Available online at http://scik.org

J. Math. Comput. Sci. 10 (2020), No. 1, 189-218
https://doi.org/10.28919/jmcs/4316

ISSN: 1927-5307

SOME APPLICATIONS VIA COMMON QUADRUPLE FIXED POINT THEOREMS
IN G- METRIC SPACES

B. SRINUVASA RAO!*, D. RAM PRASAD?, G.N.V. KISHORE?

1Department of Mathematics, Dr. B.R. Ambedkar University, Srikakulam-532410, Andhra Pradesh, India
2Department of Mathematics, K L University, Vaddeswaram, Guntur-522502, Andhra Pradesh, India
3Department of Engineering Mathematics, SRKR Engineering College, Bhimavaram-532410, India
Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. In this paper, we establish the existence of common quadruple fixed point results for (y, ¢)- type con-
traction of six mappings in G-metric spaces. Some interesting consequences of our results are achieved. Moreover,

we give an illustration which presents the applicability of the achieved results.
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1. INTRODUCTION

Fixed point theory is one of the most fruitful role in nonlinear analysis because of its wide
applications in Homotopy theory, integral, integro-differential, impulsive differential equations,
Approximation theory and has been studied in various metric spaces.

In 2006, Mustafa and Sims [1] initiated the concept of G-metric spaces and gave variant
related fixed point results. Afterwards, many authors have developed various fixed point results
on the setting of G-metric spaces ([2]-[10]).
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Very recently, E.Karapinar[11] used the notion of quadruple fixed point and proved some
quadruple fixed results in partially ordered metric spaces. Subsequently, many investigators
([12]-[19]) developed quadruple fixed theorems in various metric spaces.

In this manuscript, we aim to provide some common quadruple fixed point results in G-
metric spaces by using (V. ¢ )-type contraction. Also, we give example, applications to Integral

equations and Homotopy theory.

2. PRELIMINARIES

First, let’s review the important concepts of G-metric spaces.
Definition 2.1:([1]) Let & be a non-empty set and let G: & x & x & — [0,0) be a function

satisfying the following properties :

(Bo) G(p,q,r) =0ifp=g=r;

(B1) 0 < G(p,p,q) for any p,q € & with p # q;

(By) if G(p,p,q) < G(p,q,r) forall p,q,r € & with q # r;
(B3)

(B4)

B3) G(p,q,r) = G(P[p,q,r]), where P is a permutation of p,q,r (symmetry);

G
By) G(p,q,r) < G(p,x,x)+ G(x,q,r) for all p,q,r,x € & (rectangle inequality)

then G is said to be a G-metric on & and pair (<, G) is said to be a G-metric space.
Definition 2.2:([1]) A G- metric space (£, G) is said to be symmetric if
G(p.q,9) =G(q,p,p) forall p,q € .

Definition 2.3:([1]) Let &2 be a G-metric space. A sequence {p, } in & is called:

(a) G-Cauchy sequence if for every € > 0, there is an integer ny € Z* such that for all
n,m,l Z no, G(pnupmuPl) <E.
(b) G-convergent to a point p € 2 if for each € > 0, there is an integer ng € Z* such that

for all n,m > ngy, G (pp, pm, p) < €.

A G-metric space on & is said to be G-complete if every G-Cauchy sequence in & is G-

convergent in &.

For more properties of a G-metric we refer the reader to ([1]).
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Definition 2.4:([11]) Let 22 be a nonempty set and let F : 2* — 2 be a mapping.
If F(p,q,r,s) =p, F(q,r,s,p) =q, F(r,s,p,q) =rand F (s, p,q,r) = s for p,q,r,s € & then
(p,q,r,s) is called a Quadruple fixed point of F'.
Definition 2.5: ([13]) Let F : 2* — & and f : & — & be two mappings. An element

(p,q,r,s) is said to be a quadruple coincident point of F and f if

F(p,q,1s)=fp, F(q,n,s,p) = fq, F(r,s,p,q) = frand F (s,p,q,r) = fs.

Definition 2.6:([13]) Let F : 2% — &2 and f: & — & be two mappings. An element (p,q,r,s)

is said to be a quadruple common point of F and f if

F(p,q,1,s) = fp=p, F(q,rs,p)=fq=q,
F(r,s,p,q) = fr=r and F (s,p,q,r) = fs=s.

Definition 2.7:([13]) Let (#2, G) be a G-metric space. A pair (F, f) is called weakly compatible
if f(F(p,q,r,8)) =F(fp,fq,fr, fs) whenever for all p,q,r,s € & such that

F(p.q,r.,s)=fp, F(q,r,s,p) = fq, F(r,;s5,p,q) = frand F (s,p,q,r) = fs.

Let ® = {¢:¢:[0,00) — [0,00)} be a function satisfy that }im(])(t) > 0 for all a > 0 and
—a
li t)=0.
Jim 009
Let W = {y: y:[0,00) — [0,00)} be a function which satisfy
(i) y(r)=0iffr =0,
(ii) y is continuous and nondecreasing,

(iii) w(s+1) < y(s)+y(t) forall t,s € [0,00).

Examples of typical functions ¢ and y are given in ([20]). The aim of this paper is to prove the

following theorem.
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3. MAIN RESULTS

Theorem 3.1: Let (2, G) be a G-metric space. Suppose that R,S,T : 2* — & and
f.g,h: P — & be asix mappings. Assume also that there exist ¢ € ® and y € ¥ such that

(1) v (G (R(a,b,c,d),S(x,y,z,w),T (p,q.r,s)))

—¢ (G(ga,hx, fp) + G(gb,hy, fq) + G(gc, hz, fr) + G(gd, hw, fs)) .

forall a,b,c,d,x,y,z,w,p,q,r,s € Z.

a) R(PY) € (), S(2*) C g(2) and T(2*) C h(P)

D) Either (R,g) or (S,h) or (T, f) are @-compatible.

c¢) one of g(Z2), () or f(?) is complete.

Then there is a unique common quadruple fixed point of R, S, T, f,g and h in .

Proof. Leta,b, c,d € & be arbitrary, and from (a), we construct the sequences {as, },{b3,},

{C3n} ; {d3n}’ {a3n} ) {ﬁ3n} ; {Y3n} 5 {60311}, in & as

R (a3, b3n,c3n,d3,) = fazni1 = @n,  R(b3n,C30,d30,03,) = fb3ni1 = Ban,
R (c3n,d3n,30,03,) = fC3nt1 = Van, R(d3n,030,b30,C3n,) = fd3pi1 = 3y,
S(a3n41,b3n11,C3ns1,d3n41) = 8A3p42 = 03y 11,

S(b3nt1,C3n41,d3n 41,30 41) = &b3ni2 = Bant1,
S(C3n41,d3n415@3n41,D3n11) = €C3nt2 = Vanils
S(d3n41,a3n11,b3041,C3n11,) = 8d3nt2 = M3py 1,

T (a3n12,b3n42,C3n42,d3n42) = a3, 3 = Q3py2,

T (b3n+2,C3n42,d3n42,A3042) = hb3,13 = B3ni2,

T (c3nt2,d3n12,a3012,b3p12) = hc3p13 = Vini2,

T (d3p42,03042,b3042,C3n42) = hd3,13 = W3,42 Where n =0,1,2,....
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Then from (1), we can get

