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Abstract. In this work, we establish a sufficient result for Exact null controllability of semilinear integro-differential
system with non-autonomous functional evolution system. The results are obtained by using the Ascoli-Arzela the-

orem and Schauder fixed point theorem. An example is also provided to show an application of the obtained result.
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1. INTRODUCTION

Controllability of linear and non-linear systems represented by ordinary differential equa-
tions in finite dimensional space has been extensively studied. Several authors have extended the
concept to infinite dimensional systems represented by the evolution equations with bounded
operators in Banach spaces [1, 2, 3, 4]. The study of controllability results for such systems
in infinite dimensional space is important. For the motivation of abstract systems and the null

controllability of linear systems, one can refer to the book by Curtain and Pritchard [5] and by
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Curtain and Zwart [6]. For an earlier Survey on the controllability of nonlinear systems using
fixed point theorems, including nonlinear delay systems.

We Consider the semilinear integrodifferential system with non-autonomous functional,

2(5) = Az(s)+Bv(s)+Fi(s,2) + /Ost(T,zT);se[O,T]:J
20(8) = ¢(8); Se[—u,0=w. (L1)

where A is the infintesimal generator of a strongly continuous semigroup S(s) in a Hilbert space
Y, B is a linear bounded operator from a Hilbert space U into Y, Fy : J XY =Y, F, : J X
C(W,Y) — Y, the control function v(.) is given in L, (J,U ). Here C(W,Y) is the Banach space of
all continuous functions ¢ : W — Y endowed with the norm || ¢ || = sup{||¢(&)]| : —r < & < 0}.
Also for z(.) € C([—u, T] = L,Y) we have z;(.) e C(W,Y) for s € J, z,(§) = z(s+ &) for E e W.

This organization of this work is as follows. In section 2, we give some useful results on the
integrated semigroups and we recall briefly some basic definitions and preliminary facts which
will be used throughout this work. In section 3, we establish sufficient conditions for the exact
null controllability of mild solutions of equation(1.1) by relying on a fixed point theorem due

to Schauder. Last section is devoted to an application.

2. PRELIMINARIES

Definition 2.1 : The linear control system z = A(s)z+ B(s)v is said to be exact null
controllable on the interval J, if for every ¢ and preassigned time b there exists a control

u(t) € Ly([0,T],U) such that the corresponding solution x(.) satisfies x(b) =0 .

We prove the exact null controllability of mild solution of the above integro-differential equa-
tion (1.1). Before proving the exact null controllability, we define the mild solution of the
integro-differential equation (1.1).

Let 7T'(s) be the Cy- semigroup generated by A and let z be a solution of (1.1) on J.

«s) = S(s)6(0)+ /0 "S(s—1)Bv(1)dt + /0 CS(s—1)Fy (£, 2)dt + /0 ' /0 S — 1) Fa(t, 20)ddt
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20(8) = 9(6), ceW (21)

To prove our result on the exact null controllability of solutions we introduce the following
assumptions:

The main assumptions created during this paper were that the semigroup S(s),s > 0 asso-
ciated with the linear part of the functional equation is compact which the linear convolution
operator Llv = i S(s —1)Bv(t)dt includes a bounded inverse operator Ly" with values in
L*(J,U) /ker(LE.

We begin with the subsequent assumptions,

A1) Y, U are Hilbert spaces

Az) A:D(A) CY — Y generates a compact semigroup S(s),s >0onY.

A3) The function F» : J x C(W,Y) — Y is continuous and there exist functions A(.) € Ly (J,R™)
and g(.) € L1 (C(W,Y),R") be such that

[F2(s, @) < A(s)g(@) V (s,0) € J X C(W,Y)

Next, for convenience, allow us to introduce the following notation,
K =Max{||S(s)|| :s € J}, |Bl]| = M, [|H| = £,

1Al = Ji A(s)ds, P=Max(1,6,MK~/T), a; = 4P¢N/T|| A,

ar = 2KT||A||, a3 = 2P0\/T€?, ay = —2KTe,

C = Max(ay,ar,a3,as4), dy = 2P¢|¢(0)],

dy =2K|¢(0)|, d = Max(dy,d3).

Ay) lim Supy oo (1 — C Sup{g(9);[¢] < u}) = oo.
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As) The linear system

X'(s) = AX(s)+Bv(s)+ £(s)

X(0) = Xo(2.2)

is exact null controllable on J
Ag) Since for any s € J, the function Fj(s,.) : ¥ — Y is continuous and for any given z € Y,
the function F(.,z) : J/ — Y is strongly measurable.

