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Abstract. In this paper, lexicographic products of two intuitionistic fuzzy graphs, namely, lexicographic min
product and lexicographic max product which are analogous to the concept lexicographic product in crisp graph
theory are defined. It is illustrated that the operations lexicographic products are not commutative. The connected
effective and complete properties of the operations lexicographic products are studied. The degree of a vertex in the
lexicographic products of two intuitionistic fuzzy graph is obtained. A relationship between the lexicographic min

product and lexicographic max—product is also obtained.
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1. INTRODUCTION
Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Later on Bhattacharya [1]
gave some remarks on fuzzy graphs Operations on fuzzy graphs were introduced by Mordeson

and Peng [3]. We defined the direct sum of two fuzzy graphs and studied its properties [8].
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In this paper we introduce the concept of lexicographic products of two intuitionistic fuzzy
graphs namely, lexicographic min product and lexicographic max product which are analogous
to the concept lexicographic product in crisp graph theory. We have illustrated that these
operations are not commutative and studied the connected effective and complete properties of
these operations. We have obtained the degree of a vertex in the lexicographic products of two
intuitionistic fuzzy graphs and obtained a relationship between the lexicographic min-product
and lexicographic max-product. First let us recall some preliminary definitions that can be found

in [1]-[9].

2. PRELIMINARIES
Definition 2.1
An intuitionistic fuzzy graph (IFG) is of the form G = (V, E) where,
i) V ={vy,v;, .......v} such that u;:V — [0,1] and y,:V — [0,1] denote the degree of
membership and non-membership of the element v; € V' respectively and0 <
u1(vy) +y1(vy) <1vwy; €eV(@i,=12....n) =» (1)
i) E CV xV whereu,:V xV —[0,1] and y,:V x V = [0,1] are such that
pz (v1,v2) < min [py (v4), u (v2)] = (2)
Y2(v1,v2) < max [y;(v1), 71 (v2)] = (3)
and 0 < u,(vy,v5) +y,(v,v5) <1V (v,v,) EE(1,2... ... n) - (4).
Definition 2.2
Let G =<V, E > be an intuitionistic fuzzy graph. The degree of a vertex u is defined by
d(u) = (d,(w),d, (W) where d, (W) = 2, p,(u,v) and
d,(u) = uév V2 (U, v).
Definition 2.3
An edge e = (u, v) of an intuitionistic fuzzy graph ¢ = (V, E) is called an effective edge
if o (u, v) = min (uy (W), w1y (v)) and y, (w, v) = max (y1 (), y1(v)).
Definition 2.4
An intuitionistic fuzzy graph is complete if u,(u,v) = min {(u, (), u;(v)} and

¥2(u,v) = max {y; (), y1 ()}
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Definition 2.5
An intuitionistic fuzzy graph G = (V, E) is said to be regular, if every vertex is adjacent
to a vertex with same degree.
Definition 2.6
The lexicographic product of G;: (V;, E;) with G,: (V,, E,) is defined as G,[G,]: (V, E) where

V = Vl X Vz and E = {(ul, Ul)(uz, vz)/uluz € E1 or ul = uZ and Ulvz € Ez}

3. LEXICOGRAPHIC MIN PRODUCT
Definition: 3.1
Let Gi: (ue, t2), (Y1, ¥2) and Gu: (uq',u2"), (v1',v2') denote two intuitionistic fuzzy
graphs. Define G: (uq,u5),and (yq,y2) with underlying crisp graph G*: (V,E) Where V =
VixVy, E = {(uy, v1) (ug, v3) /ugu, € E, or
Uy = uy andviv, € E3} by py (uy, v1) = py (uy) V' (vy)
Y1(wv1), = v1(u) vy (1) ¥V (uyvy) € VixV, and

. pa (uguy) if wu, € E;
uy,vy) (u,,v,)) = ’ .
Ho (1) (e, v2)) {#1(111) ANy (vvy) if uy =up, ViV, €E,

