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Abstract: Actuarial science provide scientific basis and tools for raising the level of management and
making strategies, and life annuity is a critical issue of actuarial science. In this paper, we focus on
presenting uncertain process for modeling the force of interest, combining the survival rate to calculate
various life annuities. Then we compare the net premium under uncertain interest to the traditional

methods for deterministic interest and stochastic interest.
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1. Introduction

Annuities are contracts designed to provide payments to the holder at specified
intervals, usually after retirement. Traditionally, actuarial theory mainly uses
deterministic interest rate to calculate annuities. It is assumed that underlying interest
rate is fixed and the same for all years. However, with the rapid development of
finance, interest rate changes fast with market, policy and so on. It leads some
scholars begun to introspect theoretical defect of deterministic interest rate. In 1971,
“the interest rate is a random variable” was first put forward by J.H.polland, who also
researched some actuarial functions. After that, some scholars begun to study

stochastic interest and obtained actuarial models and have some conclusions under the
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assumptions according to the following models : Wiener process model, reflected
Brownian motion model and combined model of reflected Brownian motion and
Poisson process. As well as, Zhao and Gao, who characterized the force of interest
function as trapezoidal fuzzy variable, established full-discrete actuarial models with
fuzzy interest rate. In 2008, Liu[l] started the study of uncertain process and
presented an extreme value theorem for independent increment process. After that,
Liu[3] proved that the expected value of stationary independent increment process is a
liner function of time, and Chen proved that the variance is proportional to the square
of time. In 2009, Liu[2] modeled Brownian motion by an uncertain process called
canonical process and he noted that canonical process is a stationary independent
increment process with normal distribution, which method offers a new way for

actuarial models with respect to interest rate.

In this paper, we will consider the force of interest rate as canonical process and we
will focus on actuarial formulas of annuities during uncertainty theory. The rest of the
paper is organized as follows. The next section is intended to introduce some annuities
calculation with a fixed interest rate and with a random interest rate. In section 3,
the formulas of annuities and level premium under canonical process interest rate are
proposed and proved. Some preliminaries are given in next section. In section 5, we
present an example to illustrate the superiority of Canonical interest rate. Finally, a

brief summary is given in section 5.
2. Continuous Life Annuities with a Fixed or Random Interest Rate

First we recall basic notation used in the theory of annuities. Suppose that i is the
positive annual interest rate, v is the annual discount factor, and ¢ is the force of

interest.

Hence V=—-=¢ (1)
1+i

The survival function which represents the probability that an x -year old person will

survive at least t yearsis ,p, .

Let Y, be the random variable of present value of a continuous life annuity at age X
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of one per annum, then we have

Y, =aq
forany T=X—-x>0 ,inwhich X Dbe the age in death.

Then the actuarial present value of a continuous life annuity is
ax=E(Y,)=E(a;)=[ v pat 2)

Simultaneously, Let Y, be the random variable of present value of a continuous

temporary life annuity at age x of one per annum for a term of n years, then we

have

Then the actuarial present value of continuous life annuities is
S n
a_ =E(Y,) = jo v, p,dt ()

In the same way, Let Y, be the random variable of present value of a continuous

m —year deferred life annuity at age X of one per annum, then we have

y { 0 0<T <m
3: — —
aq —a T=>m

Then the actuarial present value of continuous life annuities is
max=E(Y;) = [ v pdt 4)

When using the fixed force of interest rate, we can get the following formulas:

— (f) — ©

ac =E()=E(a,)=| e pdt 5)
—(h n__
a, =E(,)=[e” pat 6)
wa =E(Y,)=[ e pt )

When using the random force of interest rate, we suppose that a force of interest with

the accumulation function is
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§O(1) = st+ By(t) +yz(t) (8
where {y(t),t >0} is a standard Wiener process. {z(t),t >0} is poisson process

with the parameter 2=0.01. And y(t) and z(t) are independent. 6. £ and y
are mutually independent and no correlation with t.

