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Abstract. Let G be a finite group and F be finite field of prime power order g (of type 8k + 5) and order of g
o(p")

modulo 8p" is =4 If p is prime of type 4k + 1, then the semi-simple ring Rg,» = GF(g)l]

=5 has 161+ 6 primitive

idempotents and for p of type 4k + 3, then Rgy» has 12n + 6 primitive idempotents. The explicit expression for
these idempotents are obtained, the generating polynomials and minimum distance bounds for cyclic codes are

also completely described.
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1. INTRODUCTION

Let G = Cg;» be a finite cyclic group of order 8p”" and F (= GF(q)) is a finite field of order
g, a prime power of the form 8k +5 and g.c.d.(q,8p") = 1, then the group algebra FCg» is
semi-simple having finite cardinality of collection of primitive idempotents which equals the
cardinality of collection of g-cyclotomic cosets modulo 8p"[7]. The primitive idempotents of
minimal cyclic codes of length m in case, when order of ¢ modulo m is ¢ (m) form=2,4, p" 2p"

were computed in [2,8]. The primitive idempotents of length p” with order of ¢ modulo p” is
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@ were obtained in [1] and minimal quadratic residue codes of length p" in [4]. Cyclic codes
of length 2p” over F, where order of ¢ modulo 2p" is @ were discussed in [5]. Minimal
cyclic codes of length p"g, where p and ¢ are distinct odd primes were derived in [3,9]. Further,
when order of ¢ modulo p” is ¢(p"), the minimal cyclic codes of length 8p" were discussed
in [10,11]. Irreducible cyclic codes of length 4p" and 8p”", where ¢ = 3(mod 8) and p/(q—1)
were obtained in [6].
In present paper, we obtained cyclic codes of length 8p" over F where ¢ is of the form 8k + 5
and order of ¢ modulo p” is %pn) The g-cyclotomic cosets modulo 8p" are obtained in section
2 and corresponding primitive idempotents in section 3. In section 4, we discussed generating
polynomials and dimensions for the corresponding cyclic codes of length 8p". The minimum

distance or the bounds for minimum distance of these codes are obtained in section 5. At the

end, an example is discussed to illustrate the various parameters for these codes.

2. CycrLoromic COSETS

Let S = {1,2,...,8p"}. For a,b € S, consider a ~ b iff a = bq'(mod 8p") for some inte-
ger i > 0. This is an equivalence relation on S. The equivalence classes due to this rela-
tion are called g-cyclotomic cosets modulo 8p". The g-cyclotomic coset containing s € S is

Qs = {s,5¢,5¢%,...,5¢""~ '}, where t; is the smallest positive integer such that s¢’s = s(mod 8p™).

Lemma 2.1. /5, Theorem 2.5] If @ is the order of ¢ modulo p", then the order of ¢ modulo

p"_"isq)(pTrH), 0<i<n-1.

Lemma 2.2. [f @ is the order of q modulo p", then for 0 <i <n—1, order of g modulo

i —i i (")
2p" " and 4p" T is 5.

Proof. Since @ is the order of ¢ modulo p", therefore by lemma 2.1, order of ¢ modulo p"~*

is MPTH),I <i<n-—1.Hence

(1) q 2 : = 1(mod p"_i)
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Since ¢q is of the form 8k + 5, therefore ¢ = 1(mod 2). Hence q% = 1(mod 2). As

o)

gcd(2, ") = 1 and order of ¢ modulo p"~ is ‘MPTH), sog 2z = l(mod 2p""). This im-

plies that w is the smallest integer for which (2.1) holds. Hence order of ¢ modulo 2p" "

is w Similar result hold for 4p" ", 0

Lemma 2.3. If p = 1(mod 4), then order of q¢ modulo 8p"~" is ¢(p;7i) and for p = 3(mod 4)

order of g modulo 8p™ " is ¢ (p" ).
Proof. Proof is on similar lines as that of lemma 2.2. ([l

Lemma24. For0<i<n—1land 0<k< MPTH) -1, T# qk(mod 8p”_i), where T = A =
(14+2p")orT=pu=2(142p")YorT=v=(14+4p") orT =y = (1+6p").

Proof. Proof can be obtained by using lemma 2.1 and lemma 2.2. 0

Lemma 2.5. Let p be an odd prime. Then there exists an integer g, 1 < g < 8p and is primitive
root modulo p, further when p is of the form 4k + 1 then order of g modulo 4 and modulo 8 is
2, and when p is of the form 4k + 3 then order of g modulo 4 is 1 and modulo 8 is 2. Also, if g

is any prime power and g.c.d.(q,p) = 1, then g & {1,q,4°, ...,q@_l}.

Proof. Consider the complete residue systems, S, = {0,1,2,...,p— 1} modulo p, S, = {0,1}
modulo 2, and S>, = {0,1,2,...,2p — 1} modulo 2p. Since g.c.d.(2,p) = 1, so there exist an
integer v € S, such that 2v — p = 1. Let a be any primitive root mod p in S,. For p = 1(mod 4),
let g =2av+1tp+ 6ap(mod 8p) where t is a prime of the form 8k; + 3 implies g = a(mod p).
Hence g is primitive root modulo p. Now, g = 2av +tp + 6ap(mod 8) where ¢ is a prime of
the form 8k; + 3, so g = 3(mod 4) as p is of the form 4k + 1. Hence order of g modulo 4 and
modulo 8 is 2. Now for p = 3(mod 4), let g = 2av+tp + 4ap(mod 8p) where ¢ is a prime of
the form 8k, + 7 implies g is primitive root modulo p and order of g modulo 4 is 1 and modulo

8is 2. Let g e {1,q,q2,...,q@_l}, s0 g = ¢ for some 1 <i < @ — 1 equivalently o(g) =

o(q"). As order of ¢ modulo 8p is @ s0 0(q') < @ modulo 8p. This implies o(g) < @
modulo 8p, but order of g mod 8p is ¢(p), hence g & {1,q,4?, ...,q%_l}, 0

Lemma 2.6. If p = 1(mod 4), there exist a fixed integer g satisfying gcd(g,2pq) = 1,1 <
g < 8p,g # ¢F(modp) where 0 < k < @ — 1 such that for 0 < j < n—1, the set
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0 n—j 0 n—j .
{1,q,..,q9 = >_1,g,gq,..,gq 7 )_1} forms a reduced residue system modulo p"*~’ and the
o
set {1,q,,q" 7 8,84, 80" T A Mg, AP,
o)) o)) oWy

g U Ag, g Agd? s hgg T Vv v, . vg T

o) o) o7

o)) (")
vg,veq, .. ng T Uxxg,oxqg T L xgx8q, - xgq 2 '} forms a reduced

residue system modulo 8p" /.

¢() 1

Proof. By lemma 2.1, order of ¢ modulo p is , therefore 1,q,47,. ,qq)(%’ are incongru-
ent modulo p. As there are exactly ¢(p) numbers in the reduced residue system modulo p.
Therefore there exist a number g satisfying gcd(g,2pq) = 1,1 < g < 8p,g # ¢"(modp) for 0 <
k < @ — 1. Then the set {1,q,4¢°, ...,q@*I,g,gq,ng, . &q o ~11 forms a reduced residue
system modulo p. Since for 0 < k < @ —1, g # ¢F(modp). 1t follows that g # g~ (modp”~7)
for0< k<@ 4 he set {1,442 ..q - 2 gt

or 0 < S 5 .Henceteset{ 4,9 - q 2 ,g,gq,gq,...,gq 2 } orms a
reduced residue system modulo p"~/

Similar result holds to show that the set

oWT) o T) 0w owT)
{L,g,nq 2 8,898 7 A, Aq,.,Aq L AgAgq,...hgq 7,
(" 1 oI o)) )
v,vgq,...,vq 2 V8, V&Y, .. ng R 77(77(517 7%‘1 B ,%g,xgqyxgq )
o(p" I .
xgq 7 >_1} forms a reduced residue system modulo 8p" /. U

Lemma 2.7. For p = 3(mod 4), there exist a fixed integer g satisfying gcd(g,2pq) =
1,1 < g < 8p,g # ¢"(mod p) where 0 < k < @—1, such that for 0 < j < n—1, the set

o(p" )
{1,4,¢*....a = ',8,8q,.84°, ...,

0"/ . .
gq 2 'Y} forms a reduced residue system modulo p"~/ and the set

(1,4,4%,,® P ) g 6q,8¢%, ..., 8q°P" )7V A g, .. Aq® P )T A dgq, ..., Agg? P71}

forms a reduced residue system modulo Sp" /.

