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Abstract. In this paper, we give some fixed point theorems for generalized cyclic contraction and generalized
¢—weak contraction in partial metric spaces, which improve the results of S. Romaguera in [1], M. Abbas in [2]

and T. Abdeljiawad in [5].
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1. INTRODUCTION

In 1992, the notion of partial metric space was introduced by Matthews [7] as a part of the
study of denotational semantics of dataflow networks. Henceforward, many authors made ef-
forts to study various fixed point theorems and obtained a lot of perfect results. Ravi P Agarwal
[10] proved some fixed point results for generalized cyclic contraction on partial metric spaces.
Maddadlina and loan [3] proved a Maia type fixed point theorem for cyclic ¢-contraction, which
extended the results of W.A. Kirk [9]. Z. Qingnian and S. Yisheng [12] proved fixed point re-
sults for single-valued hybrid generalized ¢-weak contractions. Very recently, many new fixed
point results were established by Yi Zhang, Jiang Zhu [8] and L.N. Mishra [11], etc.
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In this paper, we shall give some fixed point theorems for generalized cyclic contraction
and generalized @ —weak contraction in partial metric spaces, which improve the results of S.

Romaguera in [1], M. Abbas in [2] and T. Abdeljiawad in [5].

2. PRELIMINARIES

First, we shall introduce some essential definitions and lemmas.

Definition 2.1([1,2]) Suppose that the set X is nonempty. We call (X, p) a PMS (the
abbreviation of partial metric space) if a function p maps X x X into nonnegative number and
satisfies: (T1) x=y iff p(x,x) = p(x,y) = p(y,y), (T2) p(x,x) < p(x,), (T3) p(x,y) = p(y,x),
and (73) p(x,y) < p(x,2) + p(z,y) — p(2,2), Vx,y,z € X.

Now let (X, p) be a PMS, the mapping p*® maps X x X into nonnegative number, and

P (x,y) =2p(x,y) — p(x,x) — p(y, ).

We can verify the fact that (X, p*) is a metric space. In addition, we can define the open ball
on (X, p) denoted by B(x,€) = {z € X : p(x,z) < €+ p(x,x)}, where x € X, € > 0. Meanwhile,

we also use these open balls to form a base for 7y-topology 7.

Definition 2.2([1,2]) Suppose that (X, p) is a PMS, and {x,} C (X, p). Then

(1) {x,} converges to x € X iff ’}gigop(xn,x) = p(x,x).

(2) {x,} is called Cauchy sequence iff nleIEoo Py xm) =& (0<E < o0).

(3) (X, p) is called complete if any Cauchy sequence {x,} converges w.r.t T to x € X and
lim  p(x,,x,) = p(x,x).

n,m—so0

(Remark 1([4]): nlgn p(xp,x) = plx,x) =0 = r}gn p(xn,y) = p(x,y),y € X.)

Lemma 2.3([1]) Let (X, p) be a PMS, and {x,} C (X, p). Then
(1) {x,} is a Cauchy sequence in (X, p) iff it is a Cauchy sequence in (X, p*).
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(2) A PMS (X, p) is complete iff (X, p*) is complete. Moreover,

lim p’(x,x,) = 0 <= p(x,x) = lim p(x,x,) = lLm_p(xu,xm)

n—oo n—oo n,m—o0

m

Definition 2.4([3]) Let X; be nonempty set,i =1,2,...,m, and X = |J X;. X is called a cyclic
i=1

representation of X w.r.t. f if there exists a self-map f on X satisfying f(X;) C X2, ..., f(Xjn—1) C

X, and f(X,,) C X;.

Definition 2.5([6]) Assume that the set X is nonempty and H,G: X — X. If w=Hx =
Gx, x,w € X, then x,w are called a coincidence point of H and G and a point of coincidence
of H and G, respectively. Moreover, H, G are weakly compatible if HGx = GHx, whenever
Hx = Gx.

Definition 2.6 To simplify notation, we shall introduce some abbreviations:

(1) we denote by A all upper semicontinuous from the right function (or u.s.r.f) if any ¢ € A
maps nonnegative real number into nonnegative real number with ¢(r) < ¢ for¢ > 0.

