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Abstract: In the present paper, the author has proved three theorems on the fractional differintegrations of | -

Function in association with different functions of one variable. Corollary and some examples are also given.
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1. INTRODUCTION
Definitions of the fractional derivatives and integral of the function of single variable:

(i) Goursat’s theorem (Cauchy’s theorem) for the function of single variable is:

oy N f(<)
f(z)= = !(g_z)nﬂ d¢  (neNu{0},zeD) (1.1)

where f(z)is analytic in a domain D, which is surrounded with a piecewise smooth closed

Jorden curve y, in the £ -plane.
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(ii) (Derivative). If f (z)is an analytic (regular) function and it has no branch point inside

C(:{C},C}) andon C, and

A, cnc»?ggnig?gﬂ ¢ 12)
=r°”4yT)*””uz+mdm (C-2=1) (13)
(2 -rsag(-2)<mvel)

o f,(2)= F(;;l) ! ( gf_(f))m d¢ (14)
FW+D.[‘“mf@+nwn,@’Z—n) (L5)
(C#2-rsag(-2)<mvel)

f,=cf,=lim f, (1eZ',C={CCY, (1L6)

Where C and C are integral curves as shown in Fig. 1 and Fig. 2 ( that is C is a curve along the
cut joining two points z and —o+ilim(z), and C is a curve along the cut joining two points z
and co+ilim(z),then f =_.f (z)={.f, (2),.f, (2)}(v>0)is the fractional derivative of order

v of the function f(z), if f exists.

Z
—oo+7ilmz= >

Fig. 1
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< co+ilmz=z
z

Fig. 2
Definition 2 (Integral). f (v <0)is the fractional integral of order |v|. That is, the derivative of
fractional order —v(v > 0) is the fractional integral of order v(v € R), if f exists.

Formal unification of derivative and integral of the function of single variable:

If f(z)is the analytic function and it has no branch point inside C and on C(C ={C},C}) , and

fv = C fv (Z) :{(E fv(z)1 C fv (Z)} (17)
Then
derivative forv>0
f is {original forv=0 (1.8)
integral for v<0
for veR, and

. t_jeri_vative for Re(v)>0
f,is <original forv=0 (1.9)

integral for Re(v)<0
for veC,if f exists.
And in case of Re(v) =0, f,is only formal differintegration regardless of Im(v)>0or Im(v) <0.

That is , we have no derivative and integral for v =pure imaginary.

Following results will be used:
(i) ([3];p.16, eq.(1))
() =e™™a’e™ for a=0(z,v C) (1.10)

(i) ([3]:p-18, eq.(6))
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(e'°‘Z )V =a’e™ for a=0(z,veC) (1.11)

(iii) ([31;p.19, eq.(11))
(a’ )V =(loga)*a’ for a=0(z,v C) (1.12)

(iv) ([31;p.20, eq.(1))

(coshaz) =(-ia)" cosh(az+i%v) for a=0(z,v eC) (1.13)

(v) ([31:p-20, €9.(2))

(sinhaz) =(-ia)”sinh(az +i %V) for a=0(z,v C) (1.14)
(vi) ([3];p.21, eq.(1))
(cosaz), = (a)" cos(az +7 v) for a=0(z,v C) (1.15)
(vii) ([3]:p-22, eq.(2))
(sinaz) =(a)"sin(az +%v) for a=0(z,v €C) (1.16)
(viii) ([3];p-32, eq.(1))
(logaz), =—e ™™ T'(v)z" for a=0(z,v €C) (1.17)

The | -function given by Saxena [4] will be represented and defined in the following manner:

IZ1= 170, 121= 175, |

@@ @iy | L
C NI J = %I 2(8)dg (1.18)
L
where @ =+—1
Jl;[lr(bj —ﬂjg) ngr(l— a; + ajé)
&)=+
5

. (1.19)
1T T(A=b; —f;S) ,-l_n{lr(aii : ajig)}
p,g;(i=1..,r),mnare integers satisfying 0<n<p,, 0<m<q,(i=1...,r),ris finite

j=

aj,ﬂ-,aij,ﬁji arerealand a. b.,a

;b;,a;,b; are complex numbers such that

a; (bh +V) ¢:Bh(aj —v—k)for v,k =01,2,...
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2. MAIN RESULTS

Theorem 1.

(1 (e-kZ))v =e "™ (kz") 1 (e™)for k = 0(z,v €C)

Proof: In case of |argk |<%

(1), =C(1 ) F“+”I'““)dc

2721 )v+1

HF(b ﬂs)HF(l a; +a;s)

2; | (e™¢)*ds
:r(v+1)j 21:{ [F(=b; = f;9) 1 H T@ya s)} N
27Z'i (é/_z)w—l
1 v+l e
- L j O(s)e™™ (ks) e “ds =e "™ (kz") " 1(e7)
27y
Case II. %<|argz|<7z, we have
—k¢
(™), ~e(e™), =52 e
ﬁr(b. —ﬁ.s)ﬁr(l—a. +as)
Zii f [ )as
_F(V—i—l)J- ;{Jl;lﬂr(l b ﬁl's) H lH(ajl’ajis)} dé,
27