Proof. Proof is similar to that of lemma 2.6. 0

Theorem 2.8. Let p be an odd prime then
(i) The (16n+ 6) g-cyclotomic cosets modulo 8p" for p = 1(mod 4) are given by
Qup ={ap"}, Qppyn = {bp",bp"q}, ac A ={0,2,4,6} and b € B = {1,3} and

S : ;oY
Q={xp' xp'q.xp'q, xp'q T 1}
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forxe X={1,2,4,8,A,u,v,%,8,2g,4g,88,18, 118, Vg, X&}.
(ii) The (12n+ 6) g-cyclotomic cosets modulo 8p" for p = 3(mod 4) are given by
Qapr = {ap"}, Qppr = {bp", bp”q} and

Q,i={yp",yp'q,yp'd*, ... yp q“’ )71} fory e Y ={1,1,g,Ag}.

Q= {0 2§, D P2 T Y for 2 € T {2,4,8, 1,28, 48,88, g ).

Proof. (i) Qo = {0} is trivial. Since g is of the form 8k +5, so ¢* = 1(mod 8),

therefore p"q? = p"(mod 8p™) and hence Q,» = {p", p"q}. Similarly Q3,» = {3p",3p"q}.

Since, ¢ = 1(mod 4), so 2p"q = 2p"(mod 8p™) and hence Q,» = {2p"}.
Similarly Q4,» = {4p"} and Q¢,» = {6p"}.

¢(pn—i n—i

By lemma?2.3,q 2 = 1(mod 8p" ). Equivalently, piqq)(pz b = p'(mod 8p™).

Therefore, pri:{xpi,xpiq,xpiqz, ,xp' q oy 1}

Qo|l=1. Also |Qopn| = |Qapr| = |Qepr| = 1, |Qpn| = |Q3,7| =2 and |Q
Therefore, ¥ |Q,| = X!y w = pngl.
Hence, Q] + Q| +Qapr| + [Q3pr| + Q| + Q| + i L[| = 8+ 151 = 8.+
8(p"—1)=2_8p".

(if) Proof is similar to that of (i). O

o)

Obviously, il = 25

3. PRIMITIVE IDEMPOTENTS

Throughout this paper, we consider & as 8p”th root of unity in some extension field of F.

FH

Let My be the minimal ideal in Rg,» = 5

= FCgn, generated by (—()1) where m(x)

is the minimal polynomial for o, s € Q;. We denote Py(x), the primitive idempotent in Rg»,

8p'—1 '
corresponding to the minimal ideal M, given by Py(x) = 8;,1 Z p;x' where p; = Z oa®
— sEQy
andZ = ) x.
sEQ
Then,

sl Y. PapnZapn + Y. PiyyZipn + Z Y P, 2.y for p=1(mod 4)
acA beB i=0xeX

2)

1 . . n—1
and Py(x) = —n[z PapnZapn + Z P Zipn + Z [Z Py piZypi+ Z P Z_,i]] for p=3(mod 4)
8p ach beB i=0 yeY
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Lemma 3.1. For any odd prime p and a positive integer k, if B is primitive p*th root of unity

in some extension field of F, then

k
e 1, k=1
Z (BT +B87) = , when q is quadratic residue modulo p* and
=0 0,k>2
¢'(pk)_1 —1 k = 1
t 9 . . e k
Z B? = , when q is primitive root modulo p".
t=0 0, k>2

k

Proof. By lemma 2.6, the set {l,q,qz, ...,q%_l,g,g(],gq ) - ,gq e 1} is a reduced residue
1

ok _ k k
2 . . p1 P P
system (mod p*). So, Y. (BT +p)=) B'— ) PB'=- Z B
t=0 t=0 t=1

t=1,p/t
pkfl
If k=1, then —BP = —1. If k > 2, then BP # 1, therefore, Y B = BP(1+BF+...+BP* ") =
=1
(B —1) .
p? ﬁ” T = = 0. For the remaining part see [3, lemma 4]. 0
Lemma 3.2. For0<i<n-—1, 129 P = VZQ xZQ i =Qu = AQy 0 = VQ, i = XQ,,

and ,uZQP,- = 4Qpi = ‘U,Qﬂpi = Qszi = .Q.4pi.
Proof. Since A2, V2, x? = 1(mod 8p") and u? = 4(mod 8p™) so, the required result holds. [J

Lemma 3.3. For Qpn ,.Q.zpn, Q3pn, Q4pn and 96[)”7 Qpn = —Q3pn, -QQp" = _-Q'6p” and .Q.4pn =
— Q.

n —

Proof. We have Q,» = {p",p"q} and Q3, = {3p",3p"q} and we claim that —p
3p"q(mod 8p").
For this, we have, 3p"q+ p" = (3¢ + 1)p" ={3(8k+5) + 1}p" = 24k + 16p" = 0(mod8 p")

0, —,n = Q3. Other equalities holds trivially. U
Lemma 3.4. If p = 1(mod 4), then Q) = —Qy and for p = 3(mod 4), Qj, = —Q.

Proof. If p = 1(mod 4), then clearly A = 1+2p = 3(mod 8) and ¢ = —3(mod 8).

(")

Equlvalently, # = —3(mod 8) and ﬂ,q = = —1(mod 8) .

P") o™

As qT = —1(mod p"™) and (1+2p") = 1(mod p"),s0 Aq~ 4 = —1(mod p").
Also, (8,p") =1, thus lq% = —1(mod 8p"). Hence the result holds.
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Further, when p = 3(mod 8) and for even k, ¢* = 1(mod 8), gg* = 5(mod 8) and A = 3(mod 8).
Also Aggk = —1(mod 8) and q% = 1(mod p"). Here ¢( %) is odd so, g~ # —1(mod p") for
any k.

n—j n—j

(") ") .
As the set {1,4,¢%,....q . ~1e.8q,8q¢% ....,e¢ = '} form a reduced residue system

mod p" so, gg* = 1(mod p") equivalently, Agg* = 1(mod p").
Also (8, p") = 1, therefore, Aggk = —1(mod 8p™). Hence the result holds. O

Notation 3.5. For 0 < j <n—1, define

Aj=p Y, o Bj=pl Y o Ci=pl Y &’ Dj=p) ) o Ej=p Y o

sSQgpj SSQ?Lgpj SSQPJ' SSQ)ij SSngpj
Y s . | s R | S 7. s 7. s
F;=p/ Z o' ,Gj=p’ Z o' ,Hj=p’ Z o'l =p’ Z o', Jj=p’ Zoc.
sSQ2pj 38Q4gpj seQ4pj seQngj ngSp-i

HereA;].:Aj, soA; € F. Similarly B;,C;, D}, Ej, Fj, Gj,Hj,Ijand J; € F.
The set M is defined as follows:
M = {v,x} for p=1(mod 4) and M = 0, the empty set, for p = 3(mod 4).