(2) we denote by A all continuous function if any ¢ € A maps nonnegative real number into
nonnegative real number with ¢(¢) < ¢ for ¢t > 0.

(3) we denote by O all lower semi-continuous function if any ¢ € A maps positive real
number into positive real number with ¢ (0) = 0.

(4) we denote by by N and m the set of all positive integer numbers and the set of all

nonnegative integer numbers, respectively.
3. MAIN RESULTS

Part 1. Fixed point theorem for generalized cyclic contraction in partial metric spaces

To obtain fixed point theorem for generalized cyclic contraction in partial metric spaces, we
shall firstly prove the following result by improving the Theorem 3 of S. Romaguera [1].
Theorem 3.1 If (X, p) is complete PMS, A € [0,3], ¢ € Aand f: X — X satisfies:

p(fx, fy) < ¢(max{p(x,y), p(fx,x), p(fy, ), Ap(x, fy) + (1 = A)p(fx,y)}), Vx,y€X,
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then f has a unique fixed point z € X. Moreover, p(z,z) = 0.

Proof To simplify notation, we define

M(x,y) = max{p(x,y), p(fx,x), p(fy, ), Ap(x, fy) + (1 = A)p(fx,y)}.

First, let us construct {x,} C X. Assume that xo = x and x, = f"xp, Vx € X,n € ®. If

f'x = f"lx for some n € w, then f"x is a fixed point of £, and f"x’s uniqueness follows as in
the last part.

So, suppose that fx # f"Tlx, Vn € o.

Next, we shall prove that nlgrolo p(xp,xp+1) = 0.

We define

rMn = M(xmxn—i—]), rMnm:M(xnk;ka)7 r{lj:p(xﬂJriaxnnLj))

r?;nk - p(xnk+i7xmk+j)7 r:1]k = p(-xnk+i7xnk+j)7 r;’?k = p(xmk+i,xmk+j)
where i, j € {—1,0,1,2}.
For all n € w, since
p(xn+1,xn+2) = p(fxnafxn+1> < (p(M(xnaer-])) < M(xnvxn-i-l) (1)

where M (X, X,11) = max{r,, rl,, Arj,+ (1 —A)r};}.
(a) If P =2 by (1) we have
Py <M=
(b) If M = #,, by (1) we have
iy <Mt =r

which is contradictive.
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(c) If rMr = A, + (1= A)rYy,
since
Argp+ (1 =A)rfy < A(rg +r = 7))+ (1 =A)ry

= A(rg; +7) + (1 =24)r],

< A(rgr +7) + (1 =2A)rG,

= Arf+(1=2)rg, (2)
by (1)(2)we obtain that

o < P17 = Ay (1= )y < Ary+ (1= )y
i.e.
iy < Arfy+(1=A)rg,
1.e.
iy <71py-

Then by above (a)(b)(c), we claim that r}, < rg;,Vn € @, and ,}1_?30 p(Xn,Xn4+1) = ro, where

ro 1S a constant.

Now by (1)(2) and taking limit of the inequality:
rh <o) <M= max{rgy, iy, Ay +(1-2)r}
< max{rgy, riz, Arfy+(1=2A)rg }
so we have

ro = }E’i‘p(’m) = lim A"

n—soo

Since M" > ry for all n € w and ¢ is u.s.r.f., we obtain that

o = lim 9(™) = limsup (") < 9(ro).

n—soo

So, rp = 0 and limy, e p(xp, xp11) =0



390 RUIDONG WANG, CHAO MA

Consequently, for any subsequence {x,, } of {x, }, we have hm ik =0, and by (Ty), hm rO p
0 for any g € N.

Next, let us prove that lim p(x,,x,) =0.

n,m—»o0

Now suppose the contradiction, then for sequence (ny)ren, (my)rey C N with my > ny > ko,
there exist € > 0, ko € N such that r{)’g‘k > e, VkeN.

Since lgn ro; = 0, w.l.g., we suppose that r”mk < € and r’”"k < €formy >ng > kopand k €N,

Nn—oo

so for all k € N, We have
g < gk < gk 4k < e+
hence kh_r>r°1o rgglk =E&.
Since
Yim [+ (L= 2)rfg"] < Jim 2.+ rfg* 4 ) + (1= A)rfg)

= lim [AGE -+ 78 + 748
—>00

< € (3)
and by (3) we have
e = lim /% < lim A
k—yo0 k—yo0

= glm max{rgg"*, 71§, rs Argit 4 (1= 2)r{g"}
_>

< max{¢g,0,0,e} =¢.