V(G (a3n, 03p11, 03p+2))
R (azn,b3n,c3n,d3n) ,S (a3n+1, 03041, C3n+1,d3041)

T (a3nt2,b3n+2,C3n+2,d3n+2)

1 v G(gazn, hazni1, fazni2) + G(gbsn, hb3pi1, fb3ni2)

S _
: +G(gc3n, hezns1, feznsa) + G(gdan, hdznt 1, fdznt2)
_ G(ga3n; ha3n+1 7fa3n+2) + G<gb3n7hb3n+lufb3n+2)
+G(gc3n, heznst, feansa) + G(gdan, hdzpy1, fdani2)
- 1‘!’ G(3y—1,034,03,+1) + G (B3n—1,B3n, Ban+1)
— 4 +G('y3n717'y3n7y3n+1)+G((03n717w3n7w3n+1)
2 s G (0p—1,03,0304+1) + G (B3n—1, B3n, B3n+1)
+G (Vn—1,V3n, Vin+1) + G (@3p—1, 03, D341)
and
V (G (Bsn; B3n+1, B3n+2))
B R (b3n,c3n,d3n,a3n) S (b3n+1, €341, d3n41, @3n11)
T (b3n+2,C3n42,d3p42,a3042)
< l‘lf G(gb3n, hbzni1, fb3ni2) + G(gC3n, hezng1, feanya)
-4 +G(gdsn, hdsp 1, fdsni2) + G(gazn, haz,i 1, fazni2)
B G(gban, hb3py1, fb3nt2) + G(gC3n, hcnt1, feant2)
+G(gdan, hdspy1, fd3nt2) + G(gazn, hazyi1, fazni2)
- lll/ G (B3n—1,B3n: B3nt1) + G (Van—1, V3n, Vint1)
-4 +G (@3p—1, 034, 03p11) + G (Q3p—1, 03y, 03p+1)
3) s G (B3n—1,B3n, B3n+1) + G (Bu—1, Vans V3n+1)

+G (@03p—1, 03y, D341) + G (03,—1, O3y, O3p1-1)

193
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Similarly, we can prove

YV (G (Vn, Vnt1: V3nt2))

1 G (VBn—1,Vn, Vin+1) + G (@3p—1, 034, D3511)

< <y
4 +G (03p—1, 0n, B3pt1) + G (Ban—1,Ban, Ban+1)
(4) _¢ G('}/Sn—la'}/3n7’y3n+l)+G((D3n—lya)3n>a)3n+l)
+G (o3p—1, n, 3pt1) + G (Ban—1, Ban, Ban+1)
also,
V(G (3, 0311, D3,42))
- lllf G(@3p—1, 034, 03p+1) + G (Q3—1, 03y, 03p+1)
-4 +G (B3n—1,B3n, B3n+1) + G (Vn—1, V3n, Vin+1)
) s G(3p—1, 03, 03+1) + G (Q3p—1, 03y, 037+ 1)

+G (B3n—1 ,B3n7 B3n+]) +G <Y3n—1 s Vans '}/Sn—i—l)

Due to (2) — (5), we conclude that

V(G (034, 03011, %3p42) ) + W (G (B3ns Bant1, Bant2))

+V (G (V3n, Vint1, Yan+2)) + W (G (03, D341, W3p42))

G(n—1,0n, 03nt1) + G (Ban—1,Bsn, Bnt1)
+G(’}/3n—17/}/3n7 '}/3n+1) + G((D3n_1,(03n, a)3n+1)

IN

G(0n—1,0n, 03pt1) + G (Ban—1,Bsn, Bn+1)
+G(’y3n717’y3n; ’}/3n+l) + G(a)3nfl; W3y, a)3n+1)

(6) —4¢

From the property (iii) of y, we have

G (03p, 03p+1, 03n+2) + G (B3n, Bant1, Ban+2)
+G (V3n, Vnt1, Vint2) + G (@030, @341, D3542)
S II/(G (a3n; O3p+1, a3n+2)) + II/(G <B3na ﬁ3n+l:ﬁ3n+2))

(7) FY (G (Vans Vs 15 V3ng2)) + W (G (@34, @341, W3442) ) -
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Combining with (6) and (7), we get that

G (03n, 03nt 1, 03n12) + G (B3n, B3n+1, Bant2)

4
+G (Vans Vnt1, Vint+2) + G (@30, 03541, W3512)
< v G (n—1,0n, 03pt1) + G (Ban—1,Bsn, Bn+1)
| G (Pt Vans Banr 1) + G (@31, 3, @311)
® 40 G(o3n—1,n, 03pt1) + G (Ban—1,Bsn, Bn+1)
+G (y3n—1 s Vany '}/Sn—i—l) + G(a)?m—l , M3y, (03n—0—1)
Set
5, — G (03, 03p+1,03n12) + G (Ban, B3nt1, Ban+2)
=
+G (V3ns Vnt1, Ynt2) + G (@35, D341, 0342)
Then we have
) Y(03,) < W(83,-1) —4¢(03,—1) for all n,
which yields that

Y (03,) < w(83,—1) for all n.

Obviously, for any n € N, we obtain

¥(6,) < W(8n1)-

195

Since y is non-decreasing, we get that o, < 8, for all n. Hence {§,} is a non-increasing

sequence. Since it is bounded below from 0, there is some & > 0 such that

(10) lim 6, = 9.

n—oo

We will show that § = 0. Suppose, on contrary, that § > 0. Letting n — o in (9) and having in

mind that we suppose that lim ¢(z) > 0 for all { > 0 and lim ¢(z) = 0, we have
t—¢ 1—0t

W(8) < y(d) —49(8) < y(9),
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which is a contraction. Thus, § = 0, that is

G (o, o , O +G , ,
an lim 8, — lim (03, 0341, 031 42) (B3ns Ban+1, B3n+2) o
n—so0

"N HG (Vs Bt 1, Vnt2) + G (03, 0311, 0342)

Now, we shall show that {os,},{Bs.},{¥n},{ @3} are Cauchy sequences in the G-metric
space (Z,G). Assume the contrary, that is, one of the sequences { o, },{B3.},{v3n} or {@s,}

is not a Cauchy sequence, that is

lim G (oG, 03,,03,) # 0 or lirg G (B3m, B3n, B3n) #0
n,m—soo

n,m—»oo
lim G(Y3m7 Van; Y3n) 7£ 0or n}}lrl}ooG(aBma W3y, a)3n) 7£ 0.

n,m—»oco

This means that there exists € > 0, for which we can find subsequences {Oc3nk}, {Oc3mk} of

{a3n}’ {ﬁ?)nk}’ {ﬁ3mk} Of {ﬁ3n}’ {Y3nk}’ {’)@mk} Of {Y3n} and {0‘)311/{}’ {(D3mk} Of {a)Sn} Wlth
nyg > my > k such that

G (0B, Wy, W, ) + G (Bmg, Bang» Bany )
(12) +G (’}/3mk7’}/3nk7’y3nk) +G(a)3mk7w3nk7a)3nk) > E.

In addition, by virtue of my, we can choose ny in such a way that it is the smallest integer with

ny > my > k satisfying (12). It follows that

G (a3mk7 a3nk,1 ) O‘3nk,1 ) + G (ﬁ3mk ) ﬁ3nk,1 I ﬁ3nk,1)

(13) +G (y3mk7y3”k—l7y3”k—l) +G (a)3mk7 W3y 5 w3ﬂk—1) <E.

