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Abstract: This paper introduces the concept of strong edge dominance in fuzzy graphs. We determine the strong
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1. INTRODUCTION

The study of the dominating set in the graph was started by Berge [1] and Ore [6]. Rosenfeld
introduced the notion of fuzzy graphs and several fuzzy analogs of graph theoretic concepts such
as path, cycle, and connectedness [7]. A. Somasundaram and S. Somasundaram present the
concept of domination in fuzzy graphs [5]. K.R. Bhutani and A. Rosenfeld introduced the
concept of strong arcs in fuzzy graphs [10]. O.T. Manjusha and Sunitha discussed some concepts
in domination and total domination in fuzzy graphs using strong arcs [4]. In this paper, we
present the concept of edge domination in fuzzy graphs using strong arcs. For graph-theoretic

terminology, we refer to Harary,1969 [8].
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2. PRELIMINARIES

Fuzzy graph G(o,u) is a pair of function o:V — [0,1] and u: V X V — [0,1] such that
u(u,v) < o(u) Aa(v) forall u, vin V. The fuzzy graph H(z, p) is called a fuzzy subgraph of
G(o,u) if T(u) <o(u) foralluinVand p(u,v) < u(u,v) forallu,vinV.. The underlying
crisp graph of a fuzzy graph G(o,u) is denoted by G* = (o*,u*), where ¢* =
{fueViow>0}andp" ={(w,v) €V XV |uuv)>0}. Afuzzy graph G(c, ) is said
to be bipartite if the node set V can be partitioned into two non-empty sets V1 and V2 such that
u(vy,vy) =0 if vi,vo € V; or vi,v2 €Va. Further if u(vy,vy,) >0 for all vieVi and vz e V>
then G is called complete bipartite graph. A complete bipartite graph on ‘n’ vertices is denoted by
F(Kn). An arc (u, v) of the fuzzy graph G(a, 1) is called an effective edge if u(u,v) = o(u) A
o(v) and effective edge neighborhood of ue V is N, (u) = {v € V:edge(u,v) is ef fective}.
A path p in a fuzzy graph G(o,u) is a sequence of distinct nodes Vo, Vi, Vo,...vn such that
u(vi_q,v;) > 0where 1 < i <n and n is called the length of p. The strength of the path p is
defined to be AlL; u(v;_q,v;). Asingle vertex considers as a path of length zero. The strongest
path joining any two nodes u, Vv is a path corresponding to maximum strength between u and v.
The strength of the strongest path is denoted by u*(u,v) and it is defined by u*(u,v) =
sup{uf(u,v) | k=1, 2, 3...0}. An arc (u, v) of a fuzzy graph G(a, 1) is called a strong arc if
u®(u,v) = u(u,v), otherwise it is called a non-strong arc. Strong neighborhood of ue€ V is
Ny(u) = {v € V:arc(u,v) is strong}. Ng[u] = N(u) U {u} is the closed neighborhood of u.
Let G(a,u) be afuzzy graph and u, v be two nodes of G(a, 1). We say that u dominates v if the
arc (u, v) is strong. A subset D of V is called a strong vertex dominating set of G (o, u) if for
every v € V — D, there exists u € D such that u dominates v. A strong vertex dominating set D
is called a minimal strong vertex dominating set if no proper subset of D is a strong vertex
dominating set. The minimum cardinality taken over all minimal strong vertex dominating set is
called strong domination number, denoted by y(G) and the corresponding dominating set is

called minimum strong vertex dominating set.

3. EDGE DOMINATION USING STRONG ARC

Definition 3.1. Let v be a vertex of a fuzzy graph G(o, 1).We define ¢°(v) = max{u(v,x)/
xeV} thatis a%(v) isthe maximum of the weights of the edges incident at v.

Definition 3.2. Let G = (o,u) be a fuzzy graph. Let e; and e; be two edges of G. We say that
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e; dominates e; if e; isastrongarcand e; isadjacentto e;. Asubset D’of E(G) is called
strong edge dominating set if for every e; € E(G) — D' there exist e; € D’ such that e;

dominates ej.
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Example 3.3. In figure (i), the edges (a, b), (b, ¢), (c, d) & (a, ) are strong arcs and the edge (d,
e) is a non strong arc. Here D' = {(a, e), (b,c)} is an edge dominating set.

Definition 3.4. An edge dominating set D' of G is called minimal edge dominating set if no
proper subset of D' is an edge dominating set.