Based on the above models, we can get the actuarial present value of continuous life

annuities:

—5t+% B+Aat(e™” -1)

al =E(Y)=E@;)=["e Pt )

) —5t+%ﬂ2t+lt(e’7—l)

- (r
aXIm

—E(Y,)=E(a;)=["e Pt (10)

—5t+%ﬂ2t+lt(e'7—l)

— — o
na  =E()=E(a)=] e Pt (11)
3. Preliminaries

Definition 3.1 (Liu[2]) LetT be an index setand let (I',g,M) be an uncertainty

space. An uncertain process is a measurable function from T x(I',g,M) to the set of

real numbers, i.e., foreach t<T and only Borel set B of real numbers, the set

{X, eB}={yreT|X,(») B} (12)
is an event.

Difinition3. 2 (Liu[2]) An uncertain processC, is said to be a canonical process if

(i) C,=0 andalmost all sample paths are Lipschitz continuous,

(i) C, has stationary and independent increments,

(iii) every increment C_,, —C, is a normal uncertain variable with expected value 0
and variance t°.

Theorem 3.1(Liu[2]) The canonical process C, isa normal uncertain variable with

expected value 0 and variance t* , and has an uncertainty distribution
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X
D(X) = (L+exp(——=))* 13
(X)=( p( \ﬂi)) (13)
Ateachtime t>0 . Thatis,
C,~N(O,t)

Definition 3.3(Liu[2]) Let C, be a canonical process. Then for any real numbers ¢

and k,

M, = St +kC, (14)
is called an arithmetic canonical process, where & is called the driftand k is called
the diffusion.

Theorem 1.2(Liu[2]) At each time t, the arithmetic canonical process M, isa

normal uncertain variable with expected value 5t and variancek’t’, i.e.,
M, ~ N(ot, kt)
whose uncertainty distribution is

(ot

B(x) = (Lt exp(T;tX)»l

(15)

Definition 3.4(Liu[2]) Let C, be a canonical process. Then for any real numbers ¢

and k ,

G, =exp(ot+kC,) (16)
is called a geometric canonical process, where ¢ is called the log-driftand k is
called the log-diffusion.

Theorem 3.3 (Liu[2]) At each time t, the geometric canonical process G, isa
log-normal uncertain variable, i.e.,

G, ~ LogN(st,kC,)
whose uncertainty distribution is

Z(Bt-Inx),

3kt

d(x) = 1+ exp( a7
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Furthermore, the expected value is

E[G]={*/§ktexlf5( ) ekt t<z/ky3
| +eo, t>r/k3
(18)

4. Continuous Life Annuities under Canonical Process Interest

Theorem 2.1 Suppose 6 (t) be a force of interest with the accumulation function
5O (t) = st +kC, (19)
where ot is risk-free force of interest and kC, is risk force of interest. C, is a

canonical process with expected value 0 and variance t*. Then the actuarial present

values of life annuities are expressed as follow:

a.” =E(Y,) = E(ay) =3k | "¢ csc(y/3kt), p,dit (20)
a_ " =E(Y,) =3[ e cso(x/3kt), p,dit (21)
ma =E(Y;) =3k| "e ™ csc(x/3kt)  p,dt (22)

forany t<z/k+/3.

Proof: Note that C, is a canonical process with expected value 0 and variance t* .
For any t>0 , it follows from the definition 3.3 that 5 (t) is an arithmetic

canonical process with expected value St and variance k*t”.

During interest theory , we get the discount factor

_s5© ® _

v, =e g otkC

which can be easily known a geometric canonical process with the expected value

E[v,]= {\/gkt exp(—5t) csc(x/3kt), t <7 /K+/3
| too, t>x/ kﬁ
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Let Y, be the uncertain variable of present value of a continuous life annuity at age

X of one per annum, then we have

Y, =ag
forany T=X—-x>0 ,inwhich X Dbe the age in death.