Moreover, for any ¢ > 0, there is a function f,(s) € L?(J;R") such that

Supees,|F1(s,2)] < fy(s) foraeseJ
and

llmr;nfwﬂfq(s)”LZ = €< @

where S, =z€ C(J,Y),|lz(.)|| < ¢
A7) The function g : C(J,Y) — Y is continuous satisfying |g(z)| < L(|z|) for a constant L > 0
and any z € C(J,Y), and there isa 6 = (i) € (0,T) such that

8(v) = g(w) with v(s) = w(s), s € [5,T].
Define
Liv = /S —8)Bv(t)dt Ly(J,U) =Y
NE(x,k) = x+/S —k(t)dt X x Ly(J,U) — Y.

Then we have the following definition :

Definition 2.2 : The system (2.2) is said to be exactly null controllable on J if

ImL{ > ImN{ .

Remark 2.1 : It can be proved as in [9] that system (2.2) is exact null controllable if and only
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if there is a positive number Y such that

(LYY x| > Y|(NT)'x| vx e ¥

The following result plays crucial role in our discussion :
Lemma 2.1 : Suppose that linear system (2.2) is exact null controllable, then the linear operator

H:= (Lo) " '(NI): Y x L*(J;Y) — L*(J;U) is bounded and the control is of the form

v(s): = —(Lo)" (NG (x,f)) = —H(x0, )

= —(Lo)~ { xo+/S —1) (ﬁ +/f2 )];IGJ(2.3)

Define the operator .% on C(L,X) as follows;

(

O(s); seW

F()(s) = 4 S)00) + [5S(s—1) [—BH<¢<0>,F2> LR(z)

+ 15 Fz(r,zf)df} dt; seJ (2.4)

\

where

H(0(0),F) = (L)~ [ o + / T—1 (Fl t,2) / Fy(t zf)dr)dt]

It will be shown that the operator .% from C(L,Y) into itself has a fixed point.

On Banach space C(L,Y) introduce a set,

Xu={y(.) €C(L,Y) such that z(s) = ¢(s), se W

and |z(s)| <uVselL}

where p is the positive constant.
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3. MAIN RESULTS

In this section, we study the exact null controllability of mild solution of (1.1).

Theorem 3.1 : Assume (A;) — (A7) satisfied. Then the system (2.1) is exact null controllable.

Proof. Let y(p) = sup{g(¢):[¢| < u}
By the assumption (A4), there exist i > 0 such that d + cy(u) < p. The proof are going to
be given in several steps.

Step-1:

1

bl = () o0, P 0 Par)
< | (||¢<0)|| [ (e [ ) al] )
<efioons ([ imwars [ [immza)

+2 [ (IR (r,zou||Fz<r,zf>dru>2) 2dt]

<ioo+ (["e+ [ ( [ roetae)
+2/0T82</0t 7) g(Zr>dT>2>2]

Sf[H(P(O)H+\/7<82+IMHHW(H)H+282H7LHHW(M)H” (3.1)

Step-2 : There exist 4 > 0 such .# sends X, into itself , 7 : X, — X;.

If z(.) € X,, , from equation(2.4) and equation(3.1) for s € J, we have,

: %
I < 61000+ {11 [ sts-0[-BH(6(0) B0 Par
+/0S||S(s—t)F1(t,z,)||dt+/OS/OZ||S(s—t)F2(T,zT)d1:||dt



424

A. ANGURAJ, ANU SOURIAR

SKH¢(0)H+KM\/T[€{H¢(O)H +ﬁ(82+ 2w
r2elllwaol ) || +KTe + KT v

< S+ P Lo+ VT (4 Al + 22212 vl )
+KTe+KT||A|w(r)
< S+ PUIOO) |+ PIVTE + PEVTIAlw(w)|

+2POVTE Al w(w)|l + KTe+KT|A| [y (u)ll

IA
QU
QU

IN
= N

VAN
=
_l_
D=
Il
'

Hence .7 maps X, into itself.

Step-3 :

The operator .# maps X, into equicontinuous set of C(L,Y).