Y2 (quy) if wu, € E;
Yiu) Ay (vvp) if up =up, ViV, €E,

if uy,uy € By, iy (Waup) = phy (ug) A py (u)
< [ra(ua) V" (W] A [y (uz) V " (03]
=p1 (U v ) A " (Up,v2)
if uy,up € By, y2(Wug) = ya(ug) Aya(uz)
< [ya(u) Vv W)l A [y (uz) vy (v2)]
=y1 (W) A v (Upvz)
if uy = up, 1105 € By g (uy) App" (v v2) < iy (ug) A" (v1) Ay (v2)]
= [pq (ug) A" ()T A [ (uz) Ay (v2)]
< [pa(u) V" (W] A [ (u2) V " (v2)]
= [ " (ug, v1) A g™ (ug, v;)]
ifuy = uy, 110, € Ep y1'(uy) Ayv2' (vv2) S va(ug) Ay (v) Avy' (v2)]
= [y1(u) Ava' W] A [y (uz) Ay, (v2)]
< [ya(u) Vv W)l Ay (uz) vy (v2)]

Yz*((up Ul) (uz,vz)) = {
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= [y1"(uy, v1) Ay (uz, v2)]

Hence p;™ (Cuy, v1) (g, v2)) < py"(ug, v1) A py "( Uz, v2) and

Y2 (Cug, v1) (uz, v2)) < ¥1"(Ug, v1) Ave" (U, v2)
~ G: (uq,y2) 1S an intuitionistic fuzzy graph. This is called the Lexicographic min product of G,
with G,and is denoted by G;[G; ] min: (U1, 12) (Y1, V2)
Remark 3.2

The operation Lexicographic min product of two intuitionistic fuzzy graphs is not
commutative.  That IS G1[Galmin: (U1, M2), (Y1, v2) is  different  from  G,[Gqlmin ¢
(uy', 12", (y1',v2"). This is illustrated through the following figure.

u: (0.3, 0.2) us(0.2, 0.2) v»(0.2,0.2)  usv,(0.2,0.2) usv4(0.3, 0.2) usvs (0.3,0.2)

(0.2,0.2) (0.2,0.2) 3] (0.3,0.2)

v4(0.3,0.2) uyv, (0.3, 0.2) ¥ u.v,(0.3,0.3)

G, G;

(0.2,0.1)

v,u:(0.2,0.2) (0.2,0.2) 1u1|[0.3, 0.2)

v, u,(0.3,0.2)

(0.2,0.2) 0.2,0.2)

v, us(0.3, 0.2)

Vo U5(0.3, 0.3)

GZ [Gl]min
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Remark 3.3

The lexicographic min - product of two effective intuitionistic fuzzy graphs need not be
effective. Also the lexicographic min - product of two complete intuitionistic fuzzy graphs need
not be complete.

u,(0.2,0.1) v¢(0.2, 0.2) uvy(0.2,0.2) (0.2,0.1) uqvy(0.3,0.2)
’ *

(0.1,0.1) (0.2,0.2) (0.1,0.1) (0.1,0.1)

® ®
u;(0.1,0.1) v;(0.3,0.2) u;v1(0.2,0.2) (0.1,0.1) upv;y(0.3,0.2)

Gy Gy G1[G: ]

Theorem 3.4

If G, and G, are two effective intuitionistic fuzzy graphs with underlying crisp graph G;"
and G," respectively such that u; > u;*, 71 =y, and (uy, u*) (v, ,¥2*) are constant functions
of same value, Then the lexicographic min product of G; with G, is an effective intuitionistic
fuzzy graph.
Proof:
If uqu, € E1»#*((u1v1)(u2772)) =ty (uuy) = py(ug) A pg(up) = py"(Ugv1) A pg* (upvy)
Y (g, v1) Uz, v2)) =¥ (Ug, Up) = ¥ () Aya(uz) = v1" (ug, v1) Ay (ug, 1)
If uy = up and v1v, € Ep w* (ugv1) (Uzv2)) = w2 (v112) = pp(Ug, Uz) = py (Ug) A pg ()

= U1 (Uy, v1) A py" (U, v72)