Example. In figure (i), {e,, es}, {e1, e3} and {e;, es} are minimal edge dominating sets.
Definition 3.5. The smallest number of edges in any edge dominating set of G is called its edge

domination number and its denoted by y'(G). An edge dominating set D' of G such that |D'| =

¥ (G) is called minimum edge dominating set.

Remark 3.6.

1. The set of all strong arcs of G is an edge dominating set of G.

2. The set E(G) need not be an edge dominating set because E(G) may contain non-strong arcs.
Definition 3.7. A fuzzy subgraph H = (t,p) is said to be a spanning subgraph of G = (g, u) if
t(u) = a(u) forall uin V. In this case, the two graphs have the same fuzzy node set, but they
differ only in the arc weights.

Theorem 3.8. Let G = (o,u) be a fuzzy graph and H = (¢, ") be a spanning subgraph of G.
Let (x, y) be an arc in H such that u'(x,y) = u(x,y). If (x, y) is a strong arc in G then it must
be a strong arc in H.
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Proof. Let (x, y) be an arc in H. Suppose it is not a strong arc in H then there exist a path in H

say p'tX =Xg,Xq,.... X, =y SUCh that s, > u(x,y). This path p" must also be in G. Since

1'(e) <pu(e), for any edge e in H, we have s, in G > pu'(x,y) =pu(x,y). This is a

contradiction.

Remark 3.9.

1. The converse of the theorem 3.8 need not be true

2. Anon-strong arcin G = (o, 1) need not be a non-strongarcin H = (o,u)

3. Let G be a fuzzy graph having an edge dominating set D'. If a spanning subgraph H of G
contains all the elements of D' then y'(H) < y'(G).

4. In general, we cannot compare y'(G) with y'(H).

Example 3.10.
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Here y'(G) =1and y'(H) =2. Therefore y'(G) <y'(H)

Example 3.11.
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Here y'(G) =2and y'(H) =1. Therefore y'(G) > y'(H)
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Definition 3.12. Let G = (o,u) be a fuzzy graph having a strong vertex dominating set D. Let
u € D. We define the set d,(u) = {v € V — D|(u,v)is a strong arc}

Theorem 3.13. Let G = (o,u) be a fuzzy graph having no isolated vertices then y(G) <
2y '(G).

Proof. Let D' be the minimum edge dominating set of G. Let

D = {u;\y; is an end vertex of any edgein D" }. Let y € V — D. Since G has no isolated
vertices we have N[y] # @. Letv € Ng[y]. Suppose Ng[y] n D = @, then v & D. Also y & D.
That is the vertices v and y are not the end vertices of any edge in D'. This implies no edge in D’
dominates the edge (v, y). This is a contradiction. Hence N¢[y] n D # @. Consequently, D is a

strong vertex dominating set. Also |D| < 2|D'|. Therefore y(G) < |D| < 2|D’| < 2y'(G).

Theorem 3.14. Let G = (o,u) be a fuzzy graph without isolated vertices. If A(G) < 2 then
y'(6) < v(6).

Proof. Let D = {uy,u,, .....u,} be a minimum strong vertex dominating set of G. Arrange the
elements of D such that d,(u;) < dg(u;;+,). Since D is minimal, ds(u;) # 0 for 1 <i <n.
Also, since A(G) < 2, we have either ds(u;) =1 or dy(u;) = 2. If dg(u;) =1 select the
vertex v; € V — D such that (u;v;) is a strong arc. Let u, be the first vertex such that
ds(uy) = 2. Therefore each u; € D, has two strong neighbors in V-D, where k < i < n. Let

v, if d(vi') > d(vl)

v;  Otherwise

ds(w;) = {v;, v;}. Define u; = { . For each vertex u; in D where

k < i < n, select the vertex v; inV-D as
u; if u; is not adjacent tou;_,, 1 <n<i—k
v ’
' ds(u) —{w;}  Otherwise
Consider the set D" = {(u;,v;) 1 <i < n}. Let(x,y) beanyedgein (G) — D',
Case (i) Let x €D or y € D. Then x = u;or y =u; forsomej, 1 <j <n. Therefore (X, y)

is adjacent to the edge (w;,v;) in D'.Hence D" dominate the edge (X, y).