Hence lim rMnm — ¢
k—roo

Since rM"™ > ¢ for all k € N, and ¢ is u.s.r.f., we have

limsup ¢ (F"™) < ¢ ().

k—yoo0

at the same time, for all kK € N, we have

nmk nk mk k
e < oo <ror T o

< i+ o (M) + g
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SO
e <limsup ¢ (FM"™) < ¢ ().
k—voo

Hence lim p(x,,x,) =0, and {x,} converges to a point z € X such that
n,m—ro0

n}}filoop(x”’Xm) = lim p(z,x,) = p(z,2) = 0.

Now, for A € [0,1]i.e. 1 — A € [%,1], we obtain thatlim M(z,x,) = p(fz,2).
Nn—yco

Since M(z,x,) > p(fz,z) forn € N and ¢ is u.s.r.f., we have

limsup (M (z,x,)) < ¢(p(fz,2)) (4)

n—eo

by (4) and the condition that p(fz,z) < p(fz,xn) + p(xs,z), we obtain that

p(fz:2) < limsup(p(fz,xa) + p(xn,2))

n—oo

= limsup p(fz, fxn—1)

n—soo

< limsupd(M(z,x,-1)) < 0 (p(fz,2)).

n—so0
Hence p(fz,z) =0, i.e. z= fz. Thus z is a fixed point of f.

If there exists z* € X such that z* = fz*, then we get

p(z,2") = p(fz,f7") <0(M(z,27)) = ¢ (p(z,2")),

therefore p(z,z*) = 0, i.e. z = z". Thus z is unique fixed point of f and p(z,z) =0. O

Secondly, we shall improve the Theorem 2.3 of M.Abbas[2] and obtain fixed point theorem

for generalized cyclic contraction mapping in partial metric spaces.

Theorem 3.2 Let (X, p) be complete PMS, Aj,A»,...,A,;, m nonempty closed subsets of
m
(X,p*) and Y = 'EJIA,- be a cyclic representation of ¥ w.r.t. f. If A €[0,1], ¢ € A, and

1

p(fx7fy) S ¢(M(x7y))7 Vx 6Al7y EAI+17i: 1727"'7m

where Ay, = Ay, and M(x,y) = max{p(x,y), p(fx,x), p(f¥,y), Ap(x, fy) + (L = A)p(fx,) },
then f has a unique fixed point z € (L A; C Y.
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Proof First, let us construct {x,} C Y. Assume that xo = x, Vx € Y, thus we obtain that xy €
Aj, for some iy. By definition 2.4, we claim that fxo € A;, 11, and there exists x; € A;;;1 such
that fxo = xy. Similarly, there exists x € A; 2 such that fx; = x,. By inductive method, for
each n € w, there exist x, € A;, and x,,1 € A;, 41, where i, € {1,2,...,m}, such that fx, = x,41.

If f"x = f"1x for some n € @, then f"x is a fixed point of f, and f"x’s uniqueness follows
as in the last part.

So, suppose that f"x # f"lx, Vn € w.

First, by the proof of Theorem 3.1, we obtain that r}l_r)rt}o p(xp,xn+1) = 0.

Similarly, if {x,, } is any subsequence of {x,}, then we obtain that I}grolo P(Xng, Xn+1) =0, and
lim p(Xy, ,%n,+i) =0, Vi €N. (5)

k—yo0
Next, we shall prove that lir_r>1 p(xp,xm) = 0.
NM—o0

Now, we can decompose {x, } into m subsequence {xg,i)}, i=1,2,...,m, where x,(li) EA;,Vne
o. In order to prove that {x,} is Cauchy sequence in (Y, p) or (¥, p*) by Lemma 2.3, we only

need to prove that any {x,(f)} is Cauchy sequence in (Y, p),i=1,2,...,m.