Y (g, v1) Uz, v2)) = ¥2 (01, 12) = V2 (g, uz) = v1(u) Avi(uz) =1 (Ug, v1) Ava(up, v7)

Thus p*((uy, v1) (U2, v2)) = ™ (wq, 1) A iy (up, v;)and

Y ((ug, 1), (uz, 1)) = v1* (o, v1) Aya* (uz, 1) ((ug, 1) (up, v2)) € E Hence
G1[G2]min 1S an effective intuitionistic fuzzy graph.
Theorem 3.5

The lexicographic min product G;[G;]min Of two connected intuitionistic fuzzy graphs G,

and G, is connected intuitionistic fuzzy graph iff G is connected.
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Proof:

From the definition G;[G,]min has |V,| copies of G; That is for each vertex in G, there is
a copy of G; in G1[G3]min- AlSo G, is connected. Hence G1[G;]min 1S CONNected.

Conversely, assume that G; and G, be two intuitionistic fuzzy graphs such that G, [G3]min
is connected.

To prove: G, is connected. Suppose that G; is not connected. Then 3 at least two different
vertices u,, u, in V; such that there is no path between them. But since G,[G,]min 1S CONnected,
for any two vertices of the form (u,, v;) and (uz, vj) € Vyx V, There is at least one path between
them. This implies that there must be at least one path between the vertices (uq,u,). This is a

contradiction. Hence G, is connected.

Example 3.6
Consider two intuitionistic fuzzy graphs G, and G, where G; is not a connected
intuitionistic fuzzy graph and G, is a connected intuitionistic fuzzy graph. The lexicographic min

product of G; with G,is not connected intuitionistic fuzzy graph.

u;v,{0.3,0.3)

u(0.3,03) u.(0.3,0.4) v, (0.3,0.3) u; v, (0.3, 0.7)
’ ® ®

(0.3,02) | (0.2,0.2) (0.3,0.3) s v, (0.3, 0.4)|

(0.3,0

u,(33,02) 9002,02)  v.(0%,04) u.v,(0.3,0.4]

G, (not connected) G, (connected)

u;v; (0.3, 0.3)

G1 [Ga]min (not connected)

Theorem 3.7
The number of connected components in the lexicographic min- product G, [G3]min Of the

intuitionistic fuzzy graph G; with G, is equal to that of the intuitionistic fuzzy graph G;.
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Proof:

Let G, be a connected intuitionistic fuzzy graph and G, be an intuitionistic fuzzy graph.
Then the lexicographic min product G,[G;]min 1S connected. This implies that both G; and
G1[G2]min are connected and hence the theorem. Suppose that the intuitionistic fuzzy graph G is
not connected and has ‘m’ disjoint connected components (say). Then we can rename the
vertices of G; in such a way that.
{ul,u2 ...... ukl}, {uk+1,uk+2 ....ukz}, .....,{ukm+1,ukm+2 ....ukm+n} are the vertex sets of the
m disjoint connected components of G;.If {v;, v, ........ v, } IS the vertex set of G, then for each
vertex v; in G,, there is a copy of each connected component of G, in the lexicographic min
product G;[G,]min- There is no edge between these components. For if there is an edge between
u, v;, Uy, ., v; Then there must be an edge between uy, uy4 in G; which is a contradiction. Thus
each connected component in the Lexicographic min product G,[G;]min 1S disjoint from every

other component and hence the theorem.

4. Degree of a vertex in the Lexicographic min product:
Definition 4.1

The degree of any vertex in the Lexicographic min- product G;[G2]min Of the
intuitionistic fuzzy graph G, with G, is given by

dG1[Gz]min (ui,vj) = uiukEZE,vleVz pz (uiy) + ui=uk,§ﬂjvleE2 pa () A 'uzl(v}'vl) and

= ) P /
dg, [G2]min (ui,vj) T WuREEVIEV, v2(uiw) + U =U, vV EE, vi(u) Av2' (vjvr)