Then the actuarial present value of a continuous life annuity is
— (0 — © ¢ *©
ac =E(Y)=E(a;)=[ v pdt=] E(v) pdt
=3k j: e csc(«/3kt), p,dt

Simultaneously, Let Y, be the random variable of present value of a continuous

temporary life annuity at age x of one per annum for a term of n years , then we

have

a, 0<T <n
Yzz{aj
a,

Then the actuarial present value of continuous life annuities is
— () n n
aa  =E(Y,) =IO V', p,dt =I0 E(v,), p,dt
=3k jo” e csc(+/3kt)  p,dt

In the same way, let Y, be the random variable of present value of a continuous

m —year deferred life annuity at age X of one per annum, then we have

y { 0 0<T<m
3: —_— —
aq —a T=>m

Then the actuarial present value of continuous life annuities is
— (c) © ©
max =E(;)=[ v\ pdt=[ E@) p,dt

= «/§kj': e cse(«/3kt) , p,dt

The theorem is verified.
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5. Example

A 42-year-old purchases a continuous 28-year deferred life annuities one per annum.

And he/she defrays certain payments continuously for 10 years. Assume that death

probability obeys uniform distribution in the region [0,100] . Then we get

b, =1-t.q, :1—100t . Level premium can be obtained by three different ways.

In traditional theory of insurance, we suppose the force of interest 6 =0.05. The

formula of level premium is

t
[ 1°°e-0.05t 1— dt
pn _ 2% _Jw © ‘p*dtJ“ ETOREY =0.4393
a,-" [ Yot pdt [ Peoos_ U g
' o = T 0 10042

In random interest, we suppose the force of interest with the accumulation function is
5O (t) = st+ By(t) +yz(t)

where {y(t),t >0} is a standard Wiener process. {z(t),t >0} is poisson process

with the parameter 4=001 . And y() and z(t) are independent.

0=0.05. #=0.1 and y»=0.05 are mutually independent and no correlation with

t. Then the calculation formula of level premium is

stad 2 at(e — 100 ~0.05t+1x0.121+0.01x(e *% 1)t t
3 ) 100e 6t+2ﬂ t+At(e””-1) p dt J' e 2 (1—7)dt
pon = B2 _ Jeo LS 58 _0.4878
T F n — oL g2 -y - 1 .2 _0.04 -
a42-ﬂ 10 —ét+5ﬂ t+At (e 1) 10 —0.05t+5><0.1 t+0.01x(e > 1)t t
: [ e pdt e (- gt

In Canonical Process Interest, we suppose the force of interest with the accumulation

function is 5@ (t)=st+kC, where C, is a canonical process with expected value

0 and variance t> and §=0.05 , k=0.02. Then ﬂ/k\/§:90.6900>58 , the
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level premium is expressed as follow:

— ( 100 100 4 g5t B L
e =3k[ e oso(Bkt) pdt [, & esc(3x0.020)(L- Lt

5  (© 0 _ =
R = VB[, e eseVB AL [Tet ™ cso/3 00200 it

P© = =0.5227

This result demonstrates that, the accuracy of level premiums in assumption of
Canonical rate is higher than that in fixed and random rate. Then we take the general

case into account .

A x-year-old (30<x<50) purchases a continuous (60— x)-year deferred life

annuities one per annum. And he/she defrays certain payments continuously for 10

years. Assume that death probability obeys uniform distribution in the region [0,100].
We can get the level premiums figures of three ways with MATLAB as following:

comparison of three different interest

1 T T T T T T T T T
fixed interest
0.9~ —random interest ||
uncertain interest
0.8 o
0.7 / -
z 5 e
3 g 0.6~ m
Le /
e
0.5~ - -~ -
0.4 J
0.3 — -
0.2 — r r r r r r r r
30 32 34 36 38 40 42 44 46 48 50

age of insurer

From the comparison graph, we obtain that level premiums of uncertain interest are
highest in the three ways. This is important in calculating retirement pay and annuity

payment.
6. Conclusion

In this paper, the interest rate is considered as an uncertain variable, and we suppose it
satisfies canonical process. Under this hypothesis, we draw actuarial models of three

continuous life annuities. During comparing them with models of fixed and random
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interest, we find uncertain interest has superiority to compute level premiums of
retirement insurance. This research, in which we apply uncertain process to interest

theory, is an additional development for traditional actuarial science.
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