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Abstract. In this paper, we prove the existence of common fixed points of two pairs of selfmaps under the
assumptions that these two pairs of maps are weakly compatible and satisfying a contractive condition. The same
is extended to a sequence of selfmaps. Also, we prove the same with different hypotheses on two pairs of selfmaps
in which one pair is compatible, reciprocally continuous and the other one is weakly compatible. Further, we prove
the same with different hypotheses on two pairs of selfmaps in which either one of the pair satisfies the property

(E.A) and restricting the completeness of X to its subspace. We provide examples in support of our results.
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1. Introduction

It is well known that fixed point theory has wide applications in applied sciences. The de-
velopment of fixed point theory is based on the generalization of contraction conditions in one
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direction or/and generalization of ambiant spaces of the operator under consideration on the
other. Banach contraction principle [5] which states that if (X,d) is complete metric space and
T : X — X is a contraction map then 7" has a unique fixed point, is a fundamental result in this
theory. Due to its importance and simplicity several authors have obtained many interesting
extensions and generalizations of Banach contraction principle, some generalizations of con-
traction condition was obtained ([6]-[9], [12]). Recently, Hussain, Parvanch, Samet and Vetro
[8] introduced a new contraction map, namely JS-contraction map and proved the existence and
uniqueness of fixed points in complete metric spaces.

In 2002, Aamari and Moutawakil [1] introduced the notion of property (E.A). Different au-
thors (G. V. R. Babu and G. N. Alemayehu [3], S. Mudgal [13], Talat Nazir and Mujahid Abbas

[15]) applied this concept to prove the existence of common fixed points in metric spaces.

2. Preliminaries

We use the following definitions in our subsequent discussion.
Definition 2.1. [10] Let A and B be selfmaps of a metric space (X,d). The pair (A, B) is said
to be a compatible pair on X, if r}l_r}; d(ABx,,BAx;,) = 0 whenever {x,} is a sequence in X such
that nh_rilo Ax, = r}1_r>130 Bx, =t, forsomet € X.
Definition 2.2. [11] Let A and B be selfmaps of a metric space (X,d). The pair (A, B) is said to
be weakly compatible, if they commute at their coincidence points. i.e., ABx = BAx whenever
Ax=Bx,x € X.

Every compatible pair of maps is weakly compatible, but its converse need not true [11].
Definition 2.3. [14] Let A and B be selfmaps of a metric space (X,d). Then A and B are said to
be reciprocally continuous, if lim ABx, = At and lim BAx, = Bt, whenever {x,} is a sequence

n—yoo n—oo
in X such that lim Ax, = lim Bx, = ¢, for some ¢t € X.
n—yoo Nn—yoo
Clearly, if A and B are continuous then they are reciprocal continuous but its converse need
not be true [14].
Definition 2.4. [4] A pair of selfmaps on a metric space (X,d) is said to be noncompatible if

there exists at least one sequence {x, } in X such that lim Ax, = lim Bx, =t for some 7 € X but
n—oo n—oo
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r}glgo d(ABx,,BAx,) is either non-zero or does not exist.
Definition 2.5. [1] Two selfmappings f and g of a metric space (X,d) are said to satisfy the
property (E.A), if there exists a sequence {x,} in X such that r}gl}o Ax, = ,115130 Bx,, = t, for some
reX.

Every pair of noncompatible selfmaps of a metric space (X,d) satisfies property (E.A), but
its
converse need not be true (see example 1.3 [3]).

Jleli and Samet [9] introduced the class of functions ®, where @ is the set of function

¢ : [0,00) — [1,00) satisfying the conditions:

(1) ¢ is non-decreasing
(ii) for each sequence {#,} C (0,e0), li_r>n o(t,)=1< 1i_r>n tn =0 and
n—oo n—-oo
(iii) there exist r € (0,1) and [ € (0,00) such that lim 01— and proved the existence of

r—ot
fixed points in generalized metric spaces.

Theorem 2.6. (Corollary 2.1, [9]) Let (X,d) be a complete metric space and T : X — X be a
given map. Suppose that there exist § € ® and k € (0,1) such that x,y € X,
d(Tx,Ty) # 0= ¢(d(Tx,Ty)) < [0(d(x,y))]*. Then T has a unique fixed point.

Theorem 2.6 is a generalization of Banach contraction principle.

In continuation to this study, Hussain, Parvaneh, Samet and Vetro [8] introduced a new class
of functions ¥ and defined a new contraction condition, namely JS—contraction.

W is the set of all functions y : [0,00) — [1,0) satisfying the following conditions:

(y1) v is nondecreasing and y/(¢) = 1 if and only if ¢t = 0;
(y») for each sequence {z,} C (0,e0), lgll yit,) =1< lgll th =0;
(y3) there exist r € (0,1) and [ € (0,00) such that lim VO _jand

t—07t r

(ya) w(a+b) < y(a)y(b) forall a,b > 0.

Definition 2.7. [8] Let (X,d) be a metric space. A selfmap 7 : X — X is said to be JS—contraction
if there exist a function ¥ € W and a positive real numbers ky, ko, k3,kq with O < ky + ko + k3 +
2k4 < 1 such that

w(d(Tx,Ty)) < [y(d(x,y))]" [w(d(x, Tx))] 2 [y (d (3, Ty))] 5 [y (d (x, Ty)) + y(d (3, Tx))]"
for all x,y € X.
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Theorem 2.8. [8] Let (X,d) be a complete metric space and T : X — X be a continuous
JS—contraction. Then T has a unique fixed point.

In 2017, G. V. R. Babu and T. M. Dula [4] introduced new class of functions ¥ which are
different from the class of functions ¥ (see example 1 [4]) and defined JS — W —contraction
and proved the existence of fixed points in complete metric spaces and also proved the existence
of common fixed points for a pair of selfmaps. ¥ is the set of all functions y : [0.00) — [1,00)

satisfying the following conditions:

(y1) v is nondecreasing;

(y») v is continuous;

(y3) y(t) =1if and only if r = 0 and

(ya) y(a+b) < y(a)y(d) forall a,b > 0.

Definition 2.9. [4] Let (X,d) be a metric space and 7 : X — X be selfmap. If there exist a
function y € W, and a positive real numbers ki, k5, k3, ks with O < ky + kp 4+ k3 + 2k4 < 1 such
that
Y(d(Tx,Ty)) < [W(d(x,9))) [w(d(r, 7)) P [w(d(, Ty) o [w(d (x, Ty)) + wid(y, Tx))
for all x,y € X, then T is said to be a J§ — ¥ | —contraction.