Theorem 3.6. The expressions for primitive idempotents corresponding to £, Qpn, Qopn, £23,n,

Qqpn and Qe are given by:

n—1

Py(x) = ¢ g7 (20 + Zpn + Zopn +Zypn + Zagn + Zopn + Y AZy+Zs)i+ 24+ Zg i+ 25 i+ 2y i +
1—0

Zgpi +Z2gp" +Z4gpi +ZSgp" +Z7Lgp" +Zugp‘ + Z mp' +ngpi)}]

meM
n—1

Ppn (X) — # [27() - 2062”2”721,” — 2Z4pn + 2a2p2n76pn —|— Z {—2062pn+i72pi - 2Z4pi + 278[)1' +
i=0

2pn+i— ) zpn+i— o — . — L 2pn+i— )
20 Zl-lpl +2(X Zzgpl 2Z4gpl +228gpl 20 Z“gpl] 1
— I — I — — n— nti— —
P2p” (_X) = ﬁ[zo — (sz an — ZZp” + (sz Z3pn —|—Z4pn — Z6p” —+ Z {—(sz Zpi — Z2pi +
i—0

2 n+i— 2 n+i—

— — — 2 n+i— — — —
Zap +Zayi + 0 Ly i =Ly + O L = Zogyi + ZLagpi + Zggyi — Zigp — Zugpi +
n+i —
P Z (Zmpi +ngpi)}]
meM

n—1
n+i—

P3pn ()C) == 8_[17”[220 + 2a2p2n72pn — 274pn — 2a2p2nZ6Pn + Z {2a2p Z2p 2Z4pi + 228171‘ -
i=0

n+t n+t — — 2 i —
20°7" 7y — 20 Ty i — 2Z 4 i+ 2Zg i+ 2077 Zuf,,,»]
n—
P4pn(_x> = 8_[1)"[20 —an +ZZP” —Z3pn +Z4pn +Z6pn + Z {—Zpi —|—Zzpi +Z4pi +28pi —lei +
i=0

Zup = Zgpi + Zogpi t Zagpi T Zggpi = Zogpi + Lpugpi — X]}/I(Zmp" +Zingpi)}]
mEe.
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n+i— —
Popn(x) = 552 (20 + @2 Zyy — Zoyp — 027" Zyyp + Zapr — Zop + Z {0 Z i — Zy, +
i=0
— — 2 n+i— n+t 2 n+i— =
Zyp + ZSPi Zflp' - Z Zopi — Zzgp" T Z4gpi + Z8gp" + 0 Ly gy~ Lygp —
2 phti
meM

Proof. To evaluate Py(x), take s = 01in (3.1), then p? = } o =1forall 0 <k < 8p"—1.
SSQO -
Therefore, P()(x) = # [Z() —I—an —I—Zzpn —I—Z3pn —I—Z4pn —I—ZGPn + Z {Zpi +72p,~ +Z4pi +78pi +
i=0
Zflp" + zup" + zgp" + ngp" + z4gpi + Z&gp" + Z/lgpi + Zugp" + vaz (Zmpi + zmgpi )
For the evaluation of Py (x), take s = p". so we TIZ.VC to compute p,f " for k =

0,p",2p",3p",4p",6p", p',2p’,
4p' . 8pt Aptup',vp' xp'.gpt,2gp' 4gp' . 8gp, Agp' ugpt, vep', x8p'.

n _ /] n n n n n
Here pII: _ Z o ks _ Z aks _ a3p k+ a3p kq _ a3p k+a3p k(8k+5) _ aSp k+ a7p k.

ssQ s£§23[,

Therefore, p0 = p Apr —p? 4p p&l7 —p? 4gp Pg;p‘ =

p,’,’" = ph=p =pl = pé’f,,- —pl =pl =pl = pé’;pi =pl =0,

Pl = Pl = =207 pl = —plt = —p) = —pl = 202"

Thus Py (x) = 5i(2Z0 — 201 207" 7y — 24+ 202" Zg +nzg{ 202" Z, i — 274+ 2Zg,
i

202" 2y i 4202 2y — 27 i+ 2 — 202 7 )

Similarly P (x),P3pn (x),Pyp (x) and Pgpn(x) can be obtained using lemma 3.3. O

Lemma 3.7. For0<i<n 0<j<n—1andp=1(mod4),
) if it j >,
L oate ¥ oo et el o st
seQ seQ
Hi j,ifi+j<n—1,g=1.

4gp) 4gp]

0 ifitj>n,
Z ap’s: Z (xkplsz Z a,up’s: Z (Xxpls: #IFF]'? lfl+J§n_1ag7é17

seQ) sEQ seQ seﬂggpj ]
ﬁji+j7 ifi+j<n—1,g=1

8gpJ 8gpJ 8gp/

For0<i<n 0<j<n—1andp=3(mod4).
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—o(p"), if i+j>n,

Se%:ja%’p"s:w; '(x4gp"sz I%Giﬂ, ifitj<n—1,g#]1,
: . Hivj, if i+j<n—1,g=1.

("), if i+ j>n,

8gp's _ 8gpls __ 2 cp .
Z o = Z o =3 il ifi+j<n—1,g#1,
SEQ ; SEQ

P Ap/ 2 R
| it ifitj<n—1,¢g=1.
. oy
Proof. Here Y at8r's — Y oA (1+2pgp g _ y ol _ y oer's
sEQ. ; =0 =0 SEQ ;
P ' »
o)
i+j 4 i 2 1
Let B = a*”"”. Then, Z o8P = Z Bee .
sSij t=0
. . . . i i+jt
If i+ j > n, then B is 2nd root of unity so, Y "= Y a7 = ¢ P2 ‘
sst_,- t=0

Ifi+j<n—1,Bis 2p"""Jthroot of unity.
Then 8¢ = B%¢" if and only if gq' = gq'(mod 2p"~"~) if and only if I = r(mod 225")),

o) ; j¢<p";"‘f)_1 .
4gp's _ gq _ ¢ _
So ) « Z B pj Z B > Gitj.
SEQ j =0
Similar result holds for other expressions using lemma 3.1. 0J

Theorem 3.8. The expressions for primitive idempotents corresponding to €,; and Qg,,; are

given by
Poi(x) = <[00 o+ Zogn — Zagi + Zagn + Zepn} + 220y -
4pJ 8p" 2pt 3p" 4p" 6p" i
=n—j
Z4p"+28pi_lei+zupi_ngi+22gpi+z4gpf+28gp"_Zlgp"+zugp" Xz‘h( pi T Lmgpi) 3+
mEe.
1 n—
pJ Z {Hz+JZ + Jl+jZ2p + Jz+JZ4p +J1+128p +Hz+]ZAp +Jl+]Zl,Lp + Gz+] i+
i=0
livjZogpi + it jZagyi + it jZggpi + Git jZpgpi +1it jZygpi + Hi Z Zypi +Gitj Z ngp"}]
meM meM
ngj(X) = #[ ”+Z3p”+z4p"+z6[)} +¢ Z {Z +ZZp +
i=n—j
Zyy +ng +Z i+ 2y i+ Zgpi+ Zogpi+ Zagpi+ Zsgpi + Zpgp + Zygpi + 2;14 Zopi + Zgpi) } +
me€

1 _
o7 Z it iZ i+ i jZopi+Jis jZapi+Jis Zgpi+Jis 2 pi i jZpupi ik Zgp i gy +
i=0
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L jZygpi +1iv Zggpi + liv jZagp + liv jZpygpi + it thmpi + Ly ZMngp,«}] where G,_1 =
(VPP p ), Hyor = =5 (V= pr Y, 1= 3 1) and

T = =Y/ T+ ) for p = (1(mod 4).

and Gy_y = 5(\/=p? T4+ p" V), Hyoy = =4 (/= p? T p" 1), L,y = L (/= p2-T—p )
and J,—1 = —%(\/W—Fp"*l)forp = (3(mod 4) and for all j <n—-2, G;=H;=1; =
Ji=0.