By use of the rectangle inequality, we have

G (03, Wy, W3n,) < G (0Gmy, O3y 1,0y ) + G (W, 5 O3y s O3, )
G (Bamy» Bangs Bang) < G (Bamys Bane > B3ne ) + G (Bang_y+ Bangs Bang) »

G (Vs Vs Vam) < G (B, V1> By ) + G (B> Vine» Vo)

G (03, , O3, O3 ) < G (@3, D3y D3y, ) + G (@3, O3, D3, ) -

(14)
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Adding both sides to (14) and using (12) and (13), we have that

e < G0, 0n, 0, ) + G (B3 Bang: Bang)
+G (Vg Vony» Vomy) + G (@3, D30, 03,
< G (03w, W, 1 06n, ) +G (05, O3y, O3, )
+G (B3mg: Bane1>Bane 1) + G (Bane_y+ Bang» Bany)
+G (Vs V1> B ) + G (B V> Vi)
+G (@3 O3y O3y ,) + G (O3, D3y, D3,)
< e4+G(0Gn s 0By 03, ) + G (B, Bang, Bany)

+G (’}/3711(_1 Y 73nk7 73nk) + G (a)?)l’lk_] ) w3nk> a)3nk) :
Letting k — o and by use of (11), we get

G (03, , 03,08, ) +G , ,
lim Ck — lim ( 3myy Wny, 3nk) (B3mk ﬁ3nk B3nk) e

k—roo k—yeo +G ('}/3mkv Vang s y3nk) +G (a)3mk’ O3 w3nk)

Again, by the rectangle inequality, we have

Ck = G (a3mk7 a3nk7 aSnk) +G (ﬁ'jmk; B3nk7 B3nk)

+G (7’3mk, '}’3nk; '}’3nk) + G (a)3mk7 (DBnk> 0‘)3}’lk)

IN

G (0B, Wy > Oy ) + G (0B, g 15 O3y, ) + G (O3, , Wiy, O3 )
+G (B3mg: Bamy 1+ Bamyoy ) + G (Bamgsr» B> Bangsy ) + G (Bangsy s Bangs Bang )
G (Y Vi1 Bimesr) + G (Bmers B Vimesr) + G (B> Yo Vo)
+G (@3, O3> D3y ) + G (D3 O3, O3y, ) + G (@3, , W3, , O3,
< B3y + O3, + G (0B, 1 OBy, Wy, ) + G (Bamg, 1 Bangy Bame )

(15) +G <’}/3mk+1 » By 73nk+1) +G (w3mk+1 y My w3nk+1) :

Since ny > my, then

(16) O‘3mk S a3nk B3mk S ﬁ3nk '}’3mk S ’)/3}1/( a)3mk S (1}3nk-



198 B. SRINUVASA RAO, D. RAM PRASAD, G.N.V. KISHORE

Hence from (1) and (15), we get

14 (G (a3mk+l s Oy 15 By ))
R (a3mk+1 9 b3mk+1 » C3mk+1 7d3mk+1) 7S (a3nk+1 ) b3nk+1 ) C3nk+1 9 d3nk+1) )

T (a3nk+1 D3n 15 Cangy > 3y )

1 G<ga3mk+1 ) ha3nk+1 7fa3nk+1 ) + G(gb3mk+1 ) hb3nk+1 9 fb3}’lk+1 )
- 4 +G(gc3mk+1 ) hc3nk+1 7fc3nk+1 ) + G(gd3mk+1 9 hd3nk+1 I fd3nk+1 )

G(gazmy,,>hazn > fasn.,) +G(gbsm. s hb3n, > fban,.,)
+G(gc3mk+1 7hc3nk+1 7fc3nk+1 ) + G(gd3mk+1 y hd3nk+1 7fd3nk+1)

1 v G (a3mk7 a3nk7 a3nk) +G (B3mk7 B3nk; B3I’lk)
4 +G (Y?amka Y3nk7 Y3nk> + G (ahmka a)3nk> a)3nk)

IN
|

G (a3mk7 a3nk7 a3nk) + G (B3mk7 B3nk7B3nk)

a7 —0
+G (73mk7 73nk, ’)/3nk) + G (a)3mk7 (’)3nk7 (1)3nk)

Similarly, we can prove

4 (G (ﬁ3mk+l 7B3nk+1 ) ﬁ3l’lk+1 ))

ll’/ G (B3mk>ﬁ3nka B3nk) + G (’}/3mk7 ’}/311](7 Y3nk)

<
4 +G ((D3mk7a)3nk70)3nk) +G(a3mkaa3nk7a3nk)
(18) —(P G (ﬁ3mk Y ﬁ3nkv ﬁ3nk) + G (y3mk7 '}’3nk7 73nk>
+G ((U3mk: w3nk7 a)3nk) +G <a3mka a3nk7 a3nk)
y (G (Y3mk+l s Vg1 By ))
< l G('}’3mka'}/3nkay3nk) +G(a)3mk7a)3nk;a)3nk)
-4 +G (CGmy, O3y, 8, ) + G (B3, Bang» Bany)
(19) —(P G(Y’Smk,%‘nka}@nk) +G(0)3mkaa)3nk;a)3nk)

+G (a3mk7 a’:’nk; a3l’lk) + G (B3mk7 ﬁ3nk7 B3nk>
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y (G (abmkﬂ ’ w3nk+1 ) m3nk+1 ))

l G (a)3mk,a)3nkaa)3nk) +G (a3mk>a3nk7a3nk)
+G (B3mka B3nk7ﬁ3nk) + G (YSmk; YSnka 73nk)

IN

4

(20) _(P G(a)BmkyaBnkuath +G(a3mk7a3nk7a3nk)
+G (B3mk7 B3nk7ﬁ3nk) + G (Y3mk7 Y3nk’ '}/3nk)

Combining (15) and (17) — (20)

83y + O3y
V(&) < V| +G(Gm,, B,y 0y ) +G (B3, s B, s B,
+G (B 1> B> By ) + G (@3, @3y 1 O,

< Y(Gm) + ¥ (63,) + W( &) —49(Sk).

Letting k — oo, we get a contradiction. This shows that {3, },{Bsn}, {3}, {@3,} are Cauchy
sequences in the G-metric space (Z,G). Suppose g(#?) is complete subspace of (Z,G),
then the sequences {03, },{Bsun},{V3n},{ @3, } are convergence to &, B,y and @ respectively in

g(2). Thus, there exist a,b,c,d € g(Z?) such that

,}i_{goa%:a:ga r}i_rgoloﬁ3n:ﬁ:gb
21D lim p3, =y =gc lgn w3, =0 =gd.
n—oo

n—oo

We claim that R(a,b,c,d) = o,R(b,c,d,a) = B,R(c,d,a,b) = ¥,R(d,a,b,c) = @. By using

(1), we have

v (G (R(a,b,c,d), 0Gp41,03n42))

= Y (G(R(a,b,c,d),S(azn+1,b3n+1,¢3n+1,d3n+1), T (@342, b3n42,C3n42,d304+2)))
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1 v G (ga,haz1, fazn2) + G (g, hbsyi1, fb3n12)
+G (gc,hcany1, feznt2) +G(gd, hdzpi1, fd3ni2)

G (ga,hazi1, faznt2) + G (gb, hbsyi1, fb3ni2)
+G (gc,hcany1, feznt2) + G (gd, hdzps 1, fdant2)