Every contraction map with constant k € [0, 1) is a JS — ¥ —contraction with y(z) = €',z > 0.
But its converse is not true (see example 2 [4]).
Theorem 2.10. [4] Let (X ,d) be a complete metric space and T : X — X be a JS —W¥|—contraction.
Then T has a unique fixed point.
Definition 2.11. [4] Let (X,d) be a metric space. Let 7,5 : X — X be selfmaps. Then T is
said to be J§ — ¥ with respect to S, if there exist a function ¥ € W and positive real numbers
ki,ky, k3, kq with O < ky + ky + k3 + 2k4 < 1 such that
w(d(Tx,Ty)) < [y (d(Sx, )" [w(d(Sx, Tx))[ [w(d (Sy, Ty)) [w(d (Sx, Ty)) + w(d(Sy, Tx))]
for all x,y € X.
Theorem 2.12. [8] Let (X,d) be a metric space and f,g : X — X be selfmaps of X, with
f(X) Cg(X). If fisaJlS—Y—contraction with respect to g, either g(X) (or) f(X) is com-

plete and the pair (f,g) is weakly compatible, then f and g have a unique common fixed point.
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In Section 3, we extend the results of G. V. R. Babu and T. M. Dula [4] to two pairs of maps
in which one of the pair is weakly compatible. The same is extend to a sequence of selfmaps.
Also, we prove the existence of common fixed points with different hypotheses on two pairs of
selfmaps in which one pair is compatible, reciprocally continuous and the other one is weakly
compatible. Further, we prove the same with different hypotheses on two pairs of selfmaps
in which either one of the pair satisfies the property (E.A) and restricting the completeness of
X to its subspace. In Section 4, we draw some corollaries from our main results and provide

examples in support of our results.
3. Main results

Let A,B,S and T be mappings from a metric space (X,d) into itself and satisfying
A(X)CT(X)and B(X) C S(X). (A)
Now, by (A), for any xo € X, there exists x; € X such that yg = Axg = Tx;. In the same way for
this x;, we can choose a point x, € X such that y; = Bx; = Sx; and so on. In general, we can
define a sequence {y,} € X such that

Yo =Axp, = Tx0,41 and yo, 41 = Bxpp 41 = Sx2442 forn=0,1,2,.... (B)
Lemma 3.1 Let (X,d) be a metric space. Assume that A,B,S and T are selfmaps of X which
satisfy the following condition:

there exist ¥ € W and nonnegative real numbers k1,k;, k3, kg with O < ki +kp + k3 +2kq < 1

such that

y(d(Ax,By)) < [w(d(Sx,Ty))|" [y(d(Sx,Ax))[** [w(d(Ty, By))]

x [w(d(Sx, By)) + w(d(Ty,Ax))[" (3.1)

for all x,y € X. Then we have the following:

(i) If A(X) C T(X) and the pair (B, T) is weakly compatible, and if z is a common fixed point
of A and S then z is a common fixed point of A, B, S and T and it is unique.
(ii) If B(X) € S(X) and the pair (A, S) is weakly compatible, and if z is a common fixed point

of B and T then z is a common fixed point of A, B, S and T and it is unique.
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Proof. First, we assume that (i) holds. Let z be a common fixed point of A and S.
Then Az =Sz=1z.
Since A(X) C T(X), there exists u € X such that Tu = z. Now, from (3.2), we have
Az=8z=Tu=z
We now prove that Az = Bu. Suppose that Az # Bu.

‘We consider,

w(d(Az,Bu)) < [y(d(Sz, Tu))|“' [y(d(Sz,Az2))* [y (d(Tu,Bu))|

X [W(d(Sz,Bu)) + w(d(Tu, Az)))

= [w(0)] [w(0)[*[w(d(Az, Bu)) [y(d(Az,Bu)) + y(0)]*

< [w(0)]1 " [ (d(Az, Bu))[ S [y (d(Az, Bu)) | [y (0)
= [w(0)] 2 [y (d(Az, Bu) )5

= [y(d(Az, Bu))|* ™ < [y(d(Az,Bu))],

a contradiction.

Therefore, Az = Bu

From (3.3) and (3.4), we get

Az=Bu=Sz=Tu=z.

Since the pair (B, T) is weakly compatible and Tu = Bu, we have
BTu=TBu.ie.,Bz=Tz.

Now we prove that Bz = z. If Bz # z, then by the inequality (3.1), we get

v(d(Bz,z)) = w(d(z,Bz)) = w(d(Az,Bz))
< [w(d(Sz,T2))]" [w(d(Sz,Az)) ) [w(d(Tz, Bz))]®

x [W(d(Sz,Bz)) + w(d(Tz,Az))*

259

(3.2)

(3.3)

3.4)

(3.5)

(3.6)

= [w(d(z,B2))]" [w(0) [y (0) [y(d(z, Bz)) + y(d(Bz,2))]"

< [w(d(z. B2 2 [y (o))

= [y(d(z,B2))]" "2 < y(d(z, Bz)),
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a contradiction.

Hence, Bz = z.

From (3.6), we have

Bz=Tz=z. (3.7)
From (3.5) and (3.7), we get

Az=Bz=8:=Tz=z

Therefore, z is a common fixed point of A,B,S and 7.

If 7/ is also a common fixed point of A, B,S and T with z # 7/, then

¥(d(z,7)) = w(d(Az,B))
< [w(d(Sz, 7)) [y(d(Sz,A2)))* [w(d(TZ,B))]
x [y(d(Sz,BZ)) + yw(d(TZ,Az))]
= [w(d(z, ) [W(0)]2[w(0)]5 [w(d(z,2)) + w(d(z,2))]"
< [y(d(z,2))/ ey ()t
= [w(d(z,2))] 2

< y(d(z,7)),

a contradiction.
Therefore, z = 7.
Hence, z is the unique common fixed point of A,B,S and T'.

The proof of (ii) is similar to (i) and hence is omitted. ]

Lemma 3.2. Let A,B,S and T be selfmaps of a metric space (X,d) and satisfy (A) and the
inequality (2.1.1). Then for any xy € X, the sequence {y,} defined by (B) is Cauchy in X.

Proof. Let xo € X and let {y, } be a sequence defined by (B).
Assume that y,, =y, for some n.

Case (i): n even. We write n = 2m,m € N.
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Now we consider

Y(d(ni1,5n42)) = WA (V2mt1,Y2m12))

= Y(d(yam+2,y2m+1))

= y(d(Axom+2,Bxomi1))

< (W (d(Sxamt2, Txam 1)) (W (d (Sxamt 2, A% 42)) [W(d (T2 1, Bxam1))]®
X [W(d(Sx2m42, Bxami1)) + W(d(Tx2m 41, A%2m42)) ]

< W (dyamr1,y2)) WA G211, y2m42)) W (A (Y211, y2m) )]
X (W (d 215 y2m )31V Y2, y2m2))]

< [W(dam 1,92 TS W(A Y2041, y2m42))]
X [W(d(vamsy2m41)) + W(d(amr1,y2m12))]

< [W(d2ms 1,520y (d (a1, y2m2) )

= [W(d(ams1,y2m+2))] 2T

<y(d(yami1,Y2m+2)) = W(Ad(Ynt1,Yn42))s

a contradiction if Yy, 11 7 Yomi2-
Therefore, d(yom+1,Y2m+2) = 0 which implies that y2,,,12 = Y2+1 = Yom-
In general, we have vy, =y, fork=0,1,2,... .

Case (ii): n odd. We write n = 2m + 1 for some m € N. We consider

Y (d(Yns1,yn42)) = W(d(Y2m+2,Y2m+3))
= y(d(Axami2, Bxom+3))
< (W (d(Sxams2, Txom+3))] (WA (Sx2m+2, A% 12)) 2 [W(d (T X243, Bom43))]
X [Y(d(Sxam+2, Bxam3)) + Y(d(Txomi3, Axom2))
< W dO2me 1572002 WA G2t 15 y2m12) [ WA (212, ¥2m143)) ]

< [W(d(vamr1,y2m43)) 4 (W (d (22, y2m12))
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< [W(dO2ms1,y2m02))] WA Va2, 2m13)]C

X (W(d(Vams1,Yam+2)) + W(d(Vami2,y2m13))] 4 [w(0)]%

< [W(d()’Zm—H 7y2m+2))]kl+k2+k4 [W(d(y2m+2>y2m+3>)]k3+k4

= (W (d(Vams2,yomi3))]2
< W(domi2,Y2m+3)) = V(A (Ynr1,Yn42)),

a contradiction if yp,, 12 7 Yo43.