Let 0 <s1 <s <T,foreachz € Xy, let F(z)(s) = X(s). Then

X(s1) =X (s2) = S(s0)0(0)+ [ 81 ~0)[~BH(6(0).F2) + Fy(1.z)

/Fzrzf)drdt [ +/ S(s2—1)

~BH((0),F)+ Fi(ta) + [ Fz(r,zf)dr]dt}

= [5(50)0(0) = S(s200(0)] + [ S(s1—1)[-BH(6(0).F)
FR(7) + /0 B (t,20)deldr — /0 " S(s2—1)
[=BH(¢(0),F2) + Fi(t,2) —5—/0tF2(1:,zT)d1:]dt

N / " S(s2 —1)[~BH(6/(0), Fy) + F (t,2,)

1
+ / Fy(7,20)d]dt
0
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= [5(51) = S(52)10(0) ~ [ " S(ea ~)BH(9(0). F2) 1)
+ [ 18(s1 =) = Slea ~ 1)BH(9(0), Fa) (0
—/s S(soy—t)Fi(t,z dt+/ [S(s1—1)—S(s2—1)]

Fi(t,z)di — / P S(s2—1) / F(t,z0)dtdt
s 0

+/OSI [S(s1—t)—S(sz—t)]/oth(T,Zr)det

Jx(s0)-x(s2)

5(61) = $(62)10(0) ~ [ " S(52 )51 (9(0).F) 0)ds
4 [ 15Gs1 =) = Sls2 ~}BH(0(0), B5) (1)

- [ st -0z [ -0 - St 1)
R, zt)dt—/sszS 52 —1 /F2 T,20)dvdt

—1—/ (s1—1)— z—t)]/o F>(7,z7)dtdt

< 1(00) = S 10(O) | + K8 | E(0(0).F2)0)
01 [ 15051 =1) = S(o2= )| [H((0). ) 1)t
+Ke(sa—s)+ [ 1561 =0) = S(s2 1)

+ [MIst1=0 =52 -0l [ M@ (erazar

+K/ / O (z¢)dtdt

=Nh+h+l+ds+Is+Js+J7 (3.2)

Since by equation (3.1) the control V' is bounded, the RHS of equation (3.2) doesn’t depend
on specific choices of x(.). It is clear that, J, — 0 and J; — 0 as (5] —s2) — 0.
Since the semigroup S(.) is compact , ||S(s; —7) —S(s2 —1)|| = 0 as (s; —s2) — O for ar-

bitrary ¢,s such that (s —¢) > 0. As s; — s», J4 and J5 are tends to zero. Then J; — 0 and by
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Lebesgue dominated convergence theorem, J3 — 0 and Jg — 0 as (s; —s2) — 0. As (s; —s2) —

0, the RHS of equation (3.2) tends to zero.
The equicontinuity for the cases s; < 52 <0 and s; <0 < s, follows from the uniform conti-
nuity of ¢ on W.
Step-4 :
For arbitrary s € [0, 7] the set V(s) = {(Zz)(s) / z(.) € Xu } is relatively compact.
In fact, the case where s = 0 is trivial. Since V(0) = ®(0).
Solets (0 < s <T)be a fixed and let ¢ be a real number satisfying 0 < o < s.

For every z(.) € X, define,
Fa(a)(5) = S9(0)+5(0) [ S(s-1-0)| - BH(6(0). )+ Fi(.2)

t
+/ Fz(r,zr)dr} dt
0

Since S(0o) is compact, the set

Vo(s) = {Fo(2)(s)/2() € Xu}

is relatively compact set in Y for every 0,0 < 0 <.

On the otherhand, for every z(.) € X, by (1) we have,

t
+/ Fg(r,zf)dr} dt
0

< ([ 1se=nl ||B||2dr> (f o >“2d’>l

+ [ ISe=0llIF@z)]d

Hfi(z)(S) — F6(2)(s)

/S:,S<S —1) [BH(¢(0),F2) L F(t,2)

+ [ 1860l [ IR(e.z0ds]ar
< &t 10(0)] + VTE 4 VT Al w(w]

+2\/T82MH\w(u)\>ﬁ+Kec+KHMW(u)6

< 0
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Therefore there are relatively compact sets arbitrarily close to the set V (s). Hence for each
s € [0,T], V(s) is relatively compact in Y.

From steps [2-4] thanks to the Ascoli-Arzela theorm, one can conclude that .% is compact.
On the otherhand, it’s determine that .%# is continuous on C(L,Y).

From the Schauder fixed point theorm .% has a fixed point. 0

Corollary
If F(.,.) is continuous and maps bounded sets in [0,7] x C([—r,0],X) into bounded sets in
C([-r,0],X) and

L IF@)]

—0
o[l [|@]l

uniformly in 7, then under the assumptions (A;) and (As), the system (3.1) is exactly null con-
trollable on [0, T].
proof

Let g(¢) = sup||F(t,9)|| : t € [0,T]. Then

1F(2,9)|l <g(¢)V (,9) € [0,T] x C([-r,0],X).