1 G(8a7a3n7a3n+l)+G(gbaﬁ3nvﬁ3n+l)
+G (8¢, Vans Van+1) + G (8d, 030, W3 41)

IA
|
<

G(ga7 3y, a3n+1) + G(gbaﬁ3naﬁ3n+l)
+G (gc, Vans Y3n+l> + G(gd7 35, a)3n+l)

(22) —9

Similarly, we can prove that

V(G (R(b,c,d,a),Bsn+1,P3n+2))

1 G(gb»ﬁ3mﬁ3n+1)+G(8C7?’3m7’3n+1)

VAN

: +G(gd;a)3n;a)3n+1)+G(gaaa3n7a3n+l)
G (gb, , +G(gc, Vsn,
23) s (8D, B3ns B3n+1) (8¢, Vans Vant1)
+G(gd7603n7(03n+1)+G(ga,053n,053n+1)
W(G(R(C7d7a7b)>'}/3n+1>'}/3n+2))
< l G(gc,73n,}/3n+1)—|—G(gd,a)3n,a)3n+1)
-4 +G(ga>a3n7a3n+l)+G(gbaﬁ3n7ﬁ3n+l)
G ¢, ) +G d7 )
(24) s (&¢, V3, Van+1) (gd, 3, W341)
+G (ga, 03y, 034+1) + G (8D, Ban, Ban+1)
W(G(R<daa7b7c)7w3n+law3n+2)>
< l‘lf G (gd, w3, 03,+1) + G (ga, 03, 03,4 1)
-4 +G (gb, B3n, Ban+1) + G (8¢, V3n, Vin+1)
G(gd, s, + G (ga, 03,, O
25) s (gd, 03, W341) (ga, 0y, 03y 1)

+G(gbvﬁ3naﬁ3n+l) + G(gC, Vn; y3n+1)



(v,9) - TYPE CONTRACTIONS AND QUADRUPLE FIXED POINT POINT THEOREMS ... 201

By using property of y and combining (22) — (25), we get

G(R(a7bvcvd)7 a3n—|—17a3n+2) + G(R(b7cad7a)7ﬁ3n+l7ﬁ3n+2)
+G (R(Cvdaa7b)a ’}/3n+17’)/3n+2) + G(R(d,a,b,c), a)3n+17a)3n+2)
S W(G(R(Cl,b,c,d), a3n+17 a3n+2)> + W(G (R(b7Cvd7a>7ﬁ3n+17ﬁ3n+2>)
+W(G(R(C7d7aab)7 Y3n+17}/3n+2>) + W(G (R(d,a,b,c), (U3n+17a)3n+2>)

G (ga, 3y, 03,+1) + G (8b, Ban, B3n+1)
+G(gc, ’}/3}17 Y3n+l) + G(gd, W3y, (U3n+1)

IN

G(ga, A3y, (XSH—H) —+ G(gb7ﬁ3n>ﬁ3n+l>
+G (gc7 Vans ’}/3n+1) + G(gd, 3, a)3n+1)

—4¢

Taking the limit as n — o in the above inequality, we obtain

G(R(a,b,c,d),a, &) +G(R(b,c,d,a),B,B)
y
+G(R(c.d,.b).7.7)+G(R(d.a.b,¢),0,0)
_ | Geeawrcesp) |, | GG rGinpp
| 4G (e, 1,1 +G(gd, 0, 0) +G (g¢,7,7) + G (gd, 0, 0)

< y(0)—49(0) = y(0)

which implies R(a,b,c,d) = a,R(b,c,d,a) = B,R(c,d,a,b) = y,R(d,a,b,c) = o.

Therefore, it follows that R(a,b,c,d) = a = ga,R(b,c,d,a) = B = gb,

R(c,d,a,b) = y=gc,R(d,a,b,c) = @ = gd. Since {R, g} is weakly compatible pair, we have
R(o,B,7,) =ga, R(B,y,0,a) = gB, R(y,0,a,B) =gy and R(w,a,B,7) = go. Now we

prove that ga = o, g = B, gy = vand g0 = .
V(G (g, 03n+1, W3 12))

= Y(GR(e,B,7,®),S(a3n+1,b3n+1,C3n+1,d3n+1) , T (a3n42, 03042, C3n12,d3n12)))

l G(ga7a3nva3n+l)+G(gﬁ7ﬁ3naﬁ3n+l)
+G (&Y, Van: Van+1) + G (80, W3y, W3n11)

IA

4

G (g, 034, 03n+1) + G (&B, Ban, Bant1)
+G (&Y, Van> Vanr1) + G (80, W3, W311)
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By using property of y and we get

+G (g% Vn+1, '}/3n+2) + G (gCO, 3541, (1)3,,_:,_2)
< v(G(gw,a3n11,%012)) + W (G (B, B3nt1, B3ns2))

‘I/( G (g0, 03p41,083442) + G (8B, B3n+1,B3nt2) )

+W (G (gY, B3ur1, V3nr2)) + W (G (80, @311, W3n42))

v G(gaaa3n7a3n+l)+G(gﬁaﬁ3mﬁ3n+l)
+G(8Y: Yan> Vint1) + G (80, W3, W3 11)

IN

—4¢

G(goc, 3y, a3n+1) + G(gﬁuﬁ3naﬁ3n+l)
+G(g'}/v Van; 'Y3n+1) + G(ga), 3y, a)3n+1)

Taking the limit as n — o in the above inequality, we obtain

( G (g0, 0, ) + G (2B, B, B) ) [ G (sa, ) + G (2B, B, B) ]
y <y

+G(g7,7,7) +G (g0, 0,0) +G(g7,7,7) +G (g0, 0,0)

46 Glga,a,a) +G(gB.B.B) |
+G(g7,7,7) +G (g0, 0, 0)

<y G(go, o, 00) +G(gB,B,B)
+G (g7, 7,Y) + G (g0, », ®)

which possibility holds only G (go, @, o) =0, G(gB,B,8) =0, G(g7,7,y) =0 and
G (gw,w,w) =0 implies that g = a, g = B, gy = ¥ andg® = ®. Therefore,
R(a.B,y,0)

R(o,a,B,7)
Since R(27%) C f( ), so there exist p,q,r,s € & such that R(a, 8,7, ) = a = fp,
R(B,7,0,0) =B = fq.R(y,0,a,B) =y = frand R(®, 0, B,7) = @ = fs.