W.l.g., let xg € Aj, and x,,, € A,,,. Next, we shall show that .llim p(x§.m),xl(m)) =0.
Jil=re
We define
ilk ik
Al = pe Ly A= p ) R = p g ),
ilkh ik
i = ) = pel ) =M ),
hoo_ (m)  (m)
Mh = M(xjkh 7xlkh—1)’

where s, € {—m, —1, 0, 1}.
Now suppose the contradiction, thus for sequence {j;},{lx} C N with [ > ji > ko, there

exist € > 0 such that

r(%k > ¢ and r(J)'lfl <&, VkeN (6)

Since (5) holds, then for any k € N, by (6) we get

jlk —jlk Ik Ik
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SO

lim rl = €,
k—yoo

and

lim ¢(rfg) = 9(e) <e.

Now, we claim that {r} has a subsequence {r*"}, and ]}im Mh = o, where o0 € [§,€] isa
—>00
constant.

Indeed, since

ik ko ik, Ik
EX 1y <1+ i

SO

Ik
S ,}g{}or{q (7)

Besides, for any € € (0, €), there exists k. € N such that for all k > k

lk

k ! ! !
rhy<e, re, <& and rl_klo <E€.

Moreover, because réllcl < &, thus for [y > ji > min{ko,k, } we have

ik jlk '
o <l +rk kg < e+2e, (8)
and
ilk ko jlk Ik '
121 STl T oo <2€ +&, 9)

Hence by (7)(8)(9), for each [y > ji > min{ko,k, }, we get

jlk
€ . ri_ . i .
= < lim 2= <lim(1 —),)r{l_kl < lim ™M
. ilk ik 1k ilk ilk
= lim max{r{)_l, r{o, o1 7Lr(])0 +(1 —l)r{_l}

k—yo0

/! ! /
< max{e, €, €, e+2¢}

= e+2£'.
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Then, lim M" = a € [§, €], so
k—yo0

lim ¢ (M) = ¢(a) < a <e.

k—yo0

Now, we choose 8 € (¢(a), o). Hence there exists hg € N such that rélfh < B —¢(a) for

h> hﬁ, and for some /1 > hﬁ, we obtain that
et < M < B — g (o) + o (M) < o <eg,
1.e

jlkh
0 <E&

which contradicts with rgék >¢€, VkeN.
(m) _ (m)

By the proof above, we have that lim p(x;”,x;") =0, i.e. {x,(j")}new is Cauchy se-

Jl—oeo

quence in (Y, p), and then {xflm)}new is Cauchy sequence in (Y, p*). In the similar way, any
{x,(f)}new,i =1,2,...,m—1, is Cauchy sequence in (Y, p®). Therefore {x,},ce is Cauchy se-
quence in (Y, p) and (Y, p*).

Because Y is a closed set of (Y, p*), thus (Y, p°) is a complete metric space. Then {x,}

converges to a point z € Y in (Y, p*), by Lemma 2.3, we have

0=p(z,z) = lim p(z,x,) = Lim_p(xn, xm)

Note that {x,} has an infinite number of terms in A;, i = 1,2,...,m. Therefore, in A;,i =
1,2,...,m, we can construct a subsequence of {x,} that converges to z. Since any A;,i =
1,2,...,m, is a closed subset, it is easy to conclude that z € ()7_; A; and (/L A; # 0.

Now, let Z =i, A;. Since each A;,i = 1,2,...,m, is a closed subset, then Z is also a closed
set, and (Z, p) is complete PMS. Since f|; satisfies all conditions of Theorem 3.1 and so f|z
has a unique fixed point in Z, where f| is a restrictive self-map on Z.

If there exists v € Y such that v = fv, then we have

p(zv) = p(fz,fv) <o(M(z,v)) = ¢(p(z,v))

which contradicts with ¢ (7) < ¢ for # > 0. This concludes the proof. O
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Remark 2 If we take A = % in Theorem 3.1 and Theorem 3.2, then we shall obtain Theorem

3 [1] and Theorem 2.3 [2], respectively.
Remark 3 If we take A = % and take @ (¢) = kt for k € [0,1) in Theorem 3.2, then we shall

obtain corollary 2.5 [2]

Part 2. Fixed point theorem for generalized ¢ —weak contraction in partial metric

spaces

In this part, we shall extend the Theorem 5 of T.Abdeljiawad [5] and establish the common
fixed point result of four self-maps which use generalized ¢-weak contractions in partial metric

spaces.

