el

Let A € C, A # A, and n € N be fixed. From relation (2.18), with y;; (x) = ¢; (x,4),y12 (x) =
¢2 (x,A) and y21 (x) = @1 (x), y22 (x) = @2 (x), we obtain

(=) [ {91 (5.2 901 ()4 62 (5.2) 902 ()} dys

= W((I) ("2‘)7¢n('))|x:a - W(d) ("2‘)7¢n('))|x:0

(3.8)

From (2.19) and the definition of ¢ (.,A), we have

(=) [ {91 (5.2 901 ()4 02 (5.2) 902 ()} dys

= (Pl (a7l) ¢n.,2 (aqil) - (pn,l (a) ¢2 (aq’l,l) .

(3.9)

Assume that k»; # 0. Since ¢, (.) is an eigenfunction, then it satisfies (1.3). Hence

(3.10) On2(ag™") = iy M1 (@)
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Substituting from (3.10) in (3.9), we obtain
(l—ln)g{% (%, 2) @1 () + P2 (x, 1) @2 (x) | dgx

G.11) = —n1 (a) {%% (a,2)+ ¢ (aq_lvfl)}
_0()éula)

95)
provided that k>, 7 0. Similarly, we can show that

- mf{«m(x,wn,]( X)+ 02 (6, 4) G2 (x) } dyx

3.12 _
G142 o) (ag”")
ka1
provided that kp; # 0. Differentiating with respect to A and taking the limit as A — A,,, we
obtain
2 AT
10nll, = [ 9 (x) @ (x) dgx
(3.13) Ry
0 ()b (@)
k22 ’
and
2 (AT
1013, = [ 7 () 0n (1)
(3.14) 0

o’ (An) ¢n,2 (aq71>
ka1 '

From (3.4), (3.11) and (3.13), we have for k>, # 0,

o (A)
G 102, =)0 ()

and if kp; # 0, we use (3.4), (3.12) and (3.14) to obtain the same result. Therefore from (3.7)

and (3.15) we get (3.2) when A is not an eigenvalue. Now we investigate the convergence of

(3.2). Using Cauchy-Schwarz inequality for A € C.

~

o (M) o
F (A =
k:Z,w (%) A —A) 0" (&) | k= Ik H(PkHHq
(3.16) o\ 12 2\ \?
o Jr s 0
< - (e o]
S\ Eo o ) \EefTad | =

since f(.), ¢ (.,A) € Hy, then the two series in the right-hand side of (3.16) converge. Thus

series (3.2) converge absolutely on C. As for uniform convergence on compact subsets of C, let
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Qy :={A €C, |A| <M} M is a fixed positive number. Let A € Q) and N > 0. Define I'y (1)

to be
3.17) Tv(A)=|F(A) - f‘, F () —2 %)
| ' Ao )|
By Cauchy-Schwarz inequality
2\ \2
x|
IvA) <o My, | X 3
k= | ll,

Since the function ¢ (.,A) is uniformly bounded on the subsets of C, we can find a positive

constant Cq which is independent of A such that [[¢ (., )| < Cq, A € Qu. Thus

2\ 1\2

v |

FN()L)SCQ Z 5 —0as N — oo,
k=~ 19l

Hence (3.2) converges uniformly on compact subsets of C. Thus F (A) is an entire function and

the proof is complete.
4. Examples

In this section we give three examples illustrating the sampling theorem of the previous sec-
tion.
Example 4.1. Consider g—Dirac system (1.1)-(1.3) in which p (x) =0=r(x) :
1

—=Dg1y2 = Ayi,
4.1) q

Dygy1 = Ay2,
4.2) y1(0) =0,
(4.3) 2 (ng™") =0.

It is easy to see that a solution (4.1) and (4.2) is given by

q)T (x,A) = (sin(Ax;q), cos (A/qx;q)).
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By substituting this solution in (4.3), we obtain ® (1) = cos (lq_l\zn;q) , hence, the eigen-

gl nren(1\2)

values are A, = —————
(I-q)m

. Applying Theorem 3.1, the g—transforms

FO) = [ £T(x)9 (x,A) dyx
(4.4) 0

{f1 (x)sin (Ax;q) + f> (x) cos (?L NG q) } dyx,

oy

for some fj and f> € Lg (0, ), then it has the sampling formula

cos (lq_]\zn;q>
A=A @ (Ay)

4.5) F(A)= i F (M)

Nn=—o0

Example 4.2. Consider g—Dirac equation (4.1) together with the following boundary condi-

tions
(4.6) ¥2(0) =0,
4.7) yi(m)=0.

In this case ¢ ' (x,A) = (cos (Ax;q), —/gsin (A/gx;q)) . Since @ (1) = cos (A7;q) , then the

g \re(1\2)
eigenvalues are given by A, = (i—gr Applying Theorem 3.1 above to the g—transform
—q
T
4.8) F(L) = / (fi (x) cos (Ax;q) — fo (x) /Gsin (A /G, )} dyx,
0

for some f} and f> € Lfi (0,m), then we obtain

cos (Am;q)
A=) (A)

49) Fa)= Y F(h) :

Nn=—o0

Example 4.3. Consider g—Dirac equation (4.1) together with the following boundary condi-

tions

(4.10) y1(0)+y2(0) =0,

(4.11) v (mg ) =0.
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In this case

¢ " (x,A) = (cos (Ax;q) —sin (Ax;q), —/gsin(A/qx;q) —cos (2\/qx;q)) -
Since @ () = —,/gsin (lq’l\zn; q> —cos (lqil\zn; q) , then the eigenvalues of this problem
are the solutions of equation
(4.12) V/gsin (lqil\zn;q> = —cos (lqil\zﬂf;q> .
Applying Theorem 3.1 above to the g—transform
F(3) = [ /i (1) (cos (R1zg) ~sin(Ax:q))

—f>(x) (v/gsin (A/gx;q) +cos (A/gx;q)) } dyx,

for some f] and f> € Lé (0,m), then we obtain

. —/gsin (Ag~"\?m;q) —cos (Aqg "\2m;q
F () ( (l—ln?w’(ln)( )

(4.13)

(4.14) F (1)

I
g
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