Therefore, d(yu12,yn+3) = 0 implies that y2,,13 = Yamt2 = Yom+1-
In general, we have vy, = yom+1 fork=1,2,3,... .

From Case (i) and Case (ii), we have y, .y =y, fork=0,1,2,... .
Hence, {y,.} is a constant sequence and hence {y, } is Cauchy.
Now we assume that y,, # v, 11, forall n € N.

If n is odd, then n = 2m -+ 1 for some m € N.

‘We now consider

Y(d(Yn,ynt1)) = W(d(am+1,y2m+2))
= y(d(yom+2:Y2m+1))
= y(d(Axomi2, Bxomi1))
< W (d(Sxamt2, Txam1))] W (d(Sxam1 2, A% 12))] [W(d (T2 1, BXoms1))]
X (W (d(Sxami2,Bxams1)) + W(d(Txom 11, A% 42))]"
< W(dyamr1,2) WA G211,y 2) 2 WA (Y211, 72))]
X (W (d a1, Y200 ))[W (A V2, y2m42))]
< W(dG2mr1,72)) WA Gami1,y2m12)))
< W (O] W (d(yamyami1)) + W(d(yams1,y2m12))]
< W (dame 1,320 W (d (21, 2m12)) 2T
= [W(d (1,3 [ (d (i yns 1))

kl +k3 +k4

< [W(d(n-1,yn))] T2
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( ky+k3+kyg )2
T—ky—ky

< [w(d(yn-2,Yn-1))]

kl +k3 +k4 )n

< [w(d(yo,y1))]

so that Y(d(yn,yn+1)) = 1 as n — oo,

— 1 asn— oo,

Hence by the property (ii) and (iii) of y, we have d(y,,yn+1) — 0 as n — oo.

On the similar lines, if 7 is even, it follows that d(y,,y,+1) — 0 as n — oo,

Therefore, ,}Ln,}od(y"’y”“) =0. (3.8)
We now prove that {y,} is Cauchy.

It is sufficient to show that {y,, } is Cauchy in X.

Otherwise, there is an € > 0 and there exists sequences {2my }, {2n; } with 2n; > 2my, > k such
that

d(YomyYon,) > € and d(yom,, yon, —2) < €. (3.9)
Now we prove that (i) ]}ijl}od()’Zervyan) —€.

Since € < d(yam,,y2n, ) for all k, we have

£ < liminfd(yam, 20, (3.10)
Now for each positive integer k, by the triangular inequality, we get

d(YomsYon,) < dYongsYan—1) +dVan—1,Y2m,—2) +d (Y2n,—2:Y2my)-

On taking limit superior as kK — oo, from (3.8) and (3.9), we have

limsupd (yam,,y2n,) < €. (3.11)
er;:e, from (3.10) and (3.11), we get klgr;d(ymk,yznk) exists and

lim d(y2m. y2m) = &

In similar way, it is easy to see that

() 1im d(yom+1,y2n,) = € (i) im d(yon—1,y2m41) = €.

We now consider
W (d(ang, yomy+1)) = W(d(Axon,, Bxom41))
< [W(d(Sx2m Totam1))] WA (Sx2g s A )2 (W (A (T X201, B2 1))
X [W(d(Sxamg, Bxamy+1)) + W (d(Txomg 1, Axzn, ) )

< [W(d(yan—l y Y2my+1 ))]kl [W(d(yan—l 7y2nk))]k2 [W(d(yka;yka—H ))]k3
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X [llj(d<y2nk71 ayka+1 ))]k4 [W(d(Ykaayan))]k4 (3 12)

On letting k — o in (3.12), we get

w(e) < [y (&) [w(0)2[w(0)] [w(e)]“[w(e)™
= [y(e)]" " < y(e),
a contradiction.

Therefore, {y,} is a Cauchy sequence in X. O

The following is the main result of this paper.

Theorem 3.3. Let A,B,S and T be selfmaps on a complete metric space (X,d) and satisfy
(A) and the inequality (3.1). If the pairs (A,S) and (B, T) are weakly compatible and one of the
range sets S(X),T(X),A(X) and B(X) is closed, then for any xy € X, the sequence {y,} defined
by (B) is Cauchy in X and I}iigoyn = z(say), z € X and z is the unique common fixed point of
AB,SandT.

Proof. By Lemma 3.2, the sequence {y,} is Cauchy in X.

Since X is complete, there exists z € X such that lim y,, = z. Thus,
n—soo

lim ys, = lim Axa, = lim Toxaps ) =2 (3.13)
n—oo n—oo n—oo

and

nli_{lgo)’znﬂ = r}grolo Bxypi1 = nh_rgolo Sxont2 =12 (3.14)

We now consider the following four cases.

Case (i). S(X) is closed.

In this case z € S(X) and there exists u € X such that z = Su.
Now we claim that Au = z. Suppose that Au # z.

We now consider

W(d(Au, Bxoyi1)) < [W(d(Su, Txani1))) [w(d(Su, Au)) 2 [ (d(Toxos1, Bronsr))]
X [W(d(Su, Bxap1)) + y(d(Txns1,Au))[
< [w(d(z, Txan )] [W(d (2, Au0)) 2 [y (d (Tx2ns1, Bxans1))]

% [w(d (2, Bxan1))] [W(d(Tx2ns1, Au)) [ (3.15)
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On letting n — o0 in (3.15), using (3.13) and (3.14), we get

w(d(Au,2)) < [(d(z,2))]" [w(d(z,Au)]?[w(d(2,2)]° [y (d(2,2)]“ [y(d(z.Au))

= [y (0)) 1 [y (d (2, Au)) > = [y (d(z,Au)) > < y(d(z,Au)),

a contradiction.

Therefore, Au =z = Su. (3.16)
Since the pair (A, S) is weakly compatible and Au = Su, we have

ASu=SAu.i.e.,Az=_5z. (3.17)
Now we prove that Az = z.

If Az # z, then

W(d(Az,Bxon1)) < [W(d(Sz, Txon1))] ¥ [w(d(Sz,A2)) 2 [w(d(Tx2ns1, Bxons1))]®
x [W(d(Sz, Bxzns1)) + W(d(Txzns1,A7))]*
< [W(d(Az, Txns1))]" [W(d(Az,A2))]2 [y (d(Tx2n 41, Bxons1))]

x [w(d(Az, Bxas1))]™ [W(d(Tx2n11,A2)) (3.18)

On letting n — o0 in (3.18), using (3.13) and (3.14), we get

w(d(Az,2)) < [W(d(Az,2))]" [w(0)]2[w(d(z,2))][w(d(Az,2))]" [w(d(z,AzZ))]™

= [W(d(Az,2))[" 24y (0)]1 = [w(d(Az,2))) % < w(d(Az.2)),

a contradiction. Hence, Az = z.

From (3.17), we get Az =z = Sz.

Hence, z is a common fixed point of A and S.

By Lemma 3.1, we get that z is a unique common fixed point of A,B,S and T'.
Case (ii). T(X) is closed.

In this case z € T(X) and there exists u € X such that z = Tu.