=ga =0, R(B,y,0,a) =g =B, R(y,0,0,B) = gy =yand
=g = o. Thus («, B,7, ®) is quadruple fixed point of R and g.
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W(G(a?m—i-lv O3n42, T(paQ7r7 S>7 ))

= Y (G(R(a3n+1,03n41,C3n11,d3n+1),5(A3042, b3n42, C3n12,d3n42), T (P, ¢, 7,5),))

< 1 v G (8asnt1,hazn2fp) + G (gb3ns1,hb3ui2, fq)
-4 +G (gc3nt1,hc3ns2, fr) + G (8d3nt1,hd3p 2, f5)
o G (gasni1,hazn2fp) + G(gb3ny1,hb3ai2, fq)
+G (gc3nt1,hc3ni2, fr) + G (gd3ns1,hd3n 2, f5)
- l‘l’ G (031, Bns1, fP) + G (Ban, Bans+1,fq)
-4 +G(Y3n773n+17f”)‘|‘G(a)3n70)3n+1)
s G (3n, 311, fP) + G (B3n, B3nt1, q)

+G(Y3n77/3n+l ,fl’) +G(a)3n; @341 ,fS)

By using the properties of y and we get

G (Bns1, @2, T(p,q,1,5),) +G (B3nt1,B3nr2,T(q,7,5,p),)

v
+G(Y3n+1,Y3n+2,T('”,S,PaQ)7)+G(aBn+1,0)3n+27T(S7P7%’”)a)
< v G(a3ma3n+17fp)+G(ﬁ3mﬁ3n+17fq)
- +G (Vs Vons 1, £7) + G (@3, O311)
_4¢ G(a3n7a3n+]7fp)+G(ﬁ3mﬁ3n+]7fq)

+G(Y3n773n+1 7fr) =+ G(a)3n7 a)3n+l)

Letting n — o in above inequality, we get

v G(a,a,T(p.q,rs),)+G(B,B.T(q,rs5,p),)
+G(}/7’}/7T(rasap7Q);)+G<w7w;T(s7p;q,r))
_ | G@amo@pra | | 6w 6610
| 46y +G(0,0,fs) +G(1,7./1)+G (0,0, fs)
< y(0).

Therefore, T(p,q,r,s) = o, T(q,r,s,p) =B, T(r,s,p,q) =yand T(s,p,q,r) = @.

Since {T, f} weakly compatible pair, we have
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T(a,B,7,0) = fo,T(B,y,0,0) = fB. T (7, 0,&,B) = fyand T (o, ., ,7) = fo.
Now we prove that fao = o, ff = B,fy=vand fo = ®.

V(G (o, 03,41, fX))
= W(G (R(a7ﬁ7Y7 w)aS(a3n+17b3n+laC3n+17d3n+1) ) T(a7B7 7 (D)))

l G(aa(XSnafa)'f’G(BaﬁM»fﬁ) _(P G(OC,OC3n,fOC)+G(I3,l33n,fﬁ)
+G (7, Y30, f7) + G (@, 03, f©) +G (7, Y30, f7) + G (@, 03, f©)

IN

4

and hence

v G (o, 03011, f0) +G (B, B3nt1, fP)
+G(’}/7 y3n+17fy) +G(0),0)3n+1,f0))

IN
<

[ G(a7a3n7fa)+G(ﬁ7B3n7fﬁ) _4(]) G(a7a3n7fa)+G(B7B3n7fﬁ>
L +G(Y7 y3n7fY) +G((D,0)3n,f(1)) +G(Y7 }/3n7f}/) +G(C(),C()3n,fw)

Taking the limit as n — oo in the above inequality, we obtain

v G(a,o, fa)+G(B,B,fB)
+G(1,7./7)+G(0,0,f0)
_ | Gewasorc@pm) | | Glaasor6@.p.8) |
| 46 +G(0,0,f0) +G(1,7./7)+G (0,0, f0)

which holds only G (a, ¢, fa) =0, G(B,B,fB)=0,G(7,7,fy) =0,G (0,0, fw) =0
implies that fa = a, fB = B, fy=yandf®w = @. Therefore, T (o, B,7,®) = fo = «,
T(B,y,0,0a)=fB=B,T(r,0,ap)=fy=rvandT(0,a,B,7) = fo = . Thus (o, §,7, ©)
is quadruple fixed point of R, T,g and f. Since T(2*) C h(2), so there exist x,y,z,w € &
suchthat T'(a,B,y,0) = a=hx, T(B,y,0,a) =B =hy, T(y,0,a,B) =y = hz and
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T(w,a,B,y) = o= hw.

y (G (OC3,,+1 5 S(x,y,z, W)7 a3n+2))

= V(G (R(@3n+1,b3n+1,C3n+1,d3n41),S(X, 3, 2,W), T (a3n12, 3042, C3n42,d3n12)))

o v G (gaznt1,hx, fazny2) + G (gbsny1,hy, fb3ni2)
-4 +G (gc3nt1,hz, feania) + G (gdant1, hw, fd3,12)
s G (gaznt1,hx, fazny2) + G (gbant1,hy, fb3ns2)
+G(gc3nt1,hz, feani2) + G (gdani1,hw, fd3ni2)
< 1 l// G(a3nahx7 a3n+1) + G(ﬁ3n7hy7 B3n—|—l>
-4 +G(Y3Yl7hz7y3n+l)+G(a)3n7hw7 w3n—|—l)
s G (034, hx, 03441) + G (Ban, by, B3n+1)
+G (Y3nvhz7 y3n+1) +G (abnahwa (1)3n+|)
and hence

G (a3n+1 ) S()C,y, e W)> a3n—0—2) +G (B.’)n—H ) S(y, e W7x)7 ﬁ3n+2)
+G (’}/37’1-1-1 ) S(Z7 W7X7Y)> y3n+2) +G (a)3n+1 ; S(W;XJ’, Z)7 a)3n+2)

G (034, hx, 03441) + G (B3n, by, B3n+1)
+G (Y3n7hz7 y3n+1) + G((D3n,hw, 0)3114-1)

IN

G(a3n7hx7 053n+1) + G(ﬁ3n7hya B3n+1)
+G('}’3n7hza Y3n+1) + G(a)3n7hW7 (93n+1)

—4¢

Letting n — o in above inequality, we get

v G(o,S(x,y,z,w),a) +G(B,S(y,z,w,x),B)
+G(7,8(z,w,x,y),7) + G (®,S(w,x,y,z),®)
G (o, hx, o) +G (B, hy,B)
<y
| +G(1.h2,7) + G (@,hw, 0)

46 G(a,hx,a)+G(B,hy,B) < w(0).
+G (Y,hz,y) + G (0, hw, ®)
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Therefore,

S(x,y,z,w) = &, S(y,z,w,x) = B, S(z,w,x,y) = v and S(w,x,y,z) = ®. Since {S,h} weakly
compatible pair, we have

S(e, B,v7,0) =ho,S(B,y,w,a) =hB, S(y,0,a,B) =hyand S(w, e, B,7) = ho.

Now we prove that hat = o, hf3 = B,hy =y and ho = @.

¥ (G(a,ha,a))

= yY(G(R(a,B,7,0),5(a,B,7,0),T(a,B,7,0)))

- lll’ G(a,ha,a)+G(B,hB,B) iy G(a,ha,a)+G(B,hB,B)
-4 +G(7,hy,7)+G(0,ho, o) +G (y,hy,7)+G(0,ho, o)
and hence
v G(a,ha,a)+G(B,hB,B)
+G(7,hy,7)+G(0,ho, o)
. [ G(a,ha,a)+G(B,hB,B) L4y | Gl@ha) -G (B.AB.p)
- | +G(7,h7,7)+ G (0,ho, ) +G(7,hy,7)+G(0,ho, o)

which holds only G (a,ha, @) =0, G(B,hB,B) =0, G(y,hy,y) =0and G(w,how,®) =0
implies that ha = a,hff = B, hy = y and how = @. Therefore, S(o, 3,7, ®) = ho = «,
SB,v,mw,a)=hp =B, S(y,0,0,3) =hy=vand S(®,c,B,Y) = ho = ©. Thus (¢, 3,7, ®)
is quadruple fixed point of R, T,S, g, f and A. In the following we will show the uniqueness of
common quadruple fixed point in &2. For this purpose, assume that there is another quadruple

fixed point (o', B, ¥, @") of R,S,T,g,h, f. Then

(G(a,a,a))
(G (R(at, B, 7,0),5(ct, B, 7,0),T (e, B ¥, 0)))

L, | Gleaa)+GBAE) | | Gleaa)+G(B.B.B)
Y 4G 1Y)+ G (0,0,0) +G(1,%,7) + G (0,0,0)

v
= v

IN
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and hence
v G(a, o, ') +G (B, B, B')
+G(7,7,7)+G(0,0,0")
| Gewdriew s | | Glaaa)+GB.p8)
- | +G(1,7.7)+G(0,0,0) +G(1,7.7Y)+G(0,0,0)

hence, we get o = o, = B’,v=7 and @ = @’. Therefore, (o, B,7, ®) is a unique quadruple

common fixed point of R, S, 7, g,h and f.

