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Abstract. A 2—simple graphoidal cover of G is a set y of (not necessarily open) paths in G such that every edge
is in exactly one path in y and every vertex is an internal vertex of at most two paths in y and any two paths in y
has at most one vertex in common. The minimum cardinality of the 2—simple graphoidal cover of G is called the
2—simple graphoidal covering number of G and is denoted by 1,,. A 2—simple graphoidal cover y of a graph G is
called 2—acyclic simple graphoidal cover if every member of y is a path. The minimum cardinality of a 2—acyclic
simple graphoidal cover of G is called the 2—acyclic graphoidal covering number of G and is denoted by 1a;.

This paper discusses 2—acyclic simple graphoidal cover on bicyclic graphs.
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1. INTRODUCTION

In graph theory, Graph Decomposition is the one of the fastest-growing research topics and
plays a major role in Road Network, Block design and so on. A decomposition of a graph G
is a collection of edge disjoint subgraphs Hy,H>,...,H, of G such that every edge of G is in
exactly one H;. Several authors [1][3][7][9][12] impose different conditions and parameters to
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find out different types of decomposition of the graphs. The above motivates the definition of

Graphoidal covers.

2. PRELIMINARIES

All the graph G = (V,E) in this paper is a nontrivial, simple-connected, and undirected
graphs. The number of elements of V is said to be the order of G is expressed by p and the
number of elements in the E are said to be the size of G is expressed by ¢g. For graph theoretic
terminology, Harary [8] is referred. The vertices ug and u; are called external vertices of P and
ui,uy,...,u;_1 are internal vertices of P, where P = (uq,uy,us,...,u;_1,u;) is a path or cycle in
G. Two paths Py and P, are said to be internally disjoint if no vertex of G is an internal vertex of
both P; and P,. The graphoidal cover introduced and discussed by Acharya and Sampath Kumar
[1] [2]. 2—graphoidal path cover introduced by Nagarajan et.al [9]. 2—graphoidal cover exten-
sively studied and discussed by Das and Singh [7]. The authors [12] discuss about 2—acyclic
simple graphoidal cover and discusses 2—acyclic simple graphoidal covering on standard graph.

In this paper, the authors determine the 2—acyclic simple graphoidal cover on bicyclic graphs.

Definition 2.1 (1). A graphoidal cover of G is a set ¥ of (not necessarily open) paths in G

satisfying the following conditions.

(1) Every path in y has at least two vertices.
(ii) Every vertex of G is an internal vertex of at most one path in y.

(iii) Every edge of G is in exactly one path in y.

The minimum cardinality of a graphoidal cover of G is called the graphoidal covering number

of G and is denoted by n(G).

Definition 2.2 (9). An 2—graphoidal cover of a graph G is a collection y of paths (not neces-

sarily open) in G such that
(1) Every path in y has atleast two vertices.
(i) Every edge is exactly in one path y.

(i1) Every vertex is an internal vertex of at most two paths in y.



608 VENKAT NARAYANAN, SURESH SUSEELA, KALA

The minimum cardinality of a 2—graphoidal cover of G is called the 2— graphoidal covering

number of G and is denoted by 1,(G).

Definition 2.3 (12). A 2—simple graphoidal cover of a graph G is a 2—graphoidal cover y of
G such that any two paths in ¥ have at most one vertex in common. The minimum cardinality
of a 2—simple graphoidal cover of G is called the 2—simple graphoidal covering number of G

and is denoted by m24(G).

Definition 2.4 (12). A 2—acyclic simple graphoidal cover of G is said to be 2— simple
graphoidal cover y of G such that every member y of G is a path. The minimum cardinality
of a 2—acyclic simple graphoidal cover of G is called the 2—acylic simple graphoidal covering

number of G and is denoted by 1245(G).

Definition 2.5. Let y be a collection of internally disjoint paths in G. A vertex v of G is said to
be an interior vertex of y if it is an internal vertex of some path in y. Otherwise, it is said to be

an exterior vertex.