Case (ii) Let xe V—D and y € V — D. Since D is minimum strong vertex dominating set,
there exist vertices u,, and u, such that (u,,, x) and (u,,y) are strong arcs. Suppose m = n,
then either x = v,,, or y = v,,. Hence (x, y) is adjacent to the edge (u,,, v,,) in D'. Therefore
let m#=n. If we assume y # v, then d,(u,) =2 and so n > k. Since y # v, by the

choice of v,, y is adjacent to some vertex v,,_; for some i, 1 <i<n-—k. Since A(G) <2
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and y is adjacent to the vertex x in V-D, we have x = v, _;. Therefore (X, y) is adjacent to the
edge (un—;,vy—;) in D'. Hence D' is an edge dominating set of G. Since |D'| = n, we have

Y (6) <n=y(G).

Remark 3.15. Let G = (o,u) be a fuzzy graph having no isolated vertices. If A(G) < 2 then
¥'(6) < v(6) < 2y'(6).

Theorem 3.16. Let F(k,) be a complete fuzzy graph on ‘n’ vertices then y [F(k,)] =1+
VI[F(Kn—Z)]v n=3

Proof. In F(k,) all the edges are strong. Let x = (u, v) be any edge in F(k,). Since F(k,) is
complete there are n-2 edges incident at u and v other than the edge x. Therefore the edge x
dominates 2n-4 edges. The number of edges not dominated by x is nC, — (2n—3) =

n?-5n+6
2

= (n—2)C,. In F(k,) otherthan the vertices u and v we have n-2 vertices and (n —

2)C, edges are not dominated by the edge x = (u, v). Hence the set of all vertices S =
V(F(ky)) — {u,v} forms F(K,_,). Therefore y'[F(k,)] =1+ v [F(K,_2)].

Remark 3.17.

In the following table, we present the fuzzy edge domination number of some complete fuzzy
graphs

F(kn) | F(ks) | F(ks) | F(ks) | F(ke) | F(k7) | F(kg) | F(ko) | F(kqo)
YIF(k)] |1 2 2 3 3 4 4 5

Theorem 3.18. Let G = (o,u1) be a fuzzy bipartite graph having no isolated vertices. Let V;
and V, be the partition of V(G), then y'(G) < min{|V4,| V,|}

Proof. Let V; and V, be the partition of V(G). Let uq,uy, ....u,, €Vy and vy, vy, ....v, € V.
Without loss of generality assume m < n. We denote the edge joining the points u; and v; by
x;j. For each w;, 1<i<m, select the edge x; such that u(x;) =0°(w;), 1<k <n.

Evidently, x;, is a strong arc. Let D' = {x;,, 1 <i < m}. Let x be any edge in E(G) —D".
Then x = x;; for some i and j. Therefore x is adjacent to the edge x;; in D' for some i. That is
the edge x is dominated by the edge x;,. Hence D is an edge dominating set of G. Therefore

Y (@) <|D|<m. If n < m then by the similar argument y'(G) <n. Hence y'(G) <

min{|Vy, | V|[}.
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Theorem 3.19. Let G be a complete fuzzy bipartite graph without isolated vertices. Let V; and
V, be the partition of V(G), then y'(G) = min{m, n}.

Proof. Let V; and V, be the partition set of G. Let uy,u,,....u,, € V; and vy, v,,....v, € V5.
Without loss of generality assume m < n. We denote the edge joining the points u; and v; by
x;j. Let D be the set of any m - 1 strong edges of G.

Let S; ={u; €V; /u;is anend vertex of any edge in D}

and S, = {v, €V, /vy is an end vertex of any edge in D}. |S;| <m —1 and |S,| <m —
1 <n. Since |Vi| =m and |V,| = n, there exist vertices u; € V; and v; € V, such that u; &
S1 and v; € S,. Since G is complete the edge x;; connecting the vertices u; and vj; is in E(G).
This implies the edge x;; is not dominated by any edge in D. Therefore, any set of m-1 edges of
G cannot be an edge dominating set of G. Hence y'(G) >m —1. That is ¥ (G) > m. By
Theorem 3.18, y'(G) < m. Hence y'(G) = m. Therefore ¥'(G) = min{|V4],| V»|}.