Theorem 4.2

If G, and G, are two intuitionistic fuzzy graphs such that (u; = u,"), (1 = y2') Then
the degree of a vertex in the Lexicographic min product G;[G,]min Of the intuitionistic fuzzy
graph G, with G, is given by,
A, 16y lin (Wir V1) = V2l de, (W) + di, (v))
Proof:

Let G, and G, be two intuitionistic fuzzy graphs such that Uy =
u,' and y, = y,'. This implies that yu; Au,’ = u," and y; Ay;" = y;1'. Then the degree of any
vertex (ul-, vj) e VixV,

is given by
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) 2

d Nu;,v;) = u;u,) + u;) AW, (v;v

> X ,
= |V Uu; uy) + v;v
V-] Uitly, € Elﬂz( i Ug) u; = vy, € B .“2( j k)

= |Valdg, (W) + dg, (v))

) % :
Gl[Gz]mm(ul U]) wy, € By, v, €V, yZ(uluk) U = W, VY, €E, )/1(u'l) Y2 (U]Ul)

2 2
= |V u;uy) + "(vjv
V2 Uity € E1y2( iUg) U = Wy, WY, € EZYZ ( j l)

= |V,ldg, (W) + dg, (Vj)
Corollary 4.3

If G, and G, are two intuitionistic fuzzy graphs such that u; > u," and y; = y," and
Uy’ v, is a constant function of value ‘¢’ then the degree of vertex in the lexicographic min —
product G;[G;]min OF the intuitionistic fuzzy graph G,with G, is given by
A, 16y lmin (Wir V1) = Vald, (W) +dg, (v) €
Theorem 4.4

If G, and G, are two intuitionistic fuzzy graphs such that u; < u," and y; < y,' Then the
degree of a vertex in the lexicographic min product G;[G;]min Of the intuitionistic fuzzy graph
G,with G, is given by
A6, (61 Ui V) = Vol dg, (wp) + dg, (v}) pa(uy) and
A6, (6ol Ui V) = Val dg, (W) + dg, (v)) y1(u))

Proof:

Let G, and G, be two intuitionitic fuzzy graphs such that u; < u,” and y; < y,'. This
implies that sy A p," = py and y; Ay," = y;. Then the degree of any vertex (u;, v;) € V; x Vyis
given by
)

d Nuy,vi) = Vol dg (u;) +
61 (63l min (Uir V1) = V2l i, (u7) s = ug, vy, € E,

w(u) A pp' (vjvy)
= |Vl dg, (wy) + Z (w;)

Uj=u,Vjvi€E, H1

= |V,] d01 (u;) + dG2 (Uj) pa (uy)
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and

X

i = U, Vjv EE,

)
= V d . .
Vol dg, (w;) + u; = e, v, € E, Y1 ()

dG1[G2]min(ui' vj) = |V2| d61 (ul) + u V1(ui) A )/2’ (vjvl)

= [Vl dg, () + dg, (vj) v1(w)

5. LEXICOGRAPHIC MAX —PRODUCT
Definition: 5.1

Define G with underlying crisp graph G* Where V =V, xV,, E = {(uyvy)(uyv3)/
WU, € By O uy = up and vy v, € By} by py (uyvy), = py(ug) V g (wq), v1(uavy) = y1(ug) v
v1' (uy) forall (uyvy) € V; xV, and

i pa(uq, uy) if uiup € By
Uy, v) (u,, v = ' :
v2(ug, uy) if wju, € Ey

Y2 ((ug, v1) (up,v2)) = {

Yau) V(' (v, v2)  ifug = up v, €K,
if wyuy € By, pa(ug, uz) = py(u) A py(uz) < [ (ug) A p" ()] V [y (u2) A gy (v2)]
= 1" (Ugv1) A pr " (Upv7)
if wuy € By, (U up) = vi(w) A vi'(uz) < [ya(u) Ay ()] V [ra(uz) Ayy' (v2)]
=y1 (Uv1) Ays (Upv2)
if uy = up, 110, € B iy’ (W) V pp" (01v2) < () V" (1) Ay (v2)]
= [p1 (up) V " (W] A [ (u2) V " (v3)]
< [pa(ua) V " (W] A [ (u2) V " (v3)]
= p1 (U V1) A p" (Uzv2)]
if uy = uy, v, € By vy (W Ay, (01v2) < vi(w) Alyy () Ay’ (v2)]
= [y1(u) Vyi' ()] A [y1(uz) Ays' (v2)]
< [ya(u) Ay (W] A [y (uz) Aya' (v2)]
= ¥1"(U1v1) Ayi"(Upv7)]
Hence (wyvy) (uv2) < py"(uyv1) A py*(upv,) and