Notations 2.6 (9). Let v be a 2—acyclic simple graphoidal cover of G. The following notations
are used in the theorems. Here iy (P),t1(Y),t2(¥),ty denotes the number of internal vertices of
the path P, the number of vertices appear as internal vertex exactly in one path y , the number
of vertices appears as internal vertex exactly in two paths of ¥ and the number of vertices are
not internal in ¥ respectively.

If 2—acyclic simple graphoidal cover ¥ of G is minimum, then it is clear that t;(y),t(y)
should be maximum and t(y) should be minimum. We define t; = max t;(y) (i = 1,2) where the
maximum is taken over all 2—acyclic simple graphoidal covers of Y of G and t = min ty, where

the minimum is taken over all 2—acyclic simple graphoidal cover ¥ of G.
Theorem 2.7 (12). For any (p,q) graph, Naus(G) =q—p —ty +1.

Corollary 2.8 (12). There exists a 2—acyclic simple graphoidal cover ¥ of G in which every
vertex is internal vertex in exactly 2 paths in W of G if and only if N2.s(G) = g — 2p.
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Theorem 2.9 (12). Let G be a unicycle graph with n pendent vertices. Let C be the unique cycle

on G. Let | be the number of vertices of degree greater than 2 on C. Then
3 if =0
(n+1)—m ifl=2
(n+2)—m ifl=1

N2as(G) =

n—m otherwise

where m is the total number of vertices of degree > 4 on G.
Definition 2.10 (6). A connected (p, p+ 1)— graph G is called a Bicyclic graph.

Definition 2.11 (6). A one-point union of two cycles is a simple graph obtained from two cycles,
say C; and C,, where [,m > 3, by identifying one and the same vertex from both cycles. Without
loss of generality, we assume C; = (ug,uy,...,u;_1,up) and Cp, = (uo, ty, i1,y .. Upii—2,Up)-

This graph is denoted by U (I : m).

Definition 2.12 (6). A long dumbbell graph is a simple graph obtained by joining two cycles C;
and C,, where [,m > 3, with a path of length i,i > 1. Without loss of generality, we may assume
Cr = (uo,ut, ... up—1,u0), P = (w—1,up,...;uppi—1) and Gy = (U1 i—1, U4 is s Wi pmyi—2,

uy+i—1). This graph is denoted by D(I : m : i).

3. MAIN RESULTS

Theorem 3.1. Let G be a bicyclic graph with n pendant vertices. Also let U(l : m) be the

unique bicycle in G and let | be the number of vertices of degree greater than 2 on C . Then
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4 ifG=U(l:m)

(n+5)—m if(I=1anddeg(up) >5)

(n+4)—m if(1=2anddeg(uy) > 4,deg(v) >3)

if (1 =3 and deg(uo) > 4,deg(v) > 3,deg(u) > 3)
Or (I = 4 and deg(uy) > 4,deg(u) > 3,deg(v) >
_ ) (n+3)—m 3,deg(w)>3,u,v,w € C;) Or (I > 5 and deg(up) >

M2as(G) =
4,deg(u) > 3,deg(v) > 3,deg(w) > 3,deg(x) >

3u,vyw,x € Cp)

if (1 =4 and deg(up) > 4,deg(u) > 3,deg(v) >

3,deg(w) > 3,u,v € C;,w € Cy) Or (I >5 and
(n+2)—m

deg(ug) > 4,deg(u) > 3,deg(v) > 3,deg(w) >

3,deg(x) > 3,u,v,w € Cj,x € Cyp)

| (n+1)—m  otherwise

Proof. Let C; = (ug,uy,...,u;_1,ug) and Cp, = (ug,uy, ... ,ujm—2,uo) be two cycles sharing a
common vertex say uy with g = p+1.
Case 1. Suppose G =U (I : m)