Proof. To evaluate P, ,i(x), take s = 4p/ in Py(x) so we have to compute p:p " for k =
0,p",2p",3p",4p",
6p",p',2p',4p' 8p'  Ap',up'.vp', xp' gp',2gp' 4gp’,8gp’, Agp’, ugp'. vep', xgp'.

. . . . J _
Since in this case Q,j = —€y,j, using lemma 3.4. So p,fp = Z a k= Z ok,

SSQ4Pj SSQPJ'
Therefore, using lemma 3.7, we have
4pj . 4p] B 4p] B 4pj i 4pj B 4p.i B 4pj i 4p] B q)(p"*j)
Po- =Py = Popn = TP3pn = Papr = TPspn = Popn = “Pypr = T3
L
4pi 4p 4pi 4pi _%7 ifi+j=n,
ppi :P,lpi :Pvpi :pxpi = . o
siHit s ifi+j<n-—1L
Lt
4p/ 4p) 4pi 4pi M) ifi+j=>n,
p2pi :p4pi :ngi :pupi = 1 Lo .
sidi+s ifi+j<n-—1L
p"ij Cp . .
A L ~A i ik =,
gp' — PAgp — Pvgpt — Fygp' = A
I%Gi+j7 ifi+j<n—1.
=iy L
4pl wa ifi+j=>n,

apl_ Apl _ Apl
Pagpi = Pagpi = Psgpi = Pugpi 1 R
ﬁ]iﬂ'a ifi+j<n—1.

n—j — _ _ _ _ _ n—j
So, Py i (x) = 8117” [M{ZO —Zpn +Zopn — Zapn + Zagn + Zepn } + ¢(P2 )

n—1

. Z .{—Zpi +Zzpi +
i=n—j

Zapi +2Z8pi = Zppi Ly = Zgpi +Zogpi + Zagpi + Zggpi = Zagpi + Zpgpi — %(Zmpi +Zngpi) }

me
ﬁ Z {HH-iji -+ Ji—i—jZQpi + Ji+jZ4pi + Ji+jZ8pi + Hi+jZ;Lpi + Ji+jZNPi + Gi+ngpi +
i=0
livjZogpi +1it jZ4gpi +1it jZ3gpi + Git jZp gpi + it jZygpi + Hit Z Zypi + Giyj Z ngpi}]
meM meM
Similarly using lemma 3.4 and lemma 3.7, we can obtain the expression for Py ,; (x). 0

We can obtain the expressions for Py ,;(x), Py,,i(x) by interchanging G and I by H and

J respectively in the expressions of Py,;(x),Ps,i(x) for p = 1(mod 4). The expressions
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for Py,;(x),Py i (x), Pygpi(x) and Py, ,;(x) above also represents Py, ,j(x).Ps, i (x), Py,i(x) and

Py,,i(x) respectively in case when p = 3(mod 4).

Lemma3.9. For0<i<nand0<j<n-—1,
0D 20 if it j>n, p=1(mod 4),

Y o= Y o= Y o = —(p(;”) 27 if it j>n, p=23(mod 4),
SEQ

2p] 2p) ugpl 1 P
oLy, if it j<n—1
(")) opiti
o ifi >n
Yot ¥ avie ¥ g e
sesz, SEQ2pj ssQtu 1 F+J7 ifi+j<n-—1.

and for p = 3(mod 4),
o(p" a2 if it jzn,
Lot Y af= = ) el = 0 BB if i <n—1 g AL,
ss.ij seQMj SEij ) A
2F g if it j<n—1,g=1,

Proof. Proof can be obtained on similar lines as that of lemma 3.7 and using lemmas 3.2 and

3.4. U

Theorem 3.10. The expressions for primitive idempotents corresponding to Q,,; and Q,, ,; are

given by
Py, (%) - LD 70— 02" 7 — T+ 02 Ty Zag — Zem )+
2pi X gl 2 0 pr L2 3pn T Ldpr — Lopn
e
n—J 2piti= = = — 2piti= = 2piti= =
W N A= 2y = Zoy + Ly + Zgy + 077y — Zy + 077 zgpi ~ Zogpi +
i=n—j
n—
- - 2pitie = 2piti = 1
Zagpi + Zsgp — O Logpi — Lygpi — 077 Z (Zinpi = Zimgpi)} + i Z {=FirjZy +

meM
H,~+j22p,- + J,~+jZ4p,- + JH—jZSpi + Fi—‘,—jZ)Lpi + H,-HZM,,- — EH_jZ i + GH_JZngz + Il+jZ4gp’ +

IH—jZSgp’ +El+jzﬂ,gp’ +Gl+j ”gp H—j Z Zmp H—j Z ngpi}]

meM meM
=] — n+j— — Nt j— — —
up,( x) — #[—WZ N Zo+ 0" Zp — Zop — P ”ngn FZy —Zepn}  +
— z+j 2t —= t+j =
Z Zy — Zyy + Zyyi + Zgy — O P ZW- —Zyy — Zyyi — Zngp +

i=n—

— — 2piti= — 2piti —

Zagyi + Zggpi + O Zpgpi — Zygpi — 7F Z (Znpi = Zingpi)} + Z {FisjZy +
meM

HH—jZZp +JH—]Z4p +Jt+jzgp' - H—]Z)Lp +Hz+]Z +El+jZ + Gl-‘erng’ +Il+]Z4gp +

Ii+j28gpi - E,-HZ,lgp,- + G,-HZngi + E+j %Zmpi + Ei+j %ngpi} where E,_| =
me me
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%(\/_erl—l IR R D A pe—— \/ p2n=1 —2p20n=1) _ p"=1) for p = 1(mod 4).

and E, | = %(\/2p2(n71) —|—p2n_1 —|—pn_1)’ F,_1= _% \/2p2(n*1) +p2n—l _pn—l)
for p=3(mod 4) and for all j <n—2, E; =F;=0.

Proof. Proof can be obtained on similar lines as that of theorem 3.8 using lemmas 3.4, 3.7 and

3.9. 0J

We can obtain the expressions for Py, ,;(x), P, () by interchanging E,G and I by —F,H

and J respectively in the expression of P, ,;(x),P,,i(x) for p = 1(mod 4).The expressions

for Py,j(x),Py i (X), Pagpi(x) and Py, ,j(x) above also represents Py, (x),Pyqpi (), Popi(x) and

P, i (x) respectively in case when p = 3(mod 4).

Lemma3.11. For0<i<nand0< j<n-—1,
0,ifi+j=>n,
Yoot= ¥ a= Y o= A if i<l g# L,

s&‘ij seg/lpj SSQij 1 Cp . .
LGy ifitj<n—1,g=1.
0,ifi+j>n,
Agpis _ vgp's _ s _ 1 fi+7
Y atri= ¥ @'t =— ) ot = ﬁBiﬂ-,zfz—I—an—l,g?éla
seQ seQ ; SEQ
i p/ xp/! 1 TFi ]
LDy ifitj<n—1,g=1.