V(G (e, e, B))

= w(G(R(OC,ﬁ,% C()),S(a,ﬁ,’}/, a)),T(ﬁ,y,a),(x)))

1 G(a,0,B)+G(B,B.7) i G(o,a,B)+G(B.B,7)
-4 +G(7,7,0)+G(0,0,x) +G(7,7,0)+G(0,0,0)
and hence
v G(a,0,B)+G(B,B.7)
+G(7,7,0)+G(0,0,0)
_ | GeapcEpy || G@wp) 666y
N | +G(1,7,0)+G(0,0,0) +G (7,7, 0)+G(0,0,0)

hence, we get @ = § = ¥ = @. Which means that R,S,T,g,h and f have a unique common

fixed point.

Corollary 3.2: Let (2, G) be a G-metric space. Suppose that R, S,T : 2* — & and

f,g,h: P — & be asix mappings. Assume also that there exist ¢ € ® and y € ¥ such that

—0 (G(ga,hx, fp) + G(gb,hy, fq) + G(gc, hz, fr) + G(gd, hw, fs)) .

forall a,b,c,d,x,y,z,w,p,q,r,s € 2.
0) R(P*) C (). S(#*) C g(2) and T(5*) C h(P).
D) Either (R,g) or (S,h) or (T, f) are @-compatible,
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c¢) one of g(Z), h(Z) or () is complete.
Then there is a unique common quadruple fixed point of R, S, T, f,g and h in Z.

Proof. Since

max {G(ga, hx, fp),G(gb,hy, fq),G(gc, hz, fr),G(gd, hw, fs)}

< Gl(ga,hx, fp)+G(gb,hy, fq) + G(gc, hz, fr) +G(gd, hw, fs),

then we apply Theorem (3.1), since y is assumed to be nondecreasing.

Corollary 3.3: Let (2,G) be a complete G-metric space. Suppose that R : Z* — & be a

mappings. Assume also that there exist ¢ € ® and y € ¥ such that

%l//(max{G(a,x, p),G(b,y,q9),G(c,z,r),G(d,w,s)})

—¢ (max{G(a,x,p),G(b,y,q),G(c,z,r),G(d,w,s)}).
forall a,b,c,d,x,y,z,w,p,q,r,s € &. Then there is a unique quadruple fixed point of R in Z.

Corollary 3.4: Let (%, G) be a G-metric space. Suppose that R, S, T : #* — & and

f,8,h: P — & be a six mappings. Assume also that there exist k € [0, 1) such that

G(ga,hx, fp)+G(gb,hy, fq)

G (R(a,b,c,d),S(x,y,z,w), T (p,q,r,5)) < g
—l—G(gc,hz,fr) + G(gd,]’lW,fS)

forall a,b,c,d,x,y,z,w,p,q,r,s € Z.

a) R(P%) C £(2), S(2%) C g() and T(P*) C W(2);

D) Either (R,g) or (S,h) or (T, f) are @-compatible;

c¢) one of g(22), h(Z2) or () is complete.

Then there is a unique common quadruple fixed point of R, S, T, f,g and h in Z.

Proof. It is sufficient to set y(¢) = and ¢ (1) = lfTKt in Theorem (3.1).

Example: Let & = [0,00) and G(x,y,z,w) =[x —y|+|y—z|+|z—w

, (Z,G) is a complete
G-metric spaces. Let R,S,T : 2* — & and g,h, f : & — & be given by g(x) = 8x,

h(x) = 2x, f(x) =x and R(x,y,z,w) = WTZJFW’ S(x,y,z,w) = x+y4§z+w, T(x,y,2,w) = x+y;r61+w
also, y(t) = % and ¢ (1) = % for all # € [0,0). Then obviously, R(Z*) C f(2),
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S(2*) C g(2), T(P*) C h(2?) and the pairs (R, g), (S,h), (T, f) are @-compatible.

Now we have

¥ (G (R(a,b,c,d),S(x,y,2,w), T (p,q1,5)))

[ |a+b+c+d _ X+y+z+W| + |x+y+z+w _ p+q+r+s|
2 8 8 16

1
3 + pratr+s a+b+c+d|
16 2

(I5—gl+lg—f&I+1E -3
(5§15l — 3D

INA
W | —

1| (18a—=2x[+|2x— p[+[p —8al) + (|85 — 2y[ + |2y — q| +[¢ — 8b])
+(|8¢ —2z| + |2z —r| + |r — 8c|) + (|18d — 2w| + 2w — 5| + |s — 84])

IN

48

IN

1

1V (Glga.hx, fp) + G(gb, hy, fq) + G(ge, hz, fr) + G(gd, hw, fs5))

— 0(G(ga,hx, fp) + G(gb,hy, fq) + G(gc, hz, fr) + G(gd, hw, fs)) .

Thus all the conditions of the Theorem (3.1) are satisfied and (0,0,0,0) is unique fixed point.

3.1. APPLICATION TO INTEGRAL EQUATIONS.
this section, we study the existence of an unique solution to an initial value problem, as an
application to Corollary (3.3).

Theorem 3.1.1: Consider the initial value problem

(26) xl (t) = T(lv(xayvsz)<t))= rel= [07 1]7 (x7y,z7w)(0) = (xO,yO,ZO,WO)

where T : I x R* — R and xo,y0,20,wo € R. Then there exists unique solution in C (1, R) for
the initial value problem (26).

Proof. The integral equation corresponding to initial value problem (26) is

t

(1) = x0+8 / T(s, (x,y,2,w)(s))ds.
0

Let & :C(LR) and G(X,y,Z) = |X—y‘ —|—|y—z\ + ’Z—X’ forx,y,ze 2.
Define y, ¢ : [0,00) — [0,00) by W(¢) =1, ¢(¢) = & and define R: 2* — & by

t
X0
R(x,y,z, = §+/T xy,z, ))ds
0
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Now

v (G(R(x,y,z,w)(t),R(a,b,c,d)(t),R(l,m,n,0)(t)))
= |R(x,y,z,w)(t) —R(a,b,c,d)(t)| + |R(a,b,c,d)(t) — R(l,m,n,0)(t)|

+HIR(L,m,n,0)(t) = R(x,y,2,w)(1)]

- )%—F/T(s,(x,y,z,w)(s))ds—Z—O—I—/T(S,(aabvcyd)(s))dﬂ
0 0

t

HE + [T bed)s)ds— D2+ [Tis.(0mn,0)(s))as
0 0

t

+|%0+/T(S,(l,m,n,O)(S))ds—?"‘/T(Sv (x7y7z,w)(s))ds|
0 0

(Ix(r) —a@)| +la(t) = 1(e) |+ [1(1) —x(1)]) = éG(x,aJ)

IN
A= 00| =

v (max{G(x,a,l),G(y,b,m),G(z,c,n),G(w,d,0)})

—¢ (max{G(x,a,l),G(y,b,m),G(z,c,n),G(w,d,0)}).
It follows from Corollary (3.3), we conclude that R has a unique fixed point in Z.