Theorem 3.3 If (X, p) is complete PMS, and f,g,h,q: X — X satisfy: A € [O,%] Q€ 0,
fX CgX, gX C hX and for any x,y € X,

p(fx,8y) <M(x,y) — o(M(x,y)), (10)

where M(x,y) = max{p(hx,qy), p(fx,hx), p(gy,qy), Ap(hx,gy) + (1= A)p(fx,qy)}.
If anyone of the subsets fX,gX,hX or gX is closed subset of (X, p), then {f,h}, {g,q} have

both a point of coincidence.
Besides, if {f,h}, {g,q} are weakly compatible, then the maps f,g,h and g have a unique

common fixed point in X.

Proof First, let us construct {y,}, {x,} C X. Assume that Vyg € X and xo = fyo. Because
fX C gX, thus let y; € X such that xo = fygp = ¢gy;. In the similar way, we assume that x| = gy,

and let y, € X such that x; = gy; = hy,. By inductive method, we have that

Xon = fYon = qyon+1 and X1 = 8Y2n+1 = hyany2, Yn € N.

Next, we shall prove that 1i_r>n p(xn,Xp1+1) = 0.
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Indeed, by using (10) we get

(220, %2041) = p(fy2n,8V2n+1) < M(Yon,yont1) — @(M(Y2n,y2041)), VR €N (11)

where M (y2n,y2a11) = max{r?yo, rig, Ar¥; + (1= A)rge}, and r7f' = p(x2ntisX2n+ )
i,je{-1,0,1}.
(A) if M(yan,y2n+1) = r*", then by (11) we have

ot <o — () < .
(B) if M(y2n,y2n+1) = 138, then by (11) we have
P < r ( 2”)
o1 — 0o

hence (p(rlo) <0, r2" 0 and x,, = X251 1.

(C) ifM(yzn,ygn_H) = ll’fnll + (1 — )L)FOO’ then

il < Manyoni)
= A +r50) + (1 =22)r5

< Ao +rgh) + (1—=22)r3]

2n 2n
1.e. o1 <r 10-

Then by above (A)(B)(C), we obtain
P(xom,x2011) < p(x20—1,%21), VR EN.
Analogously,
P(x2n—1,%21) < p(x2p—2,X2n-1), Vn € N.

Therefore we claim that p(x,,x,+1) < p(X4—1,%), Vo € N, and lim p(x,,x,+1) = ro, where
n—oo

ro > 0 is a constant.
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Now, we assume that 7 is an even, and by using (11) and taking limit of the inequality:

P Xn1) = P(fYn8nt1) < M(yn,Ynt1)
= max{ry_q, g1, Ar'"q; + (1 —=2A)rg0}
< max{rg_;, ro1, A(r 1o +701 —roo) + (1 —A)rge}
= max{rg_q, ro;, Ao+ ro) + (1 —2A4)r5}
< max{rg_, 151, Ao +161) +(1—=24)rG, }

where r; = p(Xnti,Xn+j), i, j € {—1,0,1}, so we get

’}glgop(xn,xn+1) = V}LHSOM()’nayn+l) =To-

Because ¢ € 0, so

QD(}”()) < lilggglf(P(M(Ynayn+l))

Now by taking upper limits as n — oo for the following inequality:

p(-xn;-xn-}—]) S M()’na)’n—H) - (P(M()’na)’n+1)),

so, we get
ro < ro = liminf @(M(yy, yu11)) < ro— @(ro)
i.e. ¢(rp) <0, then ro =0 and lgll P(xn,Xpt1) =0. (12)
n—oo

Now, let us prove that lim p(x,,x,) =0.
n,m—o0
Clearly, we need only to prove that limy, ;e p(X24, X2,,) = 0. Now suppose the contradiction,
thus there exist € > 0, kg € N and two sequence {2n;},{2m;} in N with ny > my > ko (k € N)

such that

p(Xan7x2mk) > € (*)

where for k € N, we shall denote 2n; the smallest even integer outdoing 2my, such that () holds.