Proof. Proof can be obtained on similar lines as that of lemma 3.7 and using lemmas 3.2 and

3.4. UJ

Theorem 3.12. The expressions for primitive idempotents corresponding to Q,; and Q, ,; are

given by
j n — Hrj
Pi(x) = 5 (28 Zo — 02" Zop — Zapr + 0" Zgp} + 2L Zy,i —

=n—

—1
ugp i} + Z {Dl+JZ

F;‘+j72pi + Hi+j74pi + Ji+j78pi + Cl'+j7/lpi + E‘+]’Zupi — Di+jzvpi — C,+JZ —I— B1+Jng

Ei+j72gpi + G,-+_,~Z4gpi +Ii+j78gp[ +A,~+J-Z,1gp,- +E,~+J-Zugp,- — Bi+jzvgpi _AiJerxgpi}]

7 LT S 2 74T 2pt
Zyp +Zgpi+ a7 Zy i+ 2y i — Zygyi + Zggpi — @
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P ] N
P)ij<x) = 8;n[¢—{z +a217 Zzp"—Z4pn—O£2p Z }+ ¢ Z { 217 ]Zzp

i=n— ]
— — 2 i+j—= 2 i+j—= — — 2
Zyp+ Zygpi = 0 2y — O Lo = Zygpi + Zggyi + 0 2y} + Z {Clﬂ
E+j72pi + H,-+j74p,~ + Ji+j78pi + Di+jZ)Lpi — E+jzupi — Ci—l—jzvpi — DH'JZXP —|— AH_]Z i +

Ei+jz2gpi + G,-+j74gpi +Ii+j78gpi +Bi+jzlgpi - Ei+jzl,1gpi —A,-+j7vgp,- - BH_J'ngpi}]

We can obtain the expressions for Py,,i(x),P,,i(x) by interchanging A,BE,G, and I by
D,C,—F,H, and J respectively in the expression of P,j(x), Py ,i(x) for p = 1(mod 4).

If p=3(mod 4),

ij(X) = 811)’1

n—1 o
L= n+j— — n+j— ; i+j=
(" I){Zo— a?” +jZZP" _Z4p”+o‘2p +JZ61D”}‘*‘ o (p"/) Z {O‘2p jZZpi -

i=n— j

Zygpi} + Z {BivjZy —
2Eiy jZyy + 2GitjZyyi + 2y jZgyi + AivjZy i + 2EiiZy,i + Dit ngp 2F,+,22gp, +
2H; 1 jZagp +20i4 jZ3gpi +Cit jZy gpi + 2Fii iy, 1]

2*1

7 LT 2t sl N S
Z4pz _'_ngz - OC Z,upz - OC Zzgpt - Z4gpz +Zggpz + OC

n—1
N n+j—= = n+j= _i 2 it+j=

Pryi(x) = gl0(p" 1 Zo+ 0" Zop — Zayn — 0" Zep} + ¢ (p"Y) Y, (o Zyy
i=n—j
. n—j—1
— — 2 t+ 1 —
Logpi — Zagp T Zggpi — @ P Zygp i}t pi z;.) {Aiﬂ'zp" +
l

2El'+j22pi + 2Gi+jZ4pi + ZIH_ngpi + BH.jle 2El+jZ[,1p + CH-jZ + 2E+j72gpi +

2piti=

— — 2piti=
Z4pi +ngi — ol Zup[ + o’

2Hi+jz4gp" +2Ji+iz8gp" +D i+/7/1gp 2FjZ ugpi}]

We can obtain the expressions for P,,i(x),P),,i(x) by interchanging A,B,E,G, and I by
C,D,F,H, and J respectively in the expression of P,;(x),Py,i(x) where Ay—1,B,-1Cy—1 and
D,,_1 are obtained by following relations

An-1By—1 +Com1 Dyt = P, A1 Dyt + By i Gy = 3 p2 1) 4 5 p?0 )

AL | +B: 4+ C2 4+ D2 =0, Ay 1Cooy 4 By1Dpoy = —5p ) — 1p27 when
p = 1(mod 4),

Ap1Byot +Co1Dyy = 3200 4 prml) — pt g pr

An—1Dyp_1 +By_1Cyy = pt2n= 1) — p2ln=) _ pn =l

A2 4B +C2 D2 = —2p@ ) _gpnl) ppn o

An1Cpo1 +By_1Dyy = —p¥ 14 p20= 4 pt — p= 1 when p = 3(mod 4),

andforall j<n—2,A;=B;j=C;j=D;=0.
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Proof. Proof can be obtained on similar lines as that of theorem 3.8 using lemmas 3.2, 3.4 and

3.11. UJ

Theorem 3.13. The expressions for primitive idempotents corresponding to Q. ,; and Q,

are given by
— z+j
Zy, —

n+j=

Zep} + 22

J n i— —
Pyi(x) = g5 470 — 0" Zoy — Zapn + 027

=n—

2piti=

n—
= = 2pf
Zogpi ~ Zagpi T Zggp — O " Zygp }+ Z {=Di+jZ, -

FiyjZop + Hiv jZyyi + Jiv jZspi — CivjZ) i + Fi jZyy i + DijiZyy 0 + C,+_, i — BiviZgpy —

Z4pi + ngi + OCZPIHZM,I‘ +a”

Ei+]'22gp" + Gi+jZ4gpi +Ii+jZSgpi _Ai+jZlgp" +Ei+.izl.tgpi +Bi+ijgpi +Ai+jzxgpi}]

j . n—1
"7 i - nti= n—j it
Py (x) = 8117" [%{Zo—f— 2P +JZ2pn —Zypn — 2P +/Z6pn} + ¢(P2 ) | Z .{azp ]ZZp
i=n—j
n—j—1

1
ugp}+ Z = CI+JZ +
FiyjZsyi + Hiy jZayi 4 Jiy jZgyi — DiyiZy i — FirjZy i + Civ jZy i + DI+Jpr AitjZgp +

Eit jZagpi+ Giy jZagy + 1t [Zsgp = Bt iZpgp = Eis jZugpi +Ait [Zygpi + Bit jZygpi}]

2+J

— — 2piti= 2piti= = =
Ly +Zgpi = T Zypi — 0 Ly = Lygpi+ Zggpi + 07"

Proof. Proof can be obtained on similar lines as that of theorem 3.8 using lemmas 3.2, 3.4 and

3.11. 0J

We can obtain the expressions for Py,,i(x),P,g,i(x) by interchanging A,B,E,G, and I by
D,C,—F,H, and J respectively in the expression of P, ,j(x), Py ,i(x) for p = 1(mod 4).

4. DIMENSION AND GENERATING POLYNOMIALS

If o is primitive 8p"th root of unity in some extension field of F, then m(x) = H (x—a')
sEQ;
denote the minimal polynomial for o® and the generating polynomial for cyclic code M, of

length 8p” corresponding to the cyclotomic coset € is T)l The dimension of minimal cyclic
code M, is equal to the cardinality of the class [11]. Thus the dimensions of the codes M),
Myn, Mopn, M3pn, My, and Mg are 1,2,1,2,1,1 respectively. For p = 1(mod 4), the dimension

of each M, ,i is ‘MPT’H) and for p = 3(mod 4), dimension of each M, is ¢(p" ") and of M_, is

o(p"")
—.
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Theorem 4.1. (i) The generating polynomial for the codes Mo, Mpn, Mo pn, M3 0, My n and Me
are (14+x4+x2+ .. 43370, = D2+ B) (1 +x8+ ...+ 8" D) (0 —x*+ 22— 1) (x+
BY(14x84 .. +x3P" D) (x* — 1) (2 + B) (1 + x84 ...+ 28" D) (o7 —x0 420 —x* 5 — 22+
x—1)(1T+x84 . +x3E" DY and (x* — 1) (22 4+ B) (x — B) (1 + x5 + ... + 13" =) respectively.
(ii) The generating polynomial for My, EBM4gpi'and Mg, & Mg, are ()cpn_i_l + 1)(xp”_i _
D+ D+ D1+ 28 + L8 71)) and (xP — 1)(x?
D™+ D)1 +237" 4 877 respectively.

n—i n—i n—i n—i—1 n—i n—i
+ )"+

(iii) For p = 1(mod 4), the generating polynomial for M © My, ® M; i © M, ® M, i ©