Let Pt = (u2,u3; .. 0, U oo Up1m—5), Po = (rsm—5, 4 m—a), Py = (Uim—a, Upsm—3, U4 m—2,
uo,uy),Py = (uy,up) is a minimum 2—acyclic simple graphoidal cover of G so that 1,,,(G) = 4.
Case 2. When [ = 1 and deg(ug) > 5

Let P = (w,x), where P be a path on U(l : m) and w,x € C,,. Take G| = G — P is a unicyclic
graph with (n 4 2) pendent vertices and m vertices is of degree > 4 with [ = 1. Hence by
theorem 2.9, M25(G1) = (n+2) +2—m = (n+4) —m. Let y; be the minimum 2—acyclic
simple graphoidal cover of G;. Then y = y; U{P} is a minimum 2—acyclic simple graphoidal

cover of G, hence 1M,5(G) < (n+5) — m. For any 2—acyclic simple graphoidal cover of G,
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n pendent vertices and atleast four vertices in U(/ : m) are external and atmost m vertices are
internal twice. Therefore ty, > (n+4),t(y) <m. Hence t > (n+4),to < m so that 1y,s(G) =
qg—p—th+t=(p+1)—p—m+(n+4) > (n+5)—m. Thus Ny(G) = (n+5) —m.
Case 3. When [ =2 and let ug, v be the two vertices is of degree greater than two on U ([ : m)
and deg(ug) > 4,deg(v) > 3,v €

Take G| = G — P where P = (w,x) be a path on U(I : m) and w,x € C,,. It is clear that
G is a unicyclic graph with (n+ 2) pendent vertices and m vertices is of degree > 4 with
[ =2. By theorem 2.9, M24(G1) = (n+2)+1—m = (n+3) —m. Let y; be the minimum
2—acyclic simple graphoidal cover of Gi. Then y = y; U{P} is a minimum 2—acyclic simple
graphoidal cover of G, hence 1My,5(G) < (n+4) — m. For any 2—acyclic simple graphoidal
cover of G, n pendent vertices and atleast three vertices in U (I : m) are external and atmost m
vertices are internal twice. Therefore ty, > (n+3),t(y) < m. Hence t > (n+3),1, < m so that
Noas(G) =q—p—tr+t=(p+1)—p—m+(n+3) > (n+4) —m. Thus Ny (G) = (n+4) —m.
Case 4. When [ = 3 and let ug, u,v be the vertices is of degree greater than two on U (/ : m) and
deg(ug) > 4,deg(u) > 3,deg(v) > 3. Then there are two subcases.

Subcase 4.1. Suppose u,v € C;

Take G| = G — P where P = (x,y) be a path on U(l : m) and x,y € Cp,. It is clear that
G is a unicyclic graph with (n+ 2) pendent vertices and m vertices is of degree > 4 with
[ = 3. By theorem 2.9, M24(G1) = (n+2) —m. Let y; be the minimum 2—acyclic simple
graphoidal cover of Gi. Then y = y; U{P} is a minimum 2—acyclic simple graphoidal cover
of G, hence 1y,5(G) < (n+3) —m. For any 2—acyclic simple graphoidal cover of G, n pendent
vertices and atleast two vertices in U (I : m) are external and atmost m vertices are internal twice.
Therefore ty, > (n+2),t2(y) <m. Hence t > (n+2),t, <mso that N, (G) =q—p—tr +t =
(p+1)—p—m+(n+2) > (n+3) —m. Thus Nrus(G) = (n+3) —m.