It is suffitient to show that the assumption (A4) holds. For a contradiction, suppose that it is not

the case. Then the function
r—csup{g(9): ¢l <r}

, 1s bounded from above with respect to r . From here it follows that

iming SPE@): 91 <A 1

r—00 r

o

Then, for some € > 0, there exists a sequence ry, r,, — o as n — oo such that for all n > 1,

Zsuplg(9) < 01| < > &

n
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Hence, there further exists {¢,,} , ||9,|| < r, , such that

g(n

T'n

> éeforalln>1

Next, we will show that {¢,} is necessarily unbounded. Suppose that this is not true, that is,

{0} is bounded. Since F is continuous, we have

g(0n) = ||F(tn, 9n)|| for somet, €[0,T].

From boundedness of F(.,.) it follows that g(¢,) is bounded. This is a contradiction. We

conclude that {x, } is unbounded. As a result, we can choose a subsequence {¢,,} of {¢,} such

that
Q|| = o
For this subsequence , we have
F(t
tim VUm0l 8O 80
m=eo || G| m=eo ||| T m=e 1

This however , contradicts the hypothesis of the corollary. Thus condition (A4) holds and

$0,(3.1) is exactly null controllable on [0, T].

4. APPLICATION

In this chapter, we consider the application of the main result.

Consider the integro-differential system of the form,

d 9? s
5 = S () () h, () + [P (s k)

y0(7,0) = yo(7,1)=0,1>0

y(t.m) = ¢(t,n), ~k<7<0. (4.1)



EXACT NULL CONTROLLABILITY OF SEMILINEAR INTEGRO-DIFFERENTIAL SYSTEMS 429
where ¢ is continuous and v € L»(0,T),Y = L,(0,1),b € Y and where F> : R X R — R is contin-
uous.

Let A :Y — Y be operator defined by Ax = g—;ﬁ with domain

d d? d d
D(A) = {x €Y/x, ﬁ are absolutely continuous ,d—n); €y, ﬁ(O) = ﬁ(l) = O}

It is known that A is closed and A has the eigenvalue A,, = —n?7?, n > 0 and the corresponding
eigenvectors e,(n) = v/2cos(nan) for n > 1, eg = 1 for an orthonormal basis for L,(0,1).

Further , it is known that A generates a compact semigroup S(s), s > 0in Y and is given by

S(t)x= (x,1)+ i e TS (x, en)en

n=1

1 o0 1
= / x(a)do + Z 26_"2”2[cos(n7tn)/ cos(nma)x(a)da, x €Y
0 = 0

and it is self adjoint.

To write system equation (4.1) in the form (1), we define F} : J xY —Y ,g:C(J,Y) =Y as
follows Fi(n,7) = h(n,y(,n)), g(v(t.m)) = LI, civ(,m:)

Then g(.) clearly satisfies condition (Ag) because we may choose 8, 7;. For function A(.,.) :
J X R — R, we assume that

i) for any fixed 7 € R, A(.,7) is measurable on J.

ii) for any fixed n € J, h(n,.) is continuous and there is a constant ¢ > 0 such that |2(n,7)| <
clt|vVneJ
under these assumptions, the function F (1, T) verifies (Ag) as well.

If ve Ly(J,Y) then B =1 and B* = I and consequently by Remark (1) the condition for exact
null controllability of the linear system with additive term f € L,(J,Y),

J 9’
2B = gy (Em +v(Tn)+Filwn) + ()

d d
%y(f70): % (7’-71):05 7>0

y(Tﬂ?) - ‘P(T»TI)a —k<7<0. (42)
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Due to Remark (2.1),the exact null controllability of equation(4.2) is corresponding to that

there is a Y > 0, specified

[ s (@ = syalPas =yl s silas)

or equivalently

T T
[ ser —sas = (s + [ 1s(r - splas)

In [?], it is shown that the linear system equation(4.2) with F; = 0, F, = 0 is exact null

controllable if

T
| IS(T = s)xlds = ST
0

From here it follows that,

[ s = spas = (ISP [ - syalPas )

Thus by Remark (2.1) the linear system equation(4.2) is exact null controllable.
We assume that the nonlinear operator F; : J X Y — Y is continuous and there is a constant

0 < y< 1 and a function k € L,(J) such that

1F2(s, )| < k(s)llx[|”

for all (s,x) € J x Y. So the conditions (A3) and (A4) are satisfied.
Thus all the conditions stated in main theorem are satisfied. Hence the system equation(4.1)

is exact null controllable on J.
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