: 2
i DM, is (x7P

n—i—1 n—i

n—i—1
My © M, ©Myg,i M, ®M + 1)(x* +1)(

' ugp OM
1)(1 487" 87,

v§p
n—i

(iv) For p = 3(mod 4), the generating polynomial for M, &My, &M, &M, @Mgpi &
PO (1 )

n—i—1 n—i

. . g 2
Mzgpl @M)'gpz @M‘ugpl IAY (.x P

Proof. (i) The minimal polynomial for ol o, o, o3P, o*P" and a®”" are (x—1), (x2 -B),
(x—B), (x> +B), (x+1) and (x+ B) respectively. The corresponding generating polynomials
are (1+x+x24 . +x37" 1), (=12 +B) A +x3 4 .. 480" D) (60 —x* + 22— 1) (x+
BY(A14+x8+ ..+ =) 6 — D) (2 +B) A+ x84 ..+ 237" D) (7 =20+ 0 —x* 5 — 2+
x— 1) (14284 .. +x3E" Dy and (x* — 1) (2 +B)(x— B) (1 +x8+ ... 428" 1)),

ii) The product of minimal polynomial satisfied by a*?" and a*¢P is &. Therefore,
+1

xpnfifl
. . . n—i—1 n—i ) n—i 4 n—i
the generating polynomial for My, © My, is (x” + D" =D+ )P+
1)(1 428"

. A . . . n—i—1 n—i
is h Therefore, the generating polynomial for Mg, & Mg, i is (x” — 1)+

D2 4 1) (AP 1) (128 Y,

i

+ ...xs"nfi(plil)). The product of minimal polynomial satisfied by o8P and o88P'

(iii) Also the product of minimal polynomial satisfied by af, o2, as?', o8P, arP', arer,

. . . . . - i . .
a,up” Oc“gpl, avpl, avgp” aXP and oX8P s ;Cz”p*’—jll' Therefore, the generating polynomial for
X 2

M, &My, ©M) i © M, i &M, My, &M, i My, &M, M,

' ugp! oM
(2D D (1 )

vgpi OM

yep is

n—i—1 n—i—1

(iv) Similarly as above the generating polynomial for M i © My ©M; i &M, i &M, &

o 15 (27T DT )T - (ST LS O

n—i—1

Mg pi @ M. gpi M),



SOME CYCLIC CODES OF LENGTH 8p" OVER GF(q) 669

5. MINIMUM DISTANCE

Here, we find the minimum distance of the minimal cyclic code M; of length 8p”", generated
by the primitive idempotent Py(x). If [ is a cyclic code of length m generated by g(x) and its
minimum distance is d, then the code [ of length mk generated by g(x)(1 4+ x" +x>" + ... +

x(kfl)m) is a repetition code of / repeated k times and its minimum distance is dk[3].

Theorem S5.1. The codes My, Moy, My and Mg are of minimum distance 8p" and M and

M3, are of minimum distance 4p”.

Proof. Since generating polynomial for the code M is (1 +x+x*+...+x3"~1), which s itself a
polynomial of length 8p", hence its minimum distance is 8p". Similarly, the minimum distance
of each of the cyclic codes My n, My and Mg, is 8p". Also, the generating polynomial for the
cyclic code My is (x* — 1)(x? 4+ B) (1 428 + ... +- 237"~ If we take a cyclic code of length 4
generated by the polynomial (x* —1)(x? 4 8), then the minimal distance of this code is 4. Since
the cyclic code of length 8p" with generating polynomial (x* —1)(x2 4 B) (1418 + ... +x3("=1)
is a repetition code of the cyclic code of length 4 with generating polynomial (x* — 1) (x> + B),
repeated p" times. Therefore its minimum distance is 4p”. Similarly, the minimum distance of

the cyclic code M3 is also 4p™. UJ

Theorem 5.2. For 0 < i < n — 1, the minimum distance of the cyclic codes

My, My, i, Mg, and Mg, are greater than or equal 16p' and for the codes

M, gpi,szi,Mzgpi,M)Lpi,Mlgpi,M'upi,Mugpi,Mvpi,
. . ) i
M,,,i,M, i and M, , i are greater than or equal to 8p'.

Proof. Consider the cyclic codes M, i and M4g P> since the generating polynomial of the cyclic
F D =1 D D ),

therefore, if we take a cyclic code C of length p"~/ generated by the polynomial ()cpn_i_1 +1),

n—i—1

code of length 8p" is (x”

then the minimum distance of this code is 2. Now consider the cyclic code C; of length

n—i—1

2p"~! generated by the polynomial (x” + 1)(xpn_i — 1) and so minimum distance of this

code is 4, as it is 2 time repetition of the code C. Further, the minimum distance of the

n—i

code Cy of length 4p"~i generated by the polynomial (x*" ' + 1)(x”" " — 12" +1) is
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8, as it is 2 time repetition of the code C;. Hence the minimum distance of the code C3 of

+DET = DE¥T D 4+ 1) and

—i—1 n—i n—i

length 8p" ! generated by the polynomial (x”"
so minimum distance of this code is 16. Since the cyclic code of length 8p" generated by

+ D = D+ (P

i—1 n—i

F (148 ST

the polynomial (x”"
is a repetition code of the code C3, repeated p' times. Hence its minimum distance is
16p'. The codes corresponding to My, and My, are the sub codes of the above codes,
so their minimum distances are greater than or equal to 16p’. Similarly, the minimum

distance of the cyclic code Mg, and Mg, of length 8p" with generating polynomial

(x

n—i—1

— D) D)EPT D) D a8 +x8p’H(le)) is also greater than

or equal to 16p'.

Now, the  product of  generating polynomial for the cyclic codes
M i, My i, M i, Mo i, M) iy M g i, My i

. n—i—1 n—i—1 n—i n—i
MygpisMypis My, My and My s (27 + D)+ 1 — D142 4
...xSPnfi(pLU),

therefore, if we take a code C of length 8p" ' generated by the polynomial

T DETT 4 D = 1), then the minimum distance of this code
is 8. Since the cyclic code C; of length 8p" generated by the polynomial
T DT DT - D+ xgpnfi(pjfl)) is a repetition code

of the code C, repeated p' times. Hence its minimum distance is 8p'.

The codes corresponding to Qpi, Qgpi,szi, ngpi, Q;Lpi, Q,lgpi, Q“pi, ngpi, vai, Qvgpi, pri
and ngpi are the subcodes of above codes so, their minimum distances are greater than or

equal to 8p'. 0

6. EXAMPLE

Example 6.1. Cyclic Codes of length 40.
Take p =5,n =1, g =29. The g-cyclotomic cosets are
Qo ={0},Q; ={1,29}, Qr ={2,18}, Q3 = {3,7}, Q4 = {4,36}, Qs = {5,25}, Q¢ = {6, 14},
Qg = {8,32}, Q9 = {9,21}, Q19 = {10}, Qi1 = {11,39}, Qi = {12,28}, Q3 = {13,17},
Q5 ={15,35}, Q16 = {16,24}, Q19 = {19,31}, Qo = {20}, Q2 = {22,38}, Qp3 = {23,27},
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Qr6 = {26,34}, Q30 = {30}, Q33 = {33,37},
and the corresponding primitive idempotents in % are

Py(x) = 41*0[70 +Zs+Zw+Zis+Zo+Zo+Zi+Zo+Zs+Zs+Zi+Zon+Zoy+Z31+Z3+ Zs
+Z12+Zos+Z33+Zos+Zo3 + Z13)

Pi(x) = 35[2Z0+5Z10—2Z20 —5Z30 —2Z) — 8Zr — 524 — 6Zs — 5Z11 + 8Zx + 275 + 5231 +2Z3
+7Z6+6Z12+ 5224+ 5Z33 — 1226 — 2Z23 — 5Z13]

P(x) = 35[2Zo+5Zs—2Z10—5Z15+2Zy) —2Z30 — 8Z) — 52y — 6Z4 — 6Z3 + 8Z 11 — 522 — 82
+8Z31 +TZ3+6Z6+5Z12+5Z24 — TZ33+ 6Zo6 + 1223 — TZ13)

