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Abstract. In this paper, the link between Wronskian conditions and Grammian conditions for nonlinear
evolution equations is firstly found. By using the link mentioned, we obtained Grammian solutions of

some nonlinear evolution equations.
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1. Introduction

The direct method proposed by Hirota becomes a powerful tool for constructing multi-
soliton solutions to integrable NLEEs [1]. The general idea of the method is first to make
a transformation into new variables, so that in these new variables multi-soliton solutions
appear in a particularly simple form. The method turned out to be very effective and
was quickly shown to give N-soliton solutions to some nonlinear equations. Further, the
solution obtained by Hirota’s method can commonly be written in terms of a determi-
nant. Since differentiation of an Nth order determinant usually lead to the sum of N
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determinants, it is difficult to get the derivatives of the N-soliton solutions. To avoid this
difficulty, an alternative formulation is called for. Another determinant form for soliton
solutions is the Grammian [2-4] which can be expressed by means of a Pfaffian and conse-
quently the proof of the Grammian solving the bilinear equations can easily be completed
by virtue of Pfaffian properties. It is a common feature that many NLEEs admit Gram-
mian solutions. As we know, in the process of constructing Grammian solutions, the main
difficulty lies in looking for the linear differential conditions, which the functions in the
Grammian determinant should satisty.

In this papaer, we use the link to derive Grammian conditions and solutions of NLEEs.
As an application, the construction problems of Grammian conditions to the following
equations are treated:

(2 4 1)-dimensional KP equation [5]
Uy + 6UUy + Ugpy + 38_1uyy =0, (1.1)
(2 4 1)-dimensional Korteweg-de Vries (KdV) system [6,7]

Up + Uggr — 3(uv), =0, (1.2a)

Uy = Vy, (126)

Eq (1.1) is a (2 + 1) dimensions generalization of the KdV equation. Kadomtsev and
Petviashvili discovered the equation when they relaxed the restriction that the waves are
strictly one-dimensional. The KP equation is used to model shallow water waves with
weakly nonlinear restoring forces and waves in ferromagnetic media. System (1.2) was
originally derived by the idea of the weak Lax pair [7] and can be obtained from the
Kadomtsev-Petviashvili (KP) equation using inner parameter-dependent symmetry con-
straint [8]. It has been shown that in Ref. [9] such a system (1.2) admits the painlevé
property. Obviously, it can be reduced to the well-known (1 + 1)-dimensional KdV equa-
tion if y = x, which was initially used to describe competition between week nonlinearity
and weak disperson in shallow water. Based on the bilinear method and bilinear BT of

System (1.2), the main goal of our work is to obtain Wronskian conditions and solutions
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for System (1.2) by applying the balance method. Our results will show that these equa-
tions have generalized Wronskian determinant solutions under different linear differential
conditions.

The structure of this paper is as follows. In Section 2, the link between wronskian
conditions and Grammian conditions is simply introduced. In Section 3, we construct
and prove Grammian solutions for (1.1)-(1.2). Finally, we have the summary in section

4.
2. Preliminaries
We consider a general form of a partial differential equation
F (g, g, Uy, Uty Uges Uty Uy Uy, Uy, ==+ ) = 0, (2.1)

where u = u(z,y,t), F is a polynomial about u and its derivatives. By the transformation

u=T(f(z,y,t)), (2.1) can be converted into the bilinear form
G(Dy, Dy, Dy)f - f =0, (2.2)
where G(D,, D, D;) is the operator polynomial and D,, D,, D, are defined by[9]

DIDIDfa-b = (0, — 0,)™ (0, — 0y)" (0 — Br)*ale, g, Ob(a', o/ ) oyt (23)

If (2.2) has the solution in the Wronskian form

0 1 N-1
6
6
f = W(¢17¢27"' 7¢N) = . . ) . ) (24)
0 1 N-1
4o

where qbfm) is defined by gbgm) = Qi maz, and ¢;= ¢;(z,y,t) (i =1,2,--- ,N)int >0, —oo <

x,y < +0o has continuous derivative up to any order. For a convenient notation, we use
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the Freeman and Nimmos suppression