Subcase 4.2. Suppose u € C;,v € Cp,, then there are two subcases.
Subcase 4.2.1. Suppose deg(v) = 3 (Or) deg(v) > 5

Take G| = G — P where P = (v,x) be a path on U(/ : m) and x € Cp,. It is clear that G| is a

unicyclic graph with (n+ 1) pendent vertices and m vertices is of degree > 4 with [ = 2. By

theorem 2.9, M245(G1) = (n+2) —m. Let y; be the minimum 2—acyclic simple graphoidal
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cover of G. Then ¥ = y; U{P} is a minimum 2—acyclic simple graphoidal cover of G, hence
N24s(G) < (n+3) —m. For any 2—acyclic simple graphoidal cover of G, n pendent vertices and
atleast two vertices in U ([ : m) are external and atmost m vertices are internal twice. Therefore
ty > (n+2),6(y) <m. Hencet > (n+2),to <mso that Ny, (G) =qg—p—tr+t=(p+1)—
p—m+(n+2) > (n+3) —m. Thus N2s(G) = (n+3) —m.

Subcase 4.2.2. Suppose deg(v) =4

Take G; = G — P where P = (v,x) be a path on U(I : m) and x € Cy,. It is clear that G|
is a unicyclic graph with (n+ 1) pendent vertices and (m — 1) vertices is of degree > 4 with
[ =2. By theorem 2.9, N245(G1) = (n+1)+1—(m—1) = (n+3) —m. Let y; be the minimum
2—acyclic simple graphoidal cover of G;. Let P; be a path in y; in which v is an external.
Then v = (y; — P;) U{P P} is a 2—acyclic simple graphoidal cover of G, hence 1M,4(G) <
((n4+3)—m)—1+1= (n+3) —m. For any 2—acyclic simple graphoidal cover of G, n pendent
vertices and atleast two vertices in U (I : m) are external and atmost m vertices are internal twice.
Therefore ty, > (n+2),t(y) <m. Hence t > (n+2),t, <mso that N, (G) =q—p—tr +1 =
(p+1)—p—m+(n+2) > (n+3) —m. Thus N25(G) = (n+3) —m.

Case 5. Suppose [ =4 and let ug, u, v, w be the vertices is of degree greater than two on U ([ : m)
and deg(ug) > 4,deg(u) > 3,deg(v) > 3,deg(w) > 3, then there are two subcases.
Subcase 5.1. Suppose u,v,w € C;

Take G| = G — P, where P = (y,z) be a path on U(/ : m) and y,z € Cp,. It is clear that
G is a unicyclic graph with (n+ 2) pendent vertices and m vertices is of degree > 4 with
[ = 3. By theorem 2.9, M2(G1) = (n+2) —m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G;. Then y = y; U{P} is a 2—acyclic simple graphoidal cover of G,
hence 1545(G) < (n+3) —m. For any 2—acyclic simple graphoidal cover of G, n pendent
vertices and atleast two vertices in U (I : m) are external and atmost m vertices are internal twice.
Therefore ty, > (n+2),t(y) <m. Hence t > (n+2),t, <mso that N, (G) =q—p—tr+1 =
(p+1)—p—m+(n+2) > (n+3) —m. Thus Nrus(G) = (n+3) —m.

Subcase 5.2. Suppose u,v € C; and w € G, then there are two subcases.

Subcase 5.2.1. Suppose deg(w) = 3 (Or) deg(w) > 5
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Take G| = G — P, where P = (w,y) be a path on U(/ : m) and y € C,,. It is clear that Gy is
a unicyclic graph with (n+ 1) pendent vertices and m vertices is of degree > 4 with [ = 3. By
theorem 2.9, My45(G1) = (n+ 1) —m. Let y; be the minimum 2—acyclic simple graphoidal
cover of Gy. Then y = y; U{P} is a 2—acyclic simple graphoidal cover of G, hence 1345(G) <
(n+2) — m. For any 2—acyclic simple graphoidal cover of G, n pendent vertices and atleast
one vertex in U(/ : m) are external and atmost m vertices are internal twice. Therefore t, >
(n+1),6(y) <m. Hence t > (n+2),t <mso that Ny;s(G) =g—p—tr+t=(p+1)—p—
m+ (n+1) > (n+2) —m. Thus Ny.(G) = (n+2) —m.