Py(x) = 45[2Z0—5Z10—2Zo0+5Z30+2Z1 +TZ>+6Zs+5Zs + 5Z11 — 1220 — 2Z>1 — 5231 — 2Z3
—8Z¢ —5Z12 — 6Z4 — 5Z33 + 8Z26 + 2723 + 5Z13]

Py(x) = 551220 —2Z5+2Z19—2Z15+2Zs0 +2Z30 — 5Z1 — 6Z5 — 6Z4 — 6Zg — 5C11 — 6Z2 — 525
—5731+6Z3+5Z6+5Z12 + 5Z24 + 6Z33 + 5726 + 6Z23 + 6Z13]

P5(x) = 35[2Z0 +5Z10 — 2Z29 — 5Z30 + 525 — 2Z4 +2Z3 — 5Z2p — 5Z6 — 2Z12 + 2Z4 + 5Z1¢]

Po(x) = 35[2Z0—5Zs—2Z10+5Z15+2Z20 —2Z30+TZ) +6Zr + 524+ 5Zs — TZ11 + 6Z + T2
—T7Z31 —8Z3 — 5Z6+5Z12 + 5Z24 +8Z33 — 5726 — 8Z23 + 8Z13)

Py(x) = 5[2Z0+2Z5+2Z10+2Z15+2Zo +2Z30 — 6Z) — 6Zy — 6Z4 — 6Z3 — 6Z11 — 622 — 6231
—6Z31 +5Z3+5Z6+5Z12 4 5Z24 + 5Z33+ 5Z26 + 5Z23 + 5Z13]

Pio(x) = 5[Zo—12Zs—Zio+12Z15+Zog — Z30 — 12Z1 — Zr + Zs+ Zs + 12Z11 — Zpp — 1225,
—12Z51+ 1273 — Zg + Z12 + Zoa — 12733 — Zog + 12Z23 + 12Z13]

Pii(x) = % [2Zo —5Z10 — 2Z20 +5Z30 — 52 + 8Zy — 5Z4 — 6Zg — 27| — 8Z2 + 575 + 273, + 5Z3
~TZ6+6Z12+5Z24+2Z33+TZn6 — 5223 — 2Z13)

Pip(x) = 35[2Z0—2Z5+2Z10—2Z15+2Z20+2Z30+6Z) + 52> + 524+ 5Z3 + 6Z11 + 522 + 6Z
+6Z31 — 5723 — 6Zg — 6Z13 — 6Z24 — 5733 — 6Z26 — 5Z23 — 5Z13)

Pi3(x) = 5[2Z0+5Z10—2Z20 — 5Z30 — 521 — TZy + 6Z4 + 5Z3 — 221y + 1222 + 5231 + 2731 + 5Z3
+8Z6 — 5Z12 — 6Z24 + 2733 — 8726 — 5Z23 — 2Z13]

Pis(x) = 5220 — 5Z10 — 2Z20 + 5230 — 52> — 2Z4 + 2Z3 + 5225 + 5Z6 — 2Z15 + 2Zo4 — 5Z5¢]

Py(x) = 4%[20 —Zs+Z—Zis+Zo+Z3o—Z1+Zo+Zs+Z3 —Z11 +Zop — Zo1 — Z31 — Z3+
Zo+Z12+Zos —Z33+Zos — Z3 — 213

Py(x) = 35[2Z0+5Z10+2Z20 — 5Z30+2Z) — 8Zr — 524 — 6Zs + 5Z11 + 8Zx — 2751 — 5231 — 2Z3
+7Z6+6Z12 +5Z24 — 5233 — TZo6 + 2723 + 5Z13)
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Py(x) = 35[2Z0—5Zs —2Z10+5Z15+2Z20 — 2Z30+8Z) — 52> — 6Z4 — 6Zs — 8Z11 — 522 +8Z>
—8Z31 —TZ3+6Z6 +5Z12 + 5Z24 + 1233+ 6Z26 — 1223 +7Z13)

Py(x) = 5[2Zo—5Z10—2Zs0+5Z30 — 2Z1 + TZy + 6Z4 + 5Z3 — 5211 — 1222 +2Z51 + 5231 +2Z3
—8Z6 —5Z12 — 6Zoa+ 5733+ 8Z26 — 27223 — 5713

Pyu(x) = ﬁ [2Z0+2Z5+2Z10+2Z15 +2Z20 +2Z30 + 5Z1 + 5Z2 + 5Z4 + 5Z3 + 5Z11 +5Z2n + 572
+5Z31 —6Z3 — 6Zg — 6Z 13 — 6Zr4 — 6Z33 — 6Z26 — 6Z23 — 6Z)3]

Py(x) = 35[2Z0+5Zs —2Z10—5Z15+2Z0 — 2Z30 — TZ) +6Z> + 5Z4 + 5Zs + TZ11 + 6220 — T2
+7Z31 +8Z3 —5Z — 6Z12 — 6Z24 — 8Z33 — 5726 + 8Z23 — 8Z)3]

Po(x) = 5[Zo+12Zs—Z10—12Z15+ Zoo — Zzo+ 12Z1 + Zy + Zs+ Zs — 1271 — Zpp + 1225
—12731 —12Z3 — Zo+ Z1o + Zos + 127233 — Zne — 12253 + 127Z3]

Py (x) = 35[2Z0—5Z10—2Zo0+5Z30 +5Z1 +8Z> — 524 — 6Zs + 2Z11 — 8Zx — 5221 — 2Z31 — 5Z3
~TZ6+6Z12+5Z24 — 2733 + 1226+ 5Z23 + 2Z13]

Pi3(x) = 5[2Z0+5Z10—2Z20 — 5Z30+5Z1 — TZy + 6Z4 + 5Zs +2Z1y + 122 — 5Zp1 — 2231 — 5Z3
+8Z6 — 5Z12 — 6Zr4 — 2733 — 8726 + 5223 + 2Z13]

Minimal polynomials for a°, !, o, a3, o*, 0, a®, o, a0, o, '?, a3, ', 020, %!,
a?? o, 02, a0, a3 and e are x— 1, x2 — 12, X2 +5x— 1, 2 + 12, x2 +2x+ 1, x2 — 12,
X =5x—1, x> =2x+ 1, x—12,x— 12, x> + 12, > +2x + 1, > + 12, x + [, x> = 2x+ 1, x> + 12,
x+1,x2—5x—1, 2412, x+12,x—17 and x> — 12 respectively.

The minimal codes My, My, My, M3, My, Ms, Mg, Mg, M1o, M11, M12, My3, M15, Myy, Moy, Mpo,
M3, Moy, Myg, Mg, M3 and M33 of length 40 are as follows
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Code

Dim.