3.2. APPLICATION TO HOMOTOPY.
this section, we study the existence of an unique solution to Homotopy theory.
Theorem 3.2.1: Let (Z,G) be complete G-metric space, U and U be an open and closed
subset of & such that U C U. Suppose H : U x [0,1] — 2 be an operator with following
conditions are satisfying,
T0) x # H(x,y,z,w,K), y # H(y,z,w,x,K), z # H(z,w,x,z,K) and w # H(w,x,y,z, k) for each
x,y,z,w € dU and k € [0,1] (Here dU is boundary of U in &);
71) for all x,y,z,w,a,b,c,d € U and y € ¥, ¢ € ®, k € [0, 1] such that
IV(G (H(x7y7z7w7 K)7H(x7y7z7w7 K)7H(a7b7cﬂd7 K)))
1

< 1¥(G(x,x,a) + G(37.b) + G(z,2,¢) + Glww.d))

_(P (G(x,x,a) + G(y7y7b) + G(Z,Z,C) + G(W7W7d)> )

In
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7)3IM>0>G(H(x,y,z,w,K),H(x,y,2,w,K),H (a,b,c,d,{)) < M|k — |
for every x,y,z,w,a,b,c,d € Uand k,{ € [0,1].
Then H(.,0) has a quadruple fixed point <= H(., 1) has a quadruple fixed point.

Proof. Let the set

¥ kK €[0,1]: H(x,y,z,w,K) =x,H(y,z,w,x,K) =y

H(z,w,x,y,K) =z, H(w,x,y,z,w,K) = w, for some x,y,z,w,€ U
Since H(.,0) has a quadruple fixed point in U#, we have that (0,0,0,0) € X*. So that X is non-
empty set. Now we show that X is both closed and open in [0, 1] and hence by the connectedness
X =[0,1]. As aresult, H(.,1) has a quadruple fixed point in U*. First we show that X closed in
[0,1]. To see this, Let {k,},_; € X with k, — k € [0,1] as n — co. We must show that x € X.
Since k, € X forn=0,1,2,3,---, there exists sequences {x,},{yn},{zn},{wn} with

Xn+1 = H(xna)’nazmwn; Kn>, Yn+1 = H(Ynyznawmxm Kn)a in+l = H(ZnuwnaXmYm Kn)

and w41 = H(wn,xn,yn,zn, Kn)

Consider
G<xn+laxn+1:xn+2)
= G(H(men,znawn, Kn)>H<xnayn7Zn7Wna Kn)aH(xn+1 yYn+153n+1,Wni1, Kn+1))
G H(xna)’mzmwnaKn)»H<xn7}7n7ZnaWnaKn)a
< H(xn+1;yn+lazn+lawn+la Kn)

e H(xn+17)’n+17zn+lawn+la Kn)aH(xn-l—l»yn+laZn+1,Wn+1a Kn)a
H(xn+17yn+lazn+l7wn+l7 Kn—l—l)

< G(H(xmynvznvwm Kn)7H(xn7yn7Zn7Wn7 Kn)aH<xn+17yn+lazn+1vwn+17 Kn))

+M|K; — Kt 1

Letting n — oo, we get

lim G(Xp41, %041, Xn42)
n—so0

S r}i_{If}oG(H(Xm)’n,Zn,Wn, Kn);H(xn;YnaZmWna Kn)7H(xn+l7yn—|—17Zn+17wn+17 Kn))
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Since Y is continuous and non-decreasing, we obtain

JgW(G(xn+laxn+lvxn+2))

< lim W(G(H(xmymzn;wm Kn);H(xn;ymvawna Kn)7H(xn+17yn+17zn+lvwn+17 Kn)))

N—oo
1 G(xnaxnaanrl)"‘G(yn;ynv)’nJrl)
< lim Zl//
" +G(Znazn72n+1) +G(Wnawnawn+l)
. G(Xn;xmanrl)+G(J’n:)’n,)’n+l>
— lim ¢
n—oo

+G(Zny 2y Znt1) + G(Wny Wi, Wyt 1)

By using the property of y, we get

lim y G(%nt1,Xn+1,%0+2) + G(Vnt1,Yn+1,Yn42) + G(Znt1, 2041, 2n12)
n—oo +G(Wnt1,Wnt1, Wnt2)

_,}grolfkp( G<xn:xn>xn+1)+G(yn7)’na)’n+l)""G(Znaznazn—i-l)+G(Wnawmwn+l) )

Set

5 G(XnJrl y Xn+1 axn+2) + G(yn+1 s Yn+1 7yn+2) + G(Zn+1 yZn+1 7Zn+2)
n+1 —
+G(Wn+17wn+l7wn+2>

Then we have
lim y(8,1) < lim (8,) — lim 49(8,) for all n,

Since ¥ is non-decreasing, we get that 5,1 < 0, for all n. Hence {§,} is a non-increasing
sequence. Since it is bounded below from 0, there is some d > 0 such that

y(0) < y(d)—4¢(0) < (), which is a contraction. Thus, & = 0, that is

G(Xpt1,%n41,Xn42) + Gnt15,Yn+1,Yn+2) + G(Znt1, Znt1,2n+2)

lim §,.1 = lim
n—oo n—voo
+G(Wn+1 sWn+1, Wn+2)
=0

Now, we shall show that {x,},{yn},{za},{wn} are Cauchy sequences in the G-metric space

(#,G). Assume the contrary, that is, one of the sequences{x,},{ya},{zn},{wn} is not a
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Cauchy sequence, there exists € > 0 and monotone increasing sequences of natural numbers

{my} and {n;} such that n; > my,

G(xmkvxnkaxnk) +G<ymkaynk7ynk)

(27) +G (ka 9 an 9 an) + G (ka ) Wnk; Wnk) > €

and

G (ka,xnk,l 7‘xnk71) +G (ymk7ynk71 ’ynkfl)

(28) +G (kaaznk,1 ;an,l) + G (kaawnk,pwnk,l) <E.

By use of the rectangle inequality and (27), (28), we have

e < G(mpXngsXm) + G mgs Yy Yy)
+G (Zmy» Zng s 2n, ) + G (Wi, Wiy s Wy )
< G (X Xm s %m ) TG (X s X X, )
+G (Yms Yy >Ym) + G (Y1 Yngs Ymy)
+G (Zmgzm_y1Zm 1) + G (2 2ne:Zny)
+G (Wngs Wi 15 W1 )+ G (W1 s Wings Wiy )
< €+G (X Xn, %) +G (Yn 1Yo Yne)

+G (Z”kfl 7an7Z"k) +G (W”kfl 7W”k7w”k) .