Now we claim that Bu = z. Suppose that Bu # z.
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‘We now consider

W(d(Axanr2, Bu)) < [W(d(Sxans2, Tu) )| [W(d(Sx2ns2, Ax2ns2) )2 [W(d (Tu, Bu)) |
X [W(d(Sx2n+2,Bu)) + y(d(Tu, Axzys2))]
< [W(d(Sx2n12,2))]" [W(d(Sx2042,Ax2012))] [W(d (2, Bu))]®
% [W(d(Sxanr2, Bu)) + y(d(z,Axzns))] (3.19)

On letting n — o in (3.19), using (3.13) and (3.14), we get

w(d(z,Bu)) < [w(d(z,2))]" [w(d(z,2))]2[w(d(z, Bu)) 3 [w(d(z, Bu))“ + y(d(z,2))]*
< [w(0)]* 2R [y (d (2, Bu)) |5 = [w(d(z,Bu))]* ™ < w(d(z,Bu)),

a contradiction.
Therefore, Bu=z=Tu. (3.20)
Since the pair (B, T) is weakly compatible and Bu = Tu, we have
BTu=TBu.ie.,Bz=Tz. (3.21)
Now we prove that Bz = z. If Bz # z, then
W (d(Ax2n42,B2)) < [W(d(Sxan12,T2))] [W(d(Sx2n12,Ax2042)) 2 [W(d (T2, B)) ]
X [W(d(Sxan12,B2)) + W(d(Tz,Axz12))]
< [W(d(Sxan12,B2))] [W(d(Sx2n12,Ax20+2))] 2 [W(d (Bz, Bz)) ]

X [W(d(Sx2n12,B2)) + W(d(Bz,Axz12))] (3.22)

On letting n — o0 in (3.22), using (3.13) and (3.14), we get

w(d(z,B2)) < [w(d(z,B2))" [(d(z,2))[*[w(0)] [w(d(z, B2))“ + w(d(Bz,2))
< [w(d(z,B2))[ 24 y(0)/* = [w(d(z,B2))[ " < w(d(z,Bz)),

a contradiction. Hence, Bz = z.

From (3.21), we get Bz =Tz =z.

Therefore, z is a common fixed point of B and T'.

Hence, by Lemma 3.1, we get that z is the unique common fixed point of A,B,S and 7.

Case (iii). A(X) is closed.
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Since z € A(X) C T(X), there exists u € X such that z = Tu.
Now we show that Bu = z. If Bu # z, then we consider
W(d(Axans2,Bu)) < [Y(d(Sxzar2, Tu)) ] [y(d(Sx2u12,Ax2012)) 2 [W(d (Tut, Bu))|

X [W(d(Sx2n+2, Bu)) + y(d(Tu, Axzn42))]

< [W(d(Sxant2,2)]" [W(d(Sxan12,Axan12))] 2 [w(d (2, Bu))]®
X [W(d(Sxan12,Bu)) + W(d(z,Axzn12))]
On letting 11 — oo, using (2.3.1) and (2.3.2), we get
y(d(z,Bu)) < [w(d(z,2))]" [w(d(z,2))]?[y(d(z,Bu)) [y(d(z, Bu))* + w(d(z,2))]
< [y (O)] e [y (d (2, Bu)) S = [y(d(z,Bu))[* ™ < y(d(z, Bu)),

a contradiction.

Therefore Bu = z = Tu. Thus (3.20) holds. Now by Case (ii), the conclusion of the theorem
follows.

Case (iv). B(X) is closed.

Since z € B(X) C S(X), there exists u € X such that z = Su.

Now we show that Au = z.

If Au # z, then we consider
W (d(Au, Bxzny1)) < [W(d(Su, Txp41))]" [ (d(Su, Au)) 2 [ (d(T 2041, Bxani1))]
X [W(d(Su, Bxap11)) + W(d(Txong1,Au))]*
< [W(d(z, Txan 1)) [w(d(z,Au))] 2 [y (d(Tx20 41, Bxans1))]®
< [z Boan )] W (d(T a1, A (323)
On letting 1 — oo in (3.23), using (3.13) and (3.14), we get
w(d(Az,2)) < [w(d(Az,2))] [w(0)]2[w(d(z,2))] [w(d(Az,2))]“ [y (d(z,A2)]
= [W(d(Az,2))[ 124y (0)] T = [y(d(Az,2))]" T < y(d(Az,2)),

a contradiction.
Therefore Au = z = Su. Thus (3.16) holds.

Now by Case (i), the conclusion of the theorem follows. UJ
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Theorem 3.4. Let A,B, S and T be selfmaps on a metric space (X,d) and satisfy (A) and the
inequality (3.1). If the pairs (A,S) and (B,T) are weakly compatible and either one of the set
(S(X),d),(T(X),d),(A(X),d) (or) (B(X),d) is complete, then for any xy € X, the sequence
{yn} defined by (B) is Cauchy in X and nlgroloyn = z(say), z € X and z is the unique common
fixed point of A,B,S and T .

Proof. By Lemma 3.2, the sequence {y,} is Cauchy in X.

Suppose S(X) is complete, then there exists z € S(X) such that lim y, = z.
n—soo

Thus,

lim yp, = lim Axy, = lim Txp,11 =2 (3.24)
n—oo n—oo n—soo

and

lim yo, 1 = lim Bxgy1 = lim Sxo0 = 2. (3.25)

Since z € S(X), there exists u € X such that z = Su.

We now prove that Au = z. If Au # z, then

W (d(Au, Bxzyi1)) < [W(d(Su, Toous1))] [y (d (S, Au)) 2 [y (d(Tx2ms1, Bxons1))]
X [W(d(Su, Bxap1)) + p(d(Txns1,Au))[
< [W(d(z, Txan1)) [W(d (2, Au)) [ [W(d(Tx2n11, Bx2041))]

x [w(d (2, Bxous1))“ (W(d(Txons1, Au)) | (3.26)

On letting n — o0 in (3.26), using (3.24) and (3.25), we get

W(d(Az,2)) < [w(d(Az,2))] [y (0) 2 [y(d(z.2))]° [w(d(Az,2))] [w(d (z,Az)) |

= [W(d(Az,2))[" 24y (0)]1 = [w(d(Az,2))] % < w(d(Az.2)),

a contradiction.
Therefore, Au = 7 = Su.
Since the pair (A, S) is weakly compatible and Au = Su, we have

ASu=SAu.i.e.,Az=_Sz. (3.27)
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Now we prove that Az = z. If suppose that Az # z, then
W(d(Az,Bx2041)) < [W(d(Sz, Tx2041))] [W(d(S2,A2)) 2 [W(d(Toxzns 1, Brans1))]
X [W(d(Sz, Bxanit)) + W(d(Tx2ns1,A2))]
< [W(d(Az, Tx2n11))]" [W(d(Az,A2)) 2 [W(d(T 2041, Bx2a11))]®

% [w(d(Az, Bxani1))] [W(d(Toxzni1,A2)) ) (3.28)
On letting n — o= in (3.28), using (3.24) and (3.25), we get

w(d(Az,2)) < [y(d(Az,2))] [w(0)]*[w(d(z,2))° [w(d(Az,2))]“[y(d(z,Az) )|
= [y(d(Az,2))] 1720 y(0)]475 = [y(d(Az,2))| 124 < y(d(4z,2)),
a contradiction. Hence, Az = z.
From (3.27), we get Az = Sz =z.
Thus, z is a common fixed point of A and S.
By Lemma 3.1, we get z is the unique common fixed point of A,B,S and T'.