Min. Distance Bound

Generating Polynomial

40

x12 +x13 _|_x14 _|_x15 +x16 _|_x17 +x18 +x19 +x20 +x21+
x22 +x23 _|_x24 _|_x25 +x26 _|_x27 +x28 +x29 +x30 +x31+

x32 +x33 +x34 +x35 _|_x36 +x37 +x38 +x39

8<d <40

17 + 28x% + 12x* + x® + 17x8 + 28x10 + 12x12 + x4 +
17x16 4+ 28x18 4+ 12x20 4 x22 4 17x%* + 28x20 + 12428 +
130 4+ 17x32 +28x34 4+ 12x30 + x38

19 + 21x + 8x% 4 323 + 23x* + 202 + 4% 4+ 22x7 + 2728 +
1262 4+ 1201 4+ 2x12 422413 4-25x14 4 2x15 4 6x16 4-3x17 +
21x18 4 21x1% 4+ 1020 4+ 13521 + 17272 + 11x3 + 14x24 +
23x% 13220 + ¥ + 18x28 4 4x2° 4 9x30 4 20431 +
2232 4 14x33 4+ 5x3% 4+ 10435 4 26x36 4 24x37 4 x38

12 4 28x% + 17x% 4+ x0 + 128 + 28x10 4+ 17412 + x4 +
12210 + 28x18 + 17220 + x22 + 1204 + 28x%6 + 17428 +
230 12032 42834 + 17236 + 438

16 <d <40

10+ 20x 4 8x? + 2203 + 6x* + 24x° + 4x0 +26x7 +2x8 +
28x7 + x4 27x12 4 3x13 4 25x14 4 5x15 42316 4 7417 4
2188+ 9x1? 4+ 19x%0 + 112! + 17522 + 13x3 + 1552 +
15x% + 13x%0 4+ 17x%7 + 11228 4+ 19x%° + 9x30 4+ 213! +
Tx3% 4 23x33 4 5234 +25x3 4 3x36 4 27x37 4 538

20

17 + 28x% + 12x* + x0 + 1728 + 28x10 + 12412 + x4 +
17x16 + 28x18 + 12020 + x22 + 17224 + 28x%0 + 12428 +
x30 + 17x32 + 28x34 + 12x36 —+ x38
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Code

Dim.

Min. Distance Bound

Generating Polynomial

8<d <40

19 + 8x 4 8x2 +26x7 +23x* +27x° 4+ 4x0 + 77 + 2728 +
17x% + 17xM 4 2x12 4+ 7213 4 2514 + 27415 + 64160 +
26x!7 4+ 21x!8 4 8x1¥ 4+ 10420 + 16221 + 1772 + 18x% +
14x%% 4 6x% + 13x2° + 28x%7 4 18x%8 4 25x% + 9x30 +
9x3! 4+ 22032 4 1563 + 534 4+ 1905 + 26070 + 577 4 X8

16 <d <40

10 + 9x 4 8x2 + 7x® 4+ 6x* + 527 +4x0 4+ 3x7 + 248 4+ 2% +
28x! 4 27x12 4- 26x!3 + 25x1% 4 24x15 + 23416 4- 22417 -
21x"8 420019 4- 19220 4+ 18x%1 + 17x2% + 16523 4 15x%4 +
14x% 4 13x%6 + 12x%7 + 11x28 + 1062 + 9230 + 8x3! +
7x32—|—6x33+5x34+4x35—i—3x36+2x37 +x38

40

17 +28x + 12x% + x5 + 17x* +28x° + 1220 +x7 + 1728 +
28x% 4+ 12x10 4 x4 17x12 4-28x13 12414 4 x5+ 17x160
28x!7 + 12x18 + x19 4 17x%0 4 28x21 + 12422 + ¥ +
17x%% 4 28x% + 12x26 + 2?7 4+ 17x% + 28x%° + 12430 +
B+ 17637 28 4 1263 + 23 4+ 17536 + 287 +

1238 + x39

17 4+ 28x 4+ 12x% 4+ 23 + 172 +28x° + 12x0 417 + 1728 +
28x7 4+ 12x10 4 x4 17x12 4-28x13 4 12414 4 x5 4174160
28x30 + 31 4 17537 4 28xF 4 1263 + 2 + 175636 +
28x37 4 12x38 4 139

12 4+ 28x% + 17x% + x0 + 1228 + 28x10 + 17x12 4+ x4 +
12x10 4+ 28x18 4+ 17x20 4 22 4 12424 + 28x20 + 17428 +
230 112532 1 28x3% 117360 138
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Code

Dim.

Min. Distance Bound

Generating Polynomial

8<d <40

10 + 20x + 8x% 4 22x3 + 6x™* + 24 + 4x0 4+ 26x7 + 248 +
28x7 + a1 4 27x12 4 3x13 4 25x14 4 5415 4-23x16 4 7x17 +
21218 4+ 9x1 4+ 19220 + 11x21 + 17422 + 13x3 4+ 15524 +
1522 + 13x26 + 17027 + 11x28 4+ 19x%° + 930 4 2123 +
7x32 4+ 23533 4534 4+ 25x35 + 3530 42737 + 38

20

12 4+ 28x% + 17x* + x% + 12x% + 28x10 + 17x12 + x4 4+
12010 + 28x!8 + 17720 + x22 + 1202 + 28x%0 + 17478 +
130 4+ 12x32 4 28x34 + 17230 + x38

40

4 x—x 0 x0T — a8 —x1Opl —
X124 g3 14 315 16 (17 (I8 4 19 120 4 (21
X224 423 (244025 026 (27 (28 4 029 (30 4 (31

x32 +x33 _x34 +x35 _x36 +x37 _x38 +x39

My,

104 9x + 8x2 + 7x3 + 6x* 4+ 527 +4x0 +3x7 + 28 +x° +
28x! 4+ 27x12 4- 26x13 + 25x1%  24x15 + 23416 4- 22417 -
21x'8 +20x19 4+ 19220 4 18x%! + 17x22 + 16523 + 15x° +
14x% 4+ 13x20 + 12x%7 + 11228 + 10x%° + 930 + 8x31 +
7x32—|—6x33—|—5x34—|—4x35—|—3x36—|—2x37 —i—x38

12 + 28x% + 17x* + x% + 12x3 + 28x10 4+ 17x12 4+ x14 +
1216 + 28x18 + 17220 + x22 4+ 12424 + 28x20 + 17428 +
0 12232 42834 + 17360 + 38

Mp3

B T S R B oL B o B S R L L
x12 _|_x13_x14+x15_x16+x17_x18 +x19_x20_|_x21 _
x22 +x23_x24 _|_x25_x26 +x27_x28 +x29_x30 +x31 _

x32 +x33 _x34 +x35 _x36 +x37 _x38 +x39
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Code | Dim.

Min. Distance Bound

Generating Polynomial

16 <d <40

19 + 8x 4 8x2 +26x7 +23x* +27x° 4+ 4x0 + 77 + 2728 +
17x% + 17xM 4 2x12 4+ 7213 4 2514 + 27415 + 64160 +
26x!7 4+ 21x!8 4 8x1 + 10x20 + 16521 + 17x%2 4 18x%3 +
14x%% 4 6x% + 13x2° + 28x%7 4 18x%8 4 25x% + 9x30 +
Ox3! +22x32 4+ 15x33 4+ 563 4+ 19x3 +26x36 + 5237 4138

8 <d <40

12 4+ 28x% + 17x* + x% + 12x% + 28x10 + 17x12 + x4 4+
12010 + 28x!8 + 17720 + x22 + 1202 + 28x%0 + 17478 +
130 4+ 12x32 4 28x34 + 17230 + x38

40

12+ 28x + 17x% + x5 + 12x* +28x° + 1720 +x7 + 1248 +
28x% 4+ 17x10 4 x4 12412 4-28x13 4 17414 4 x5 4+ 124160
28x17 + 17x18 4+ X194 12420 4 28x21 + 17422 + B +
12x%% 4 28x% + 17x%0 + %7 + 12x%8 + 28x%° + 17530 +
B+ 12637 28 4+ 1763 + 3 4+ 12536 + 287 +

17)638 +x39

M3 2

12— x+ 1722 423+ 12x* — 0 +17x0 27 41228 +28x7 +
1710 4 M 12212 — &2 4 1701 4 210 12010 — 17
17x"8 4+ x19 412020 — 2V 4 17222 4483 + 1206%4 —xP +
1767 + 5% + 12228 — 3 + 1700 + 01 412062 — x5 +

17X34 —|—X35—|— 12x36 —X37—|- 17)638 —|—X39

17 + 28x% + 12x* + x® + 17x® + 28x10 + 12x12 + x4 +
17x10 + 28x18 4+ 12x20 4 x22 4 17424 + 28x20 + 1228 +
230 4+ 17x32 £ 28x34 + 12536 1+ 538
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