Y2" (Uv) (Upvy) < ¥ (ugv1) Ay: " (upvy)
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~ G is a intuitionistic fuzzy graph. This is called the Lexicographic max product of G;with G,
and is denoted by G1[G]max
Remark 5.2

The operation Lexicographic max — product of two intuitionistic fuzzy graphs is not
commutative. That iS, G1[G2]max # G2[G1]lmax- AlS0O the Lexicographic max product of two
effective intuitionistic fuzzy graphs need not be effective and the lexicographic max- product of
two complete intuitionistic fuzzy graph not be a complete

u{0.2,0.1)  vi(0.2,0.2) u,v.(0.2,02) (0.2,02) uiv;(0.3,0.2) wv,u.(0.2,0.2) (0.2,0.2) v,u,(0.3,0.2)

(0.1,0.1)
(0.1,0.1) (0.2,0.2) (0.2,0.2)

(0.2,0.2)

(0.1, 0.1)

up (0.1, 0.1)  v,(0.3,0.2) uyva(0.2,0.2) (0.2,0.2) u,v,(0.3,0.2) vyu(0.2,0.2) (0.3,02) wvyu,(0.3,0.2)

Gy Ga G [ Gz Jmin Gz [ Gy Imax

Theorem 5.3

The Lexicographic max-product G;[G;]mq0f two connected intuitionistic fuzzy graphs
G, and G, is a connected intuitionistic fuzzy graph if and only if G;is connected.
(Proof of this theorem is similar to the proof of the theorem 5.2)
Theorem 5.4

The number of connected components in the Lexicographic max-product G,[G,] of the
intuitionistic fuzzy graph G, with G, is equal to that of the intuitionistic fuzzy graph G,

(Proof this theorem is similar to the proof of the theorem 5.3)

6. DEGREE OF A VERTEX IN LEXICOGRAPHIC MAX-PRODUCT
Definition 6.1

The degree of any vertex in the lexicographic max-product G,[G,] of the intuitionistic
fuzzy graph G,with G, is given by,

— % > ’
dé, [6olmax (Uir Vj) = ek, vev, M2 (Wi W) + wmwew ek, M1 (up) vV o' (vjv) and

2 )
= u,’u _l_ U; /\ ! YRV
uug € Ej,v €V, v2(itp thc) U; = Uy, Vjv; € E, IACORSERCLD
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Theorem 6.2

If G, and G,be two intuitionistic fuzzy graph such that u; < u,’. Then the degree of any
vertex in G;[G;]max IS given by
A6, [6olmax Ui V1) = Vol dg, (u) + dg, (v))
Proof:

Let G, and G, be two intuitionistic fuzzy graphs such that u,; < u,’. This implies that
MV =\ vaVy: =y
Then the degree of any vertex(u;, v;) € VyxV, is given by,

2 2

d u;,vi) = u;u +
ACAMMCIL) uu, € E, v, €V, Ha (ith) U; = Uy, v € E,

x >
= |V u;u, ) + "(v;v
| 2| Uy € E1 #2( i k) u; = uk,vjvl € EZ Uz ( j l)

= |V,ldg, (W) + dg, (v))

w(wy) Vo' (vjvy)

and

2 2

d u;, vi) = uug) +
616 hmar (i V) wy € B, v, €V, 12 (uitti) u; = Uy, v € E,

> %
= |V w;u,) + "(v;v
| 2| Uiy, € E1 VZ( i k) u; = uk,vjvl € EZ Y2 ( j l)

= [Valdg, (wy) + dg,(v))