In a similar way, it is easy to see that z is the unique common fixed point of A,B,S and T

when either 7'(X) or A(X) or B(X) is complete. O

Theorem 3.5. Let A,B,S and T be selfmaps on a complete metric space (X ,d) and satisfy (A)
and the inequality (3.1). Further assume that either
(i) (A,S) is reciprocal continuous and compatible pairs of maps, and (B, T ) is a pair of weakly
compatible maps (or)
(ii) (B,T) is reciprocal continuous and compatible pairs of maps, and (A, S) is a pair of weakly
compatible maps.
Then A,B,S and T have a unique common fixed point.
Proof. By Lemma 3.2, for each x( € X, the sequence {y,} defined by (B) is Cauchy in X.

Since X is complete, then there exists z € X such that lim y, = z.
n—yoo

Consequently, the subsequences {y»,} and {y»,+1} are also converges to z € X, we have

lim Yon = lim A)Czn = lim Tx2n+l =2, (329)
n—oo n—oo n—oo
and

Jim s = Jim B = fim St =2 (330
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First, we assume that (i) holds.

Since (A, S) is reciprocal continuous, it follows that
,}EI;ASXMFZ = Az and ,}%SAXZ”H =5z

Since (A, S) is compatible, we have

lim d (ASx2,42,8Ax2,42) =0

which implies that r}1_r>r°1° d(Az,Sz) = 0 implies that Az = Sz.
Since A(X) C T(X), there exists u € X such that Az = Tu.
From (3.31), we have Az = Sz = Tu.

Now we prove that Az = Bu. Suppose that Az # Bu.

We now consider
w(d(Az, Bu)) < [w(d(Sz, Tu))]" [y(d(Sz2,A2))* [w(d(Tu, Bu))]
x [y(d(Sz,Bu)) + w(d(Tu,Az))]
< [W(d(Az,A2))]" [y (d(Az,Az2))] 2 [y (d(Az, Bu))]®
x [y(d(Az, Bu))[(d(Az,Az))]
= [y (0)]1 4 [y (d(Az, Bu)) |
= [y(d(Az, Bu))|* ™ < y(d(Az, Bu)),

a contradiction.

Therefore Az=Bu=Sz="Tu.

(3.31)

(3.32)

Since every compatible pair is weakly compatible, we have (A,S) is weakly compatible and

from (3.31), we have
ASz = SAz. 1.e ,AAz = SAz.
Now we prove that AAz = Az. If possible, suppose that AAz # Az.

‘We now consider

w(d(AAz,Az)) = y(d(AAz, Bu)) < [y(d(SAz, Tu))]“ [y(d(SAz,AAZ)) 2 [y(d(Tu, Bu))]

x [w(d(SAz,Bu)) + w(d(Tu,AAz)))%

< [W(d(AAz,A2)))" [y(d(AAzZ, AAz) )2 [y (d(Az,A2))]

x [w(d(AAz,Az))] [y (d(Az, AAz))
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= [w(d(AAz,Az)) [ 24 [y (0)) 2
= [y(d(AAz,Az))]lr 2
< y(d(AAz,Az)),
a contradiction.
Therefore AAz = Az. Hence, AAz = SAz = Az, so that Az is a common fixed point of A and S.
Since (B, T) is weakly compatible and Bu = Tu, we have BTu = T Bu.
From (3.32), we have BAz = TAz. (3.33)

We now prove that BAz = Az. Suppose that BAz # Az.

Now, we consider

w(d(BAz,Az)) = y(d(Az,BAz)) < [w(d(Sz,TAz))]" [w(d(Sz,A2))] [ (d(TAz, BAz))]®
x [W(d(Sz, BAz)) + (d(TAz,Az)) ]
< [y(d(Az, BA2))]" [y(d(Az,A2))]*[y(d(BAz, BAz)) |
x [w(d(Az, BAZ)))[y(d(BAz,Az))]"
= [w(d(BAz,Az))]1 H 24 [y (0)]

= [w(d(BAz,A2))|F1 T2 < w(d(BAz,Az)),

a contradiction.

Hence, BAz = Az. From (3.33), we get BAz = TAz = Az.

Hence, AAz = BAz = SAz =TAz = Az. (3.34)
Therefore Az is a common fixed point of A,B,S and 7.

Now we show that Az = z. If Az # z, then

w(d(Az, Bxons1)) < [W(d(Sz, Txzn1))] [w(d(Sz,A2))| 2 [w(d(Tx2n 11, Bxons1))]
x [W(d(Sz, Bxzns1)) + W(d(Txzns1,Az))]"
< [w(d(Az, Txzni1))]" [w(d(Az,A2))]2 [w(d(Txon 41, Bxons1))]

x [W(d(Az, Bxas 1)) [W(d(Txn11,A2))] (3.35)
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On letting n — o0 in (3.35), using (3.29) and (3.30), we get

w(d(Az,2)) < [y(d(Az,2))]" [y (0)]2[w(d(z,2))] [w(d(Az,2))] [w(d(z,A2)]

= [y(d(Az,2))] 172 y(0)]*75 = [y(d(Az,2))]1 24 < y(d(4z,2)),

a contradiction.
Hence, Az = z. From (3.34), we get
Az=Bz=8z=Tz=z
Therefore z is a common fixed point of A,B,S and 7.
In a similar way, under the assumption (ii), we obtain the existence of common fixed point

of A,B,S and T. Uniqueness of common fixed point follows from the inequality (3.1). 0

Theorem 3.6. Let A, B,S and T be selfmaps on a complete metric space (X,d) and satisfy (A)
and the inequality (3.1). If either

(i) S is continuous, (A,S) compatible and (B, T) is weakly compatible (or)

(ii) T is continuous, (B,T) compatible and (A,S) is a pair of weakly compatible maps,
then A,B,S and T have a unique common fixed point.
Proof. By Lemma 3.2, for each x( € X, the sequence {y,} defined by (B) is Cauchy in X.

Since X is complete, then there exists z € X such that lim y, = z.
n—oo

Consequently, the subsequences {y»,} and {y»,1} are also converges to z € X, we have

nli_r>r010y2n = ,}i_IQosz" = ,}1_2}0 Txppi1 =2, (3.36)
and
lim yo, 41 = lim Bxgyiq = lim Sxp2 = 2. (3.37)

First, we assume that (i) holds.

Since (A, S) is compatible pair, we have
,}1_r>130 d(SAxp,,ASxz,) = 0, it follows that
lim SAx,, = lim ASxy,,.

n—reo n—seo

Since S is continuous, we have

Sz = lim SAin = lim Aszn
n—oo n—soo
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Now we prove that Sz = z. If Sz # z, then consider
W(d(ASx2n12,Bxan11)) < [W(d(SSxant2, Txan11))] (W(d(SSx2n12,ASx2042))]
x (W (d(Txns1,Bx2n11))]®
X [W(d(SSxan12,Bxan 1)) + W(d(Toxan 1 1,ASx2042))]
< (W (d(SSx2n12, Toxas1))] 1 [W(d (SSx2042,ASX212) )]
X (W(d(Tx2s1,Bxan11))]®
X (W (d(SSxan 12, Bxan 1)) [W(d(Tx2041,A8%042))] (3.38)
On letting 11 — o in (3.38), using (3.36) and (3.37), we get
W(d(Sz,2)) < [W(d(Sz,2))]" [w(d(Sz,S2))[ [w(d(2,2))] [w(d(Sz,2))]“ [w(d(z, S2))
= [y(d(S2,2))[" P [y (0))2 ™ = [y(d(Sz,2))/ T2 < y(d(Sz,2)),

a contradiction.

Hence, Sz =z. (3.39)
We now prove that Az = z.

If possible, suppose that Az # z.