Hence p(x2,,—2,%2m,) < € and ¢(€) > 0 for € > 0.
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Since
€ < p('XZI’lkamek) < P(x2mk>x2nk—2) + p(x2nk—27x2nk)
< e+ p(xop—2,%2n,)

therefore by (12) and definition 2.1, we obtain that ]}im P (X2, %0m,) = €. (13)
—>00

fad : 0 _ 1 _ 2 __
Similarly, letting r;; = p(Xon 4, Xom+ )5 Tij = PXomtisXom+ ) i = P(Xamytis X2myt )

i,j€{0,1,2}, we get
0 0 1 0 0 2
"o—700l < ror,  rio—r11l <10
0 0 | 0 0 2
M —rl < s g =l Sy

so by (12)(13), we get

klgl;lop(-Xka?-XZIlk-Fl> = & ;E{)lop('mek-Fl 7x2nk+1) =£
lim P(x2mk+l 7x2nk+2) = &, lim p(Xkaax2nk+2) =& (14)
k—>oo k—>oo
Then, by (14) we have that ]}im M (Y2042, Y2m+1) = €. (15)
—>00

So by (10), we have

p(x2nk+27x2mk+l) = P(fYan+2a g)’kaJrl) S M()’an+27)’2mk+l) - @(M<Y2nk+27y2mk+l ))

i.e.
O(Mon+2:Y2m+1)) < M(Y2n+2:Y2m+1) — P(X2m, 42, X2m+1) (16)

Hence, by (14)(15), the condition that ¢ € ®, and letting kK — o in (16) we get

o(e) < lilfgglf<P(M(y2nk+27y2mk+1)) < ]}E?O[M(yan-l-Z;yka—O—l) — p(X2n 42, X0m+1)] =0

which is contradictive with the assumption. Therefore, lim p(x,,x,) =0.
n,m—ro0
Next, we assume that (X ) is closed subset of complete PMS, thus {x,} converges to a point

20 € h(X). Then we get

n_‘gglmp(xn,xm) = r}i_g}op(xnazo) = p(20,20) =0

Now, let z; € X such that h(z;) = zo. Then we obtain that 1i_r>n M(z1,y2n+1) = P(fz1,20)-
n—oo
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Because ¢ € O, we have

¢(p(fz1,20)) < liminfQ(M(z1,y20+1))
moreover, by taking upper limits as n — oo for the following inequality:
p(fz1,x2041) = p(f21),82n+1) < M(21,Y2041) — @(M(21,Y2041))
so, we obtain that
p(fz1,20) < p(f21,20) =liminf (M (z1,y20+1)) < p(fz1,20) = @(P(f21,20))

hence @(p(fz1,20)) <0, p(fz1,20) =0 and z9 = fz; = hz;.
Since fX C ¢gX, then let z, € X such that zo = fz; = gz2.

Because M(z1,22) = p(g8z2,20), and

p(20,822) = p(fz1,872) < M(z1,22) — @(M(z1,22)) = p(g22,20) — ©(p(822,20))

hence ¢ (p(gz2,20)) <0, p(gz2,20) = 0 and zo = gz2 = q2>.
By the proof above, we conclude that fz; = hz) = z0 = g220 = q22.

Next, if {f,h}, {g,q} are weakly compatible, thus
fzo=hzo,  &z20 =qz20
Since M (z0,z2) = p(fz0,20), then by (2.3.1), we get
p(f(20),20) < M(z0,22) — @(M(20,22)) = p(f20.20) — @(p(f20,20))

hence @(p(fz0,20)) <0, 20 = fzo = hzo. Similarly, we obtain that zo = gzg = gzo. Thus zg is a
common fixed point of f, g, h,q.
Finally, let us complete the proveness of the uniqueness. If z = fz = gz = hz =gz, z € X,

then we have

p(fz0,82) < M(z20,2) — 9(M(z20,2) = p(20,2) — @(p(20,2)),

i.e 9(p(z0,2)) < 0. Hence p(z9,z) = 0 and z9 = z. -
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Remark 4 In Theorem 3.3, there are conditions: (i) & and v are both identity maps and (ii)
f =g If (i) or (i)(ii) holds, we shall establish relevant fixed point theorems of two mappings

or only one mapping, respectively.
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