0 1 N-1
O o o o
(0) gf)(l) L (N1 -
o P =160, N = [N (2.5)
0 1 N-1
S
¢; needs satisfy the Wronskian conditions
¢i,t = a1¢i,n1x + a2¢i,n2r7 gbi,y == ﬁ¢j,mr7 (26)

where o, ag, § are undetermined constants. Then, we can suppose bilinear equation (2.2)

has the following Grammian solutions:
fn = detlaijhi<icj<n,  aij = 0y +/ ¢ih;dz, (2.7)

where ¢;; are arbitrary constants. The functions ¢; = ¢;(z,y,t), ¥; = ¥;(z,y,t) satisfy

the two sets of conditions

¢i,t = Oélﬁbi,mz + a2¢i,ngza qbi,y = 6(t)¢i,mz7 (28@)

¢j,t = (_1)n1+1a1¢j,n1m + (_1)n2+1a2¢j,n2x7 ¢j,y = (_l)m—’—lﬁd)j,mx' (28b)

3. Main results

Theorem 3.1. The equation (1.1) has the following Grammian solutions:

v =det|aijli<i<i<n, @ij = i +/ Qidr, (3.1)

where 0;; are arbitrary constants. The functions ¢; = ¢;(z,y,t), ¢¥; = ¥;(z,y,t) satisty

the two sets of conditions
¢i,t - _4¢i,xxx - 362¢i,x7 Cbi,y = BQSi,wa (32@)

wj,t = _4wj,xac:r - 3ﬁ2¢j,x7 7v/}j,y = 5%@- (326)
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Proof. By the dependent variable transformation
w(z,y,t) =2(In f)aa, (3.3)
(1.1) can be represented through the bilinear form
[D.Dy + Dy +3DJ)f - f =0, (3.4)
and the nonlinear partial differential equation
Fiaf + [ Fozse + 3fyyf = fofo = Afofuse + 3f2n — 3f; = 0. (3.5)
We have known that (1.1) has the generalized Wronskian conditions
Gir = —40isaw — 3801 zs  Piy = Bdis- (3.6)

We first consider a differential of the determinant fy. It is expressed by means of a

Pfaffian as

fN:(]-uQ)".aN,N*,"',2*71*)7 (37)
a; = (4,5%) = 6 +/ Pithyde, (3.8)
(4,9) = (@*,5%) = 0. (3.9)
Next let us introduce Pfaffians (m,n =0,1,2,--- , N) defined by
(0 F) = oy, () = 0 (3.10)
n’] _ax" 1 myYn) — Y .
(@) = is (i) = (3" = (3.11)
o - axn 19 n - m?] — U. .
By virtue of the above Pfaffians, differentials of the elements a;; (i = 1,2,--- ,n;j =
1,2,--- ,n) are expressed as follows:
a * - %
5% = 9ty = (do, g, 4, 57), (3.12a)
0 : ! * ek
a_yaij = / (Giyt; + ithjy)da = / (Bdiath; + Boithe)de = Boab; = B(do, dy, 4, 57),

(3.12b)

aij = / (¢Z,t¢]+¢l¢],t)dl‘ - 4[(d1a dTa 7:7.]‘*)_(d07 d;a Z.7j*)_(d27 dEk)a ia j*)]_352(d07 d()ga 7’7.]*)
(3.12¢)

9
ot
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If we denote fy=(1,2,--- , N, N*,--- 2" 1*)= (@), then we have the following differential

formulaes for fy:

fne = (do,di,e), (3.13a)

Fnee = (dy, d, @) + (do, d},e), (3.13b)

fny = BIne:  [ygy = B2 e, (3.13c)
INzze = (do, d, @) 4+ 2(dy, di, @) + (do, d5, @), (3.13d)