Y1) V' (vjvy)

Corollary 6.3

If G, and G, are two intuitionistic fuzzy graphs such that u; < u,’ and Y1 <
Y2' 12, v2', is a constant function of value c, then for any vertex (u;, v;) in G,[G,] is given by
dGl[Gz]max(ui' v;) = Vol dg, (W) + dg,(v;) C
Theorem 6.4

If G, and G, are two intuitionistic fuzzy graphs such that u, > u,’,y; = vy,’ then the

degree of any vertex in G;[G;]max 1S given by
de, [6oTmax (Ui V) = IVl dg, (u) + dg, (v;)us (w;) and

= [Vl dg, (w;) + dg, (Vj)yl(ui)
Proof:
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Let G, and G, be two intuitionistic fuzzy graphs such that u; > w,’. and y; = y,'. This
implies that u; V ' = py and y; Vy,' =y, then the degree of any vertex (u;, v;) € Vyx V, is

given by,
2

u;) VvV u, (v;v
izukrvjleEzul( l) .Uz(j l)

dG1[GZ]max(ui’ v]) = |V2| dG1 (ui) t u

)

= [V,] dg, (u;) +

1 (uy) = Voldg, (wy) + dg, (vj) e (wy)

and
d V| d 2 :
61631 max (Uir V7)) = V2l dg, (W) + W = v, € Ey Y1) V v2' (vjvr)
D
= Vol dg, (wy) + Y1 (w;)

u; = U, Vv € E,

= |Valdg, (W) + dg, (v))y1 (wy)

7. RELATIONSHIP BETWEEN THE LEXICOGRAPHIC PRODUCTS
Theorem 7.1

The lexicographic min-product G;[G,] min Of the intuitionistic fuzzy graph G,with G, is a
spanning intuitionistic fuzzy subgraph of the lexicographic max-product G;[G2] max-
Proof:

Consider the lexicographic products G;[G5] max and G;[G3]min Of G; With G, defined on
G*where V = VixV, E = {(u;v,) (up,v,)/u u, € Ejor u; = uyand v,v, € E,} from
the definitions of the lexicographic max-product and the lexicographic min product it is clear that
pi(uiv1) = py(Uvp)V (uvy) €V
Yiwive) = ya(wavy)V (uyv4) € V and
2" (U1v1) (UaV2)) = pa (U1 V1) (U2V2))V (U V1) (U2 V2) € E

Thus ui= u, and pu, € u,* Hence the lexicographic min-product is a spanning
intuitionistic subgraph of the lexicographic max-product
Example 7.2

Consider the following example. Here the lexicographic min—product G;[G,] is a

spanning intuitionistic fuzzy subgraph of the lexicographic max-product G, [G,]
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u;(0.2,0.1)  v,(0.2,0.2)  uv.(0.2,0.2) (0.2,0.2) uw,(0.3,0.2) u,v,(0.2,0.2) (0.2,0.1) u,v,(0.3,0.2)
* . "

{0.1,0.1) (0.2,0.2) {0.1,0.1)

{0.1,0.1)

[ ]
U, (0.1, 0.1)  v(0.3,02) uvi(0.2,0.2) (0.2,0.2) u;v,(0.3,0.2) uyva(0.2,0.2) (0.1,0.1) u,v,(0.3,02)

Gl GZ Gl [ GZ ]max GZ [ Gl 1min

8. CONCLUSION

In this paper, we have introduced the concept of lexicographic products of two
intuitionistic fuzzy graphs namely, lexicographic min — product and lexicographic max — product
which are analogous to the concept of lexicographic products in crisp graph theory. We have
illustrated that the operations lexicographic products are not commutative and studied the
connected, effective and complete properties of these operations. We have obtained the degree of
a vertex in the lexicographic product of two intuitionistic fuzzy graph. Also we have obtained a
relationship between the lexicographic min — product and lexicographic max — product. In
addition to the existing operations there operations and properties will also be helpful to study
large intuitionistic fuzzy graph as a combination of small intuitionistic fuzzy graph and to derive

its properties from those of the small ones.
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