Now we consider

W(d(Az, Bxani1)) < [W(d(Sz, Txns1))] ! [w(d(S2,A2)) 2 [y (d (Txzms1, Bxus1))]
% [W(d(Sz,Bxan+1)) + W(d(Txzm1,Az2) )
< [W(d(Az, Txon )] [w(d(Az,A2))[ 2 [W(d (T2 41, Bxan1))]
x [w(d(Az, Bxas1))] [W(d(Txzn11,A2)) (3.40)
On taking limits as n — oo in (3.40), using (3.36) and (3.37), we get
w(d(Az,2)) < [w(d(Az,2))] [y (0) 2 [y(d(z.2))]° [w(d(Az,2))] [w(d (z,Az2) )|
= [y(d(Az,2))] 1720y (0)]*75 = [y(d(Az,2))]1 24 < y(d(4z,2)),

a contradiction.
Therefore d(Az,z) < 0 which implies that Az = z. (3.41)
From (3.39) and (3.41), we get Az =Sz =1z.
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Therefore z is a common fixed point of A and S.
Hence, by Lemma 2.1, we get that z is a common fixed point of A,B,S and T.
In a similar way, under the assumption (ii), we can obtain the existence of common fixed

point of A, B, S and 7. Uniqueness of common fixed point follows from the inequality (3.1). [J

Theorem 3.7. Let A,B,S and T be selfmapings on a metric space (X,d) and satisfy (A) and
the inequality (3.1). Assume that the pairs (A,S) and (B,T) are weakly compatible. If either
(A,S) (or) (B,T) satisfies the property (E.A) and either S(X) (or) T(X) is a closed subspace of

X, then A,B,S and T have a unique common fixed point.

Proof. First suppose that the pair (B, T) satisfy the property (E.A) and S(X) is closed.

Then there exists a sequence {x,} in X such that lim Bx, = lim Tx, = z, for some z € X.
n—oo n—roo

Since S(X) is closed, we have z € S(X). Then there exists u € X such that Su = p.
Now, we prove that Au = Su.
Suppose that Au # Su.
By the inequality (3.1), we get
W (d(Au, Bxy)) < [(d(Su, Txa))]" [w(d(Su, Au))[* [w(d(Txn, Bxy))]
x [w(d(Su, Bxy)) + y(d(Txn, Au))
< [y(d(z, Txa))]" [ (d(z,Au))) 2 [y (d (T, Bxn) )]
x [w(d(z, Bxa))) [ (d(Txn, Au))

Letting n — oo, we obtain

w(d(Au,z)) < [y(d(z,2))]" [w(d(z,Au)) [y (d(z,2) [y (d(2.2))]“ [w(d (2, Au))
= [y(0) 757 [y (d (2, Au))] > = [ (d(Au,2))] > < (d(Au,2)),

a contradiction.

Therefore Au = z implies that Au = Su = z.

Further, since A(X) C T'(X) there exists v € X such that Au = Tv = z.
Therefore Au =Su=Tv =z

Now, we prove that By = Tv.

On the contrary suppose that Bv # T'v.
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Using the inequality (3.1), we obtain
w(d(Tv,Bv)) = y(d(Au, Bv))
< [y (d(Su, Tv))] [w(d(Su, Au))] 2 [y (d(Tv, Bv))]
x [y(d(Su, Bv)) + y(d(Tv, Au))]
< [y (d(Tv, Tv))]" [w(d(Tv, Tv))[ [w(d(Tv,BV))]
x [w(d(Tv,BY))[“ [y (d(Tv,Tv))]
= [y (0)] 1 [y (d(Tv, By)) o
= [y(d(Tv,Bv))|S™ < y(d(Tv,B)),
a contradiction.
Therefore Au =Bv=Su=Tv =z.
Suppose that the pairs (A, S) and (B, T) are weakly compatible and Au = Su = z, we have
ASu = SAu which implies that Az = Sz.
We now show that Az = z.

Suppose that d(Az,z) > 0.
By the inequality (3.1), we obtain

w(d(Az, Bxa)) < [W(d(Sz, Ton))] [w(d(S2,A2))*2 [w(d (Txn, Bxa)) ]
% [w(d(Sz,Bxn)) + (d(Txn, Az))]
< [W(d(Az, Tx,)) "' [w(d(Az. A2))] 2 [y(d(Txn, Bxn))]

% [w(d(Az, Bxn))“ [y(d(Txn, Az))]

On taking as n — oo, we get
Vd(Au.2) < [W(d(Az, )] V(A (A42,49) 2 [(d.0)
< WAz, 2)) ] v (d (A9
= [w(d(Az. ) 2 [u(0))

= [W(d(Az,2))]" % < y(d(Az,2)),

a contradiction.

Therefore Az = Sz = z.
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Now, weakly compatibility of B and T and Bv = Tv = z, we have
BTv = T Bv which implies that Bz = Tz.

We now show that Bz = z.

Suppose that d(Bz,z) > 0.

By the inequality (3.1), we obtain

¥(d(z,Bz)) = y(d(Az, Bz))
< [p(d(Sz,T2))]" [w(d(Sz,A2)))2 [y (d(Tz Bz))|®
x [w(d(Sz, B2)) + w(d(Tz,Az))]
< [w(d(z.B2)]" [w(d(z,2))]** [w(d(Bz, B2))* [y(d(z, B2))|“ [y (d(Bz,2))|

= [y(d(z,B2))]" 24y (0)]** = [w(d(z,B2))]" " < y(d(z,Bz)),

a contradiction.

Therefore Az=Bz=Sz=Tz=z.

Hence z is a common fixed point of A,B,S and T'.

Now, we suppose that the pair (A, S) satisfy the property (E.A) and 7'(X) is closed.

Then there exists a sequence {x,} in X such that r}grolo Ax, = r}gl}o Sx, = z, for some z € X.
Since T'(X) is closed, we have z € T'(X). Then there exists u € X such that Tu = z.

We now prove that Bu = Tu.

Suppose that d(Bu, Tu) > 0.

Using the inequality (3.1), we obtain

W(d(Axy, Bu)) < [y(d(Sxn, Tur)) ' [y (d (Sxn, Axn))| 2 (d (Tut, Bur) )
X [w(d(Sxn, Bu)) + y(d(Tu, Axy))]
< [w(d(Sxa, )] [W(d (S, Axn))) 2 [ (d (2, Bu)) |

X [w(d(Sxa, Bu)) [y (d(z, Ax )]
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On letting n — oo, we get

y(d(z,Bu)) < [w(d(z,2))]" [w(d(z,2))*[w(d(z,Bu))
x [w(d(z,Bu))]“ y(d(z,2))

= [y(0)] 1 [y (d (2, Bu)) 524

= [y(d(z, Bu))*" < y(d(z, Bu)),
a contradiction.
Therefore d(z,Bu) = 0 implies that Bu = Tu = z.
Further, since B(X) C S(X) there exists v € X such that Bu = Sv = z.
Therefore Bu = Sv=Tu = z.
We now show that Ay = Sv.

On the contrary suppose that Av # Sv.

From the inequality (3.1), we obtain

y(d(Av,Sv)) = y(d(Av, Bu))
< [y (d(Sv, Tu)) [ [y (d (v, Av))]** [w(d(Tu, Bu))]®
x [w(d(Sv,Bu)) +(d(Tu,Av))
< [y (d(Sv,5v)) "1 [y (d(Sv, Av) 2 [y (d(Sv, 5v))]
X [y(d(Sv,5v)) [ (d(Sv, Av))]*
= [y (0) s e [y (d (S, Av)) et
= [y(d(Av,sv))]2" < y(d(Av,5v)),
a contradiction.
Therefore Av =Bu =Sv=Tu =z.
Suppose that the pairs (A, S) and (B, T) are weakly compatible and Av = Sv = z, we have
ASv = SAv which implies that Az = Sz.