fN,xac:cr = (dg, dzk)a .) + 3(d2a d?a .) + 3(dla d;a .> + 2(d07 d87 dla dia .) + (d07 d;,a .)7 (3136)
fN,t - 4[(d17 dTa .) - (d07 d; .) - (d27 dEk)J .)] - 352(d07 d87 .)7 (313f)
.fN,xt = 4[(d07 d;a d17 d;a .) - (d07 d;n .) - (d37 dEk)v .)] - 352[(d1a déa .) + <d07 d; .)] (313.9)
Using the identities of determinant, we can easily get
[(d0> di? .) - (dlﬁ dé, .)]2
= [(d?n dé, .) + (d()v d;n .) + 2(d07 dEk)v dlv d; .) - (dh d;’ .) - <d27 dTa .)](.) (314)
Substituting the above Pfaffians into (3.4), after some calculations, we obtain
[DoDy+ Dy +3D2)f - f
= ft:cf + ffxacacac + 3fyyf - ftfac - 4fa:faca:ac + ngr - Sf;
= 12[(d0, dg, dy, d;, 0)(0) — (do, dé, O)(dl, di, .) + (dl, d;, O)(dg, d;, .)] (315)
We can find that (3.15) is the Jacobi identity for the determinant, so it equals to zero.

This shows that the Grammian determinant fy solves (1.1). This completes the proof.

Theorem 3.2. The equation (1.2) has the following Grammian solutions:
fN = det’aij‘lgigjgj\/', aij - 61']' + / ¢i¢jdx7 (316>

where 0;; are arbitrary constants. The functions ¢; = ¢;(z,y,t), ¢; = ¢;(x,y,t) satisty

the two sets of conditions
Qbi,y - ngi,ma sz‘,t - _4¢i,$zzu (317>
wj,y = 51/)]',:2; wj,t = _4wj,x:rx~ (318)
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Proof. By the dependent variable transformation
wz,y,t) = —-2(In )z, v(z,y,t) = —=2(In f)ue, (3.19)
(1.2) can be represented through the bilinear form
[DyD, + D2DZ]f - f = 0. (3.20)
It is equal to
Jawayf + e = fofy = fawafy + 3faafoy = 3faayfe = 0. (3.21)
We have known that (1.2) has the generalized Wronskian conditions
Giy = Bbizs  Gix = —4Pizan- (3.22)

By virtue of (3.7-3.11), differentials of the elements a;; (i = 1,2,--- ,n;j = 1,2,--- ,n)

are expressed as follows

0
%aij = sz% = (doa dé,i,j*), (3.23(1)
9 = /:C(cb' by + ity ) = /mw byt Bbya)dr = By = Bldo, d3 i, j°)
ay 'L] Z,y j K j,y 'L7$ j 1 j7$ 3 ] b 0’ b )
(3.230)

0 v . . . o
&aij - / (¢z,t¢] + ¢Z¢],t)dx - 4[(d1a d17 1, ) - (d07 d27 1, ) - <d27 d07 1, )] (32?)0)
If we denote fy=(1,2,--- , N, N*, .-+ 2" 1*)= (@), then we have the following differential

formulaes for fy:

fne = (do,d, @), fnae = (di,d5, @) + (do, d, @), (3.24a)

IN 2z = (d2, d, @) +2(dy, d;, @) + (do, d3, ), (3.24b)

Ing = BINg: [Ny = BINgs, INaey = BINsza, (3.24c)

INaay = Bl(ds, dy, @) +3(d2, di, @) + 3(dy, d3, ®) + 2(do, dgy, di, dy, @) + (do, d3, ®)], (3.24d)
vy =4[(dy, dy, @) — (do, dy, @) — (da, g, @)], (3.24e)

Frae = 4B[(do, d;), dy, d;, @) — (do, di, @) — (ds, di, ). (3.24)

Substituting the above Pfaffians into (3.20), after some calculations, we obtain

[DyD; + DiD;]f - f
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= faoway + fuf — Jefy = Jazafy + 3fanfoy — faayfa
= 125((do, dy, dy, dy, ®)(e) — (do, dy, ®)(d, dy; @) + (di, dy, ®)(do, di, ®)]. (3.25)
We can find that (3.25) is the Jacobi identity for the determinant, so it equals to zero.

This shows that the Grammian determinant fx solves (1.2).This completes the proof.

Corollary 3.3. In summary, by using of the link between Wronskian conditions and
Grammian conditions, we have found the (2+1)-dimensional KP equation and the (2+1)-
dimensional KdV system admit Grammian solutions. The method can also be easily
applied to other NLEEs for diverse Grammian conditions and solutions. Of course, there
should exist other more general conditions involving combined equations for Grammian

solutions of high-dimensional NLEEs. The work in this direction is in progress.
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