Letting kK — oo, we get

. . G(xmk,xnk,xnk)+G(ymk,ynk,ynk)
lim §; = lim =€.

k—so0 k—>o0 +G (ka » 2y » an) +G (kaawnk ) W"k)



214 B. SRINUVASA RAO, D. RAM PRASAD, G.N.V. KISHORE

Again, by the rectangle inequality, we have

G = G(xmk?xnk’xnk) +G(ymk’ynk7ynk)

+G (ka 5 an , an) + G (ka 9 W’lk ) wnk)

IN

G (X X,y s Xme 1) G (X 5%y Xy ) + G (Xng 1> % s X )

+G (Y Yy Ymir) T G ey s Y15 Ynesr ) + G s Y )

+G (zmps 21> Zmey) + G (T s Znger s Zmey ) + G (2 y s g )

+G (W Wy s W) + G (Wm0 Wai Wi ) + G (W gy Wa, W)
< S+ 6+ G (X XXy ) T G V> Yoy s Vi)

+G (ka+1 1 LNy 7an+1) +G (ka+1 Wit W”k+1) :
Letting k — oo, and applying Y on both side, we get

S + O,
,}Eﬂ‘o y(&) < ,}E{‘o V9]l +G (xmk+1 Xy ’x”lkH) +G (ymk+1 ' Y ’y”lkH)
+G (ka+1 2 LNy an+1) +G (ka+l Wiy 1 Wnk+1)

< 1im y(8,,) + lim y(8,,) + lim y(§) — lim 4(&) < lim y(§).
k—>o0 k—>o0 k—roo k—>o0 k—>o0

we get a contradiction. This shows that {x,},{yn},{z.},{wn} are Cauchy sequences in the

G-metric space (£, G) and by completeness of (£, G), there exist a,b,c,d € & with

lim x =a lim =b
n—oo n+l I’l%ooyn_‘—l

fma=c Jimn=d
By using (7]) and property of y, we have

G(H(a,b,c,d,x),H(a,b,c,d,x),a)+G(H(b,c,d,a,x),H(b,c,d,a,K),b)
+G(H(c,d,a,b,x),H(c,d,a,b,x),c)+G(H(d,a,b,c,x),H(d,a,b,c,x),d)
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G(H(a,b,c,d,x),H(a,b,c,d,K),H(Xn+1,Yn+1,Zn+1, Wnt1, K))
~ lim +G (H(b,c,d,a,k),H(b,c,d,a,K),H (Yni1,Zn+1, Wnt1,Xn+1,K))
S +G(H(c,d,a,b,x),H(c,d,a,b,K),H(Zn+1, Wnt1,%n+1,Yn+1,K))
+G(H(d,a,b,c,x),H(d,a,b,c,K),H(Wni1,%n+1,Yn+1,Zn+1,K))

G(a,a,xn_H) +G(b7b7yn+1)
L +G (C7C7Zn+1) +G(d7dawn+1)

< lim
n—roo ll/

G(a,a,x + G (b,b,
imag | C@@m) 4 G0bm) |

e +G(C,C,Zn+1)+G(d,d,Wn+l)

It follows that H(a,b,c,d,x) = a,H(b,c,d,a,x) = b,H(c,d,a,b,x) = ¢ and

H(d,a,b,c,x) = d. Thus x € X. Hence X is closed in [0,1]. Let xy € X, then
there exist x,yo,z0,wo € U with xo = H (x0,Y0,20,w0,%0)> Yo = H(y0,20,W0,X0,K0), 20 =
H (z0,w0,X0,Y0, Ko) and wo = H (wg, X0, 0,20, Ko). Since U is open, then there exist r > 0 such
that B (xo,x0,7) C U. Choose k € (ky — €, Ko + €) such that

Ik —Kp| < 7 < £, then for x € Bg(xo,x0,7) = {x € X /G(x,x,x0) < r+ G(x0,X0,%0)}, Also

G (H(x,y,z,w,K),H(x,y,2,w,K),X0)

= G(H(X,y,z, w, K),H()C,y,Z,W, K),H(XO,yO,ZO,WO, KO))

IN

G(H(x7y7z7 W7 K)aH(x7y>Z7 W? K)7H(x7y7Z7 W7 ICO))

+G (H(X,y,Z,W, KO)aH(x7y7zawa KO)vH(x07y07ZO7W07 KO))

IN

M|K_ KO| —I'_G(H(.x,y,Z,w? K0)7H(x7y7z7 W7 KO)7H(x07yO7ZO7WO7 KO))

1

W —I—G(H(X,y,Z,W, K()),H(X,y,Z,W, K0)7H(-x07y07Z0aW07 KO)) .

IN

Letting n — oo, we obtain

G (H(x,y,z,w,K),H(x,y,2,w,K),x0)

< G(H(x,y,z,w, Ko),H(x,y,z,w, KO)yH(x07YO7Z07W07 KO)) .
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Since ¥ is continuous and non-decreasing, we have

Il/(G(H(x,y,Z,w, K)7H(‘x7y7z7w7 K)?‘xo))

IA

W(G (H(X,y,Z,W, K'O)7H(X7)GZ7W; KO)7H(?C07)’O;207W07 KO)))

IA

1
Zw< G(X,X,X()) + G(yayay()) +G(Z7Z7Z0) + G(W7W7WO) )

—¢ < G(x,x,%0) +G(y,5,50) + G(2,2,20) + G(w; w, wo) )
Therefore,

G(H(x,y,z,w,K),H(x,y,z,w, k),x0) + G (H(y,z,w,x,K),H(y,2,w,x,K),y0)
y
+G(H(Z7W7'x7y7 K)7H(Z7W7x7y7 K)7ZO) +G(H(W,x7y7wv K)7H(W7x7y7wv K)7W0)

= ll,( G(’x7x7x0)+G(yay7y0)+G(Z7Z,ZO)+G(W,W,W0) )
_4¢( G(X,x;xo)+G(y7y7)’0)+G(272;ZO)+G(W;W;WO) )

< V’( G(x,x,%0) +G(y,550) + G(2,2,20) + G(w, w, wo) )

Since y is non-decreasing, we have

G<H(xﬂyvsz7 K)vH(x’y7Z7W7 K)7x0) +G(H(y,z,w,x, K‘),H(y,z, W, X, K'),yo)
+G (H(z,w,x,y,K),H(z,w,x,y,K),20) + G (H(w,x,y,w, k), H(w,x,y,w, K),wp)
S G(X,X,X()) + G(y7)’a)’0) + G(Z7Z7ZO) + G(W7 w, WO)

< 4r+ G(x9,x0,%0) + G(¥0,¥0,Y0) + G(z0,20,20) + G(wo, wo, wp).

Thus for each fixed k € (ko — €, k0 + €), H(., k) : Bg(x0,x0,7) — Bg(x0,x0,7),

H(.,x) : BG(y0,0,7) = Bg(y0,¥0,7), H(., ) : BG(20,20,7) = Bc(20,20,7)

and H(.,x) : Bg(wo,wo,r) — Bg(wo,wo,r). Then all conditions of Theorem (3.2.1) are satis-
fied. Thus we conclude that H (., k) has a quadruple fixed point in U". But this must be in U*.
Since (79) holds. Thus, x € X for any k € (kp — €, ko + €). Hence (kp — €, kp+€) C X. Clearly
X is open in [0, 1].

For the reverse implication, we use the same strategy.
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4. CONCLUSION

We ensured the existence and uniqueness of a common fixed point for six mappings in the
class of G-metric spaces via (¥, @)-type contractions. Two illustrated applications have been

provided.
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