‘We now show that Az = z.

Suppose that d(Az,z) > 0.

271
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By the inequality (2.1.1), we obtain

w(d(Az, Bx,)) < [w(d(Sz, To))| [w(d(S2,A2))*2 [w(d (Txn, Bxa) )]
% [w(d(Sz,Bxn)) + w(d(Txn, Az))]
< [w(d(Az, Tx))] [w(d(Az, A2))[ 2 [w(d (T, Bxn))]©

x [w(d(Az, Bxn))“ [y(d(Txn, Az))]

On taking as n — oo, we get

v(d(Au,z)) < [w(d(Az,2))]" [w(d(Az,A2))]2[w(d(z,2)) ]
x [w(d(Az,2))]"[w(d(z,Az2))]™
= [y(d(Az,2))] 2 [y (0))f2

= [W(d(Az, )] < y(d(Az,2)),

a contradiction.

Therefore Az = Sz =z.

Now, weakly compatibility of B and 7" and Bu = Tu = z, we have
BTu = T Bu which implies that Bz = Tz.

We now show that Bz = z.

Suppose that d(Bz,z) > 0.

By the inequality (3.1), we obtain

W(d(Axn, B2)) < [w(d(Sxa, T2))] [w(d(Sxa, Ax))| 2 [w(d (T2, B2))

X [w(d(Sxn, B2)) + w(d(Tz,Axy))]
< [W(d(Sxu, B2)) ! [ (d(Sxn, Axi)) 2 [ (d (Bz, B2))]®

x [w(d(Sxa,B2))[y(d(Bz, Axy)) |
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On letting 11 — o0, we get
y(d(z,B2)) < [w(d(z B2))“' [w(d(z,2))]*[w(Bz, B2)|
x [y(d(z,B2))]“[y(d(Bz,2))]™
= [(d(z,B2))1 24y (0)]>

= [y(d(z,B2))]" " < y(d(z, B2)),
a contradiction.
Therefore d(z,Bz) = 0 implies that Bz = Tz = z. Hence Az=Bz=Sz=Tz=z.
Thus, z is a common fixed point of A, B,S and T .
Similarly, we can prove the result when the pair (B, T') satisfies the property (E.A) and 7 (X)
is closed. Also, it can be proved when the pair (A,S) satisfies the property (E.A) and S(X) is

closed.

4. Corollaries and examples

In this section, we draw some corollaries from the main results of Section 3 and provide
examples in support of our results.

The following is an example in support of Theorem 3.3.

Example 4.1. Let X = [0, 1] with usual metric. We define selfmaps A,B,S, T on X by

¥ if0<x<; £ if0<x< ]
Alx) = ,B(x) =
0 ifl<x<l1 0 ifl<x<l
2x2 ingxg% X2 if0§x<%
S(x) = and T'(x) =
1 ify<x<l1 0 ifi<x<l.
Here A(X) =[0,1),B(X) =[0,3),5(X) = [0,5]U{1} and T(X) = [0, ) so that

A(X) C T(X) and B(X) C S(X). We have ASx = SAx whenever Ax = Sx and BTx = TBx
whenever Bx = Tx, hence the pairs (A, S) and (B, T) are weakly compatible and the set S(X) is
closed. We define y : [0,00) — [1,o0) by y/(r) = €'

Then clearly v € V.

Now, we verify the inequality (3.1) with k = % and kp, k3, k4 are arbitrary non-negative real

numbers such that 0 < k; +ky + k3 +2k4 < 1.
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Since y(t) = €', we have
|Ax — By| < k1|Sx — Ty| + ko|Sx — Ax| + k3| Ty — By| + k4[| Sx — By| + | Ty — Ax]] (4.1)

forallx,ye X

We now verify the inequality (4.1).

Case (i): x,y € [0,3).

[Ax—By| = [ = S [i[Sx—Ty| = 22 —?).

We have

2
y
Ax—By| = ? — 2|

1
:§]2x2—y2|

1
< Ele—Ty| + ko |Sx — Ax| + k3|Ty — By| + ka[|Sx — By| + | Ty — Ax]].

Case (ii): x=y = %
In this case |[Ax — By| = 0 and the inequality (4.1) trivially holds.
Case (iii): x,y € (%,1].
|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
Case (iv): x € [0,1),y = 3.
|Ax — By| = x?;|Sx — Ty| = 2x%.
We have
|Ax — By| = x*

1
= E(sz)

1
< Ele— Ty| + ko|Sx — Ax|+ k3|Ty — By| + ka[|Sx — By| + | Ty — Ax|].

Case (v): x = %,y € [O,%).
- 22
|Ax — By| = %5;|Sx — Ty| = |2x* — y*|. We have

1
< 5]Sx—Ty| + ko |Sx — Ax| + k3|Ty — By| + ka[|Sx — By| + | Ty — Ax]].
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Case (vi): x = %,y € (%, 1].
In this case |Ax — By| = 0 and the inequality (4.1) trivially holds.
Case (vii): x € (%, 1],y = %
|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
From the above all cases, A, B,S and T satisty the inequality (4.1).
Therefore A, B,S and T satisfy all the hypotheses of Theorem 3.3 and O is the unique common
fixed point of A,B,S and T'.

Corollary 4.2. Let {A,}>°_,,S and T be selfmaps on a complete metric space (X,d) satisfying

n=1>

A CS(X)and A} C T(X). Assume that there exists ¥ € ¥ such that

W(d(A1x,A)y)) < [W(d(Sx,Ty))]" [w(d(Sx, A1) [y (d(Ty,A )"
x [Y(d(Sx,A;y)) + w(d(Ty,Arx))] (4.2)
for all x,y € X and j = 1,2,3,... . If the pairs (A},S) and (A;,T) are weakly compatible and

one of the range sets A;(X),S(X) and 7'(X) is closed, then {A,};_;,S and T have a unique

common fixed point in X.

Proof. Under the assumptions on Ay, S and 7', the existence of common fixed point zof A1, S and T’
follows by choosing A = B = A; in Theorem 2.3.
Therefore Ajz=Sz=Tz=2z.
Now, let j € N with j # 1.
We now consider
y(d(z,Ajz)) =d(A1z,Ajz)
< [W(d(Sz,T2))" [w(d(Sz.A12))] 2 [y(d(Tz,A2))]
% [w(d(Sz,Aj2)) + w(d(Tz,A12))]"
< [w(d(2,2)) [y(d(z,2)[w(d(z.A2))]
x [w(d(z,A4;2)] w(d(z,2)]
= [W(O) R [y (d(z,A )

= [w(d(z,Aj2) ™ < y(d(z,Aj2)),
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a contradiction if A jz # z. Therefore Ajz =z for j =1,2,3,....
Uniqueness of common fixed point follows from the inequality (4.2).

Hence, {A,}"_,,S and T have a unique common fixed point in X. UJ

n=1>

The following is an example in support of Theorem 3.5.

Example 4.3. Let X = [0, 2] with usual metric. We define selfmaps A,B,S, T on X by

$ if0<x<2 Z ifo<x<2
Alx) = B(x) =
3 ifx=2, 3 ifx=2
2 ifo<x<? I ifx=0
S(x) = %—x if%gxgl andT(x)=q 1—-3 if0O<x<1
0 ifl<x<2 $ ifl<x<2

Here A(X) = {1.2},B(X) = {1,3}.500) = [1.2]U{0} and 7(x) = [, 1) U (.4

so that A(X) C T(X) and B(X) C S(X). Clearly the pair (A,S) is reciprocally continuous and
compatible and the pair (B, T') is weakly compatible. We define y : [0,00) — [1,00) by y(t) =
Then clearly v € V.