4. EDGE DOMINATION IN JOIN OF FuzzYy GRAPHS
Definition 4.1. Let G,(oy,1,),and G,(0,, u,) be two fuzzy graphs on V1 and V2 respectively,

with V; NV, = @. The join of G,(oy,u,) and G, (o, u,), denoted by G1 + G is the fuzzy graph
_(or(w) ifuev,
G(oy + 03, 1y + py) onViuVo, where, (o + 0,)u = {02 Wif u €V,
w(uv) if u,v €V
and (uq + uz)(uv) = p(uv) if wv eV,
oo(WAo,(v)ifueViandv eV,

Example 4.2.

figure 4.1
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Let o;= (u[0.5,v|0.8,w|0.7) and u;= (uv|0.4, vw|0.5). Let o, = (x|0.8,y|0.7,2|0.9) and u,=
(xy|0.6,yz|0.7)

0, + 0, = (u|0.5, v|0.8, w|0.7, X|0.8, y|0.7, z|0.9)

My + uy = (uv]0.4, vw|0.5, xy|0.6, yz|0.7, ux|0.5, uy|0.5, uz|0.5, vx|0.8, vy|0.7, vz|0.8, wx|0.7,
wy|0.7, wz|0.7)

Theorem 4.3. Let G;(oq, 1), and G,(o,, u,) be two fuzzy graphs on Vi and V2 respectively,
with V; NV, = @. Then y'(G; + G,) < min{|V(G,)|, |V (G,)I}.

Proof. Let G;(oy, 1) be a fuzzy graph with |V (G,)| = m and G,(o,, u,) be a fuzzy graph
with |V(G,)| = n. Let x4, x5, ....x,, be the vertices of G; and y;,y,,....y, be the vertices of
G,. Without loss of generality assume m < n. By the definition of G1 + G2, any edge of the form
(x;,yx) is an effective edge and hence it is a strong arc in G, + G,. In particular, the edge
(x1,y1) isastrong arc. This edge (x;,y;) dominates the edges of the form (x;,y;) and also the
edges incidentat x; and y,, 1< j < n. Likewise, the edge (x,, y,) dominates the edges of the
form (x,,y;) and also the edges incident at x, and y,, 1< j < n. Continuing these steps all the
edges of G, + G, is dominated by the set D' = {(x;,y;),1 < i < m} Therefore y'(G; + G,) <
m = min{|V(G,)|, | V(G2)[}-

Remark 4.4. ¥'(G,) + y'(G,) need not be an edge dominating set of G; + G,.

Example 4.5. In figure 4.1, y'(G,) = {(w,v)} and y'(G,) = {(x,y)}. But D" = {(u,v), (x,y)}
is not a strong edge dominating set of G, + G,. Because the edge (w, z) is not dominated by any
element of D'

Definition 4.6. Let G(o, 1) be a fuzzy graph having an edge dominating set D'. We define the
solosetof Gas S(D) = {v € G/ v is not an end vertex of any edge in D'}

Theorem 4.7. Let G,(01,1y), and G,(o,, u,) be two fuzzy graphs having minimal edge
dominating sets D, and D, respectively. Then D'={D, UD, UX} is a strong edge
dominating set of G, +G, where X ={(x;,y) €E(G,+Gy)/x;i€V(G),y; €
V(Gy)and x; € S(D;)

Proof. Let x4, x5, ....x;,, be the vertices of G; and y,,y,,....y, be the vertices of G,. Let (X,y)
be any edge in G; + G,. Then (X, y) € Gy or (X, y) € G, or (X, y) = (x;,y;) forsomeiandj. If

(X, y) € G, or (X, y) € G, then it is dominated by an element of the set D, U D,". Suppose

(x,y) € G, and G,. Then (x, y) = (x;,y;) for some i and j. If x; € S(D;) then (x;,y;) is

dominated by an edge (x;v;) € X. Suppose x; € V(G,) — S(D;) then the edge (x;,y)) is
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dominated by an element of D, .

Corollary 4.8. Let G,(0q,u,), and G,(o,,u;) be two fuzzy graphs having minimal edge
dominating sets D, and D, respectively. Then D'={D,’UD, UY} is a strong edge
dominating set of G;+G, , where Y ={(x;,y) €E(G,+Gy)/x;€V(G),y; €
V(Gy)and y; € S(D;)

Theorem 4.9. Let G,(oy,1y), and G,(oy,u,) be two fuzzy graphs. Then y'(G; + G,) <

¥'(Gy) +v'(Gy) + s, where s = min{|S(D,)|,|S(D2)|}

Proof. It follows by Theorem 4.7 and Corollary 4.8.

5. CONCLUSION

More than thirty domination parameters have been studied by different authors and in this paper,
we have introduced the concept of strong edge domination in fuzzy graphs. The edge domination
number of complete fuzzy graphs and complete fuzzy bipartite graphs are obtained. We have

found some bounds for y'(G). Also, we explored this domination in the join of fuzzy graphs
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