(é/ _ Z)v+1

— l F(V_'—l) e*ksf — Ay vy—1 —kz
‘Tm!e(s)ds{ = !(gz)””dg}_e (k2" )1 (e™)

Case Il1I. |argz|=%
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—kz —kz I_‘(V +l) I (e k§)
| =C(I
(1), =c(1e™), ==~ I@ yadd

ﬁr(b. —ﬁ.s)ﬁra—a. +as)

L j (e)°ds
27 Y <
L { I C(1-b; ﬂ“s) H F(a“,ajis)}
- F(V +1)J‘ -1 j=m+l dé,
P -2
1 C(v+1) ¢ e™
= ! O(s)is | — j I Z)Mdg

(put & —z=n,ksp=¢,0<argn|<2xr)

-1 v Lv+1) C vy _ __r
_Zﬂiie(s)ds'(ks) ¢ 2 i J.”§ e~ds, (p=argk = 2) (2.1)

/ \

¥ re - on C D
¥y = pe’® on BC
- A
and
(0+)
J‘g(vﬂ)e §d§ (J j J' jg”_(”l)e_‘fdi
,iE AB CD BC
ooe
0 iz —(v+1) o —(v+1) e i3”
_i% s e ia
:_[ re 2 e e2dr+j re 2 e’ “e 2dr
© 0
37

2
R oN—(v+L) e Lo
+lim [ (pe?) " 7 e piedo

p—0
G

2
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sin zv 27ie™ ™

=2ie 2 sinml(—v)e 2 =—2zie ™ [(-v)=
r'iv+1)

From (2.1), we get
- e—im/ (kZV)—l I (e—kZ) .
Theorem 2.

(1(%)) =T+ (kz")*1(e)for k0(z,v €C)

Proof: In case of |argk |<%

_T'(v +1)I |(ek4)

(1), =el1en), = [y

1 C(v+1) ¢ e“
= ! e(s)ds{ - i T d;}

(put &—z=mn,ksn=¢,0<argn|<2r)

(0+)

[ &te<dg, (g=argk)

_iZ
2

——IH(S)dS (ks)" e ks F(V"_l)

—o0e

_1 v ghsz F(V+1) “ —(v4L) o T
=5 - Jos)ds (ks) e —— j e g, (141<2)

L

(0+)
For |argk |< % : j EMeede =

—00

2ri
v+l

We arrive at the required result.
T
In case of > <largk [< 7, we have

(1), =c(1E),

By using similar lines, we can prove the result easily.

Corollary:
(1 (kz))v =T(v+1)(logkz")™1(k?) for k =0(z,v eC) ()

Proof: We can write as
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(l (kz))v _ ( I (ezlogk))v

Some Examples:

(i) 1(e™), =e_i%(525)’1|(e’52) :_$|(e52)

2

@ 1), = Nie)
(iii) |(e32);=£|(e32)
(iv) 1e™) , =@ 1(e™)
(v) 1(k%), = \/;\F (k%) = Io\g/;;z (k%)
. iz Iz
1(k?) , = I(k? I (k*
(vi) 1( )7; o (3/\/—)( ) = Iog(9) (k%)
Theorem 3.
12"), =e ™7 %( )
Case I:If ‘F(V_ks) < oo, we have then
T'(—ks)

K ) F(v+1) ¢ 1(7)
I(Z )VZCE( )V ;7; .[(g i)vﬂ

——Ié?( )ds. F(v+1) f u P A+u)*z*vdu, (¢=argz)
27l

oo(-ﬂj

By putting (¢ —z=n,7=12u)

1 F(v+1)(0+) (o _ Vs
=—[0(s)ds.——= | u " A+uw)*z*"du, (<=
2ﬂi{() = j (L+u) (#<2)

2.2)
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And

(0+)

j u v (1+u)*du

AB BC CD

— i —(v+1) ks
_m[j+j+j }u (1+u)“du
(u=re“on AB,u=re*"onCD,u = pe'’ on BC)

© 2z
= —I r P @+r)edr +e“2”v_[ r P @+r)edr + lim o™ I e'do
0 0 e 0

=(e"*™ —1)TT r D @+r)edr, (Re(v)<0)

27

e '™ _1=—i2e ™singy=e" ———
Ir'v+)r(-v)

[ s gy _ L(=V)I'(v —ks)
And ! rUD(Lyr)Sdr = Vr(_kvs) (Re(ks) < Re(v) < 0)
Applying (2.3), (2.6) into (2.4), we have then

(0+) _ -
I u—(v+1) (1+ u)ks du — e—im/ 1—‘(V kS) 27
J I'(—ks) T(v+1)

Substituting (2.7) into (2.2), we have then

— e—izzvz—v F(V — kS) | (Zk)
I'(—ks)

For Re(ks) <Re(v) <0,|argz|< % Llv=ks) <o

I"(—ks)
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(2.4)

(2.5)

(2.6)
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I'(v—ks)
I'(—ks)

< oo

In the same way, we have
(2, =c(1(2)),

(0)
= i_jé?(s)ds.r(v—Jfl) I u P (@+u)*z2*vdu, (p=argz)
27y 27l

—o0el?

(0+) _
=i_I9(s)ds.HV—w I u P A+u)2vdu, E<g<r)=e ™z L=k, (z)
27y 2mi 2

I(~ks)
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