Now, we verify the inequality (3.1) with k = % and ko, k3,k4 are arbitrary non-negative real
numbers such that 0 < k; +ky + k3 +2k4 < 1. It is enough to verify the inequality (4.1).

Case (I): x=y=0.

|Ax — By| = 0 and trivially holds the inequality (4.1).

Case (2): x=y=2.

|Ax — By| = #:d(Sx,Ty) = §. We have

|Ax — By| =

IS

(

|Sx Ty| + ko|Sx — Ax|+ k3| Ty — By| + ka[|Sx — By| + | Ty — Ax|].

)

O\l’—‘

Case (3): x,y € (0,3).
|Ax — By| = 0 and trivially holds the inequality (4.1).
Case (4): x,y € [3,1].
|Ax — By| = 0 and trivially holds the inequality (4.1).
Case (5): x,y € (1,2).
|Ax — By| = 0 and trivially holds the inequality (4.1).
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Case (6): x=0,y =2.
|Ax — By| = %; |Sx —Ty| = % We have

(3)

W N

1
Ax—By| = - =
|Ax — By| 3

—_ N =

< §|Sx— Ty| + ko|Sx — Ax|+ k3| Ty — By| + ka[|Sx — By| + |Ty — Ax|].

Case (7): x =0,y € (0, %)

|Ax — By| = 0 and trivially holds the inequality (4.1).
Case (8): x=0,y € [%, 1].

|Ax — By| = 0 and trivially holds the inequality (4.1).
Case (9): x=0,y € (1,2).

|Ax — By| = 0 and trivially holds the inequality (4.1).
Case (10): x=2,y=0.

|Ax — By| = %; |Sx —Ty| = % We have

(3)

W =

1
Ax—By| = — =
|Ax — By g

—_ N =

< §|Sx— Ty| + ko|Sx — Ax| + k3| Ty — By| + ka[|Sx — By| + | Ty — Ax|].

Case (11): x =2,y € (0,3).
|Ax — By| = ¢;|Sx—Ty| = 1 — 5. We have

< —|8x — Ty| + ky|Sx — Ax| + k3| Ty — By| + ka[|Sx — By| + | Ty — Ax]|].

| =

Case (12): x =2,y € [%, 1].
|Ax —By| = §;[Sx—Ty| = 1 — }. We have

(1-2)

1
Ax—By|=-<

—_ N =

< §|Sx— Ty| + ko|Sx — Ax| + k3| Ty — By| + ka[|Sx — By| + |Ty — Ax|].
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Case (13): x =2,y € (1,2).
|Ax — By| = é;d(Sx, Ty) = %. We have

[Ax—By| == < >(3)

Wl &~

AN =
—_ N =

< §|Sx— Ty| + ko|Sx — Ax| + k3| Ty — By| + ka[|Sx — By| + | Ty — Ax|].

Case (14): x € (0,3),y =0.

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
Case (15): x € (0,3),y =2.

|Ax — By| = $;d(Sx,Ty) = 3. We have

(

< §|Sx— Ty| + ko|Sx — Ax|+ k3| Ty — By| + ka[|Sx — By| + | Ty — Ax|].

)

W N

1
Ax—By| = - =
|Ax — By| 3

»—t[\)li—t

Case (16): x € (0,%),y € [3,1].

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
Case (17): x € (0,%),y € (1,2).

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
Case (18): x € [3,1],y =0.

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
Case (19): x € [3,1],y =2.

|Ax — By| = §;d(Sx, Ty) = x. We have

|Ax — By| =

IN

(x)

W | =

IA
N = N =

|Sx — Ty| + kp|Sx — Ax| + k3| Ty — By| + k4[|Sx — By| + | Ty — Ax]].

Case (20): x € [3,1],y € (0,3).

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
Case (21): x € [3,1],y € (1,2).

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
Case (22): x € (1,2),y =0.

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
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Case (23): x € (1,2),y =2.

|Ax — By| = 3:d(Sx,Ty) = §. We have
1 1,4
Ax—By| == < (=
[Ax—By| = 5 < 2(3)

< §|Sx— Ty| + ko|Sx — Ax|+ k3| Ty — By| + ka[|Sx — By| + | Ty — Ax|].

Case (24): x € (1,2),y € (0, %)

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.

Case (25): x € (1,2),y € [3,1].

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.

From the above all cases, A, B, S and T satisfy the inequality (4.1).

Therefore A, B, S and T satisfy all the hypotheses of Theorem 3.5 and % is the unique common
fixed point of A,B,S and T'.

Example 4.4. Let X = (0, 1] with usual metric. We define selfmaps A, B, S, T on X by

1 . 2 1 - 2
3 f0<x<s 7 F0<x<s
AX) =9 0 Bx)=9 ,
3 1f§§x§1, 3 1f§§x§1,
2 . 2 . 2
£ fo<x< s 1 fo<x< s
S(x) = 3 > and T(x) = >
I-2 ifi<x<l, o1 ifi<x<l,

Here A(X) = {1.2}.B(X) = {}.2}.500) = [}, U {3} and T(x) = {5, U {1}.
Clearly A(X) C T(X) and B(X) C S(X).
Since there is a sequence {x,} = g + ,n > 2 with lim Ax,, = hm Sxn =% Z and

n—yoo

,}1_r>rgo Bx, = l1m Tx, = 5, the pairs (A,S) and (B,T) satlsfy the property (E.A) and

S(X) 1sclosed. We define y : [0,00) — [1,00) by y(t) =

Then clearly v € V.

Now, we verify the inequality (3.1) with k = 5 and ko, k3,k4 are arbitrary non-negative real
numbers such that 0 < k; + kp + k3 +2k4 < 1. It is enough to verify the inequality (4.1).

Case (i): x,y € (0, 2).

|Ax — By| = 5:d(Sx,Ty) = 3. We have

1 1
Ax—B —<—
Ax—By = = < (5)
1

|Sx Ty|+ k2|Sx — Ax| + k3|Ty — By| + ka[|Sx — By| + | Ty — Ax|].

N —
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Case (ii): x,y € [%, 1].

|Ax — By| = 0 and trivially holds the inequality (4.1) in this case.
Case (iii): x € (0,2),y € [3,1].

|Ax — By| = {5:d(Sx,Ty) = (5 + {5). We have

1 1y 1
Ax—By|= — < (24—
A-Bl=15<3G71%)
1
Ele Ty|+ k2|Sx — Ax| 4+ k3|Ty — By| + ka[|Sx — By| + | Ty — Ax|].

Case (iv): x € [%, 1],y € [0, %)
|Ax — By| = 20, d(Sx,Ty) = (4 +1). We have

3 1 x 1
-+

|Ax — By| = 20 = 5(4 5)

< §|Sx—Ty\ + ko |Sx — Ax| + k3|Ty — By| + ka[|Sx — By| + | Ty — Ax]].

From the above four cases, A, B, S and T satisfy the inequality (4.1).

Therefore A, B, S and T satisfy all the hypotheses of Theorem 2.7 and % is the unique common
fixed point of A,B,S and T'.

Remark 4.5. Theorem 2.12, follows as a corollary to Theorem 3.3 by choosing A = B = f and
T=S=g
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