Subcase 5.2.2. Suppose deg(w) =4

Take G; = G — P, where P = (w,y) be a path on U(l : m) and y € Cy,. It is clear that G
is a unicyclic graph with (n+ 1) pendent vertices and (m — 1) vertices is of degree > 4 with
[ = 3. By theorem 2.9, 12,5(G1) = (n+1) — (m—1) = (n+2) —m. Let y; be the minimum
2—acyclic simple graphoidal cover of Gy. Let P; be a path in y; in which x is an external vertex.
Then v = (y; — P;) U{P P} is a 2—acyclic simple graphoidal cover of G, hence 1M,44(G) <
((n4+2)—m)—1+1= (n+2)—m. For any 2—acyclic simple graphoidal cover of G, n pendent
vertices and atleast one vertex in U (I : m) are external and atmost m vertices are internal twice.
Therefore ty, > (n+1),t2(y) <m. Hence t > (n+2),t, <mso that Ny, (G) =q—p—tr +1 =
(p+1)—p—m+(n+1) > (n+2) —m. Thus Nys(G) = (n+2) —m.

Case 6. When [ > 5 and let ug,u, v, w,x be the vertices is of degree greater than two on U (I : m)
and Suppose deg(ug) > 4,deg(u) > 3,deg(v) > 3,deg(w) > 3,deg(x) > 3, then there are three
subcases.

Subcase 6.1. Suppose u,v,w,x € C;

Take G| = G — P, where P = (y,z) be a path on U(l : m) and y,z € C,,. 1t is clear that
G is a unicyclic graph with (n+ 2) pendent vertices and m vertices is of degree > 4 with
[ > 5. By theorem 2.9, M2(G1) = (n+2) —m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G;. Then y = y; U{P} is a 2—acyclic simple graphoidal cover of G,
hence 1545(G) < (n+3) —m. For any 2—acyclic simple graphoidal cover of G, n pendent
vertices and atleast two vertices in U (I : m) are external and atmost m vertices are internal twice.

Therefore ty, > (n+2),t(y) <m. Hence t > (n+2),t, <mso that N, (G) =q—p—tr+t =
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(p+1)—p—m+(n+2) > (n+3) —m. Thus Nys(G) = (n+3) —m.

Subcase 6.2. When u,v,w € C; and x € Cp,, and let P = (x,y) be apathin U(/ : m) and y € C,,.
Then there are two subcases.

Subcase 6.2.1. Suppose deg(x) = 3 (Or) deg(x) > 5

Take G| = G — P, is a unicyclic graph with (n+ 1) pendent vertices and m vertices is of degree
> 4 with [ > 4. By theorem 2.9, 1M4,(G1) = (n+ 1) —m. Let y; be the minimum 2—acyclic
simple graphoidal cover of Gi. Then y = y; U{P} is a 2—acyclic simple graphoidal cover of
G, hence 1y45(G) < (n+2) —m. For any 2—acyclic simple graphoidal cover of G, n pendent
vertices and atleast one vertex in U (I : m) are external and atmost m vertices are internal twice.
Therefore ty > (n+1),6(y) <m. Hencet > (n+1),to <mso that Nyy(G) =qg—p—tr+1t =
(p+1)—p—m+(n+1) > (n+2) —m. Thus N25(G) = (n+2) —m.

Subcase 6.2.2. Suppose deg(x) =4

Take G; = G — P is a unicyclic graph with (n+ 1) pendent vertices and (m — 1) vertices is
of degree > 4 with [ > 4. By theorem 2.9, 0245(G1) = (n+1) — (m—1) = (n+2) —m. Let y;
be the minimum 2—acyclic simple graphoidal cover of G;. Let P; be a path in y; in which x is
an external vertex. Then y = (y; — P;) U{P; UP} is a 2—acyclic simple graphoidal cover of
G, hence My45(G) < ((n+2) —m) — 1+ 1 = (n+2) —m. For any 2—acyclic simple graphoidal
cover of G, n pendent vertices and atleast one vertex in U(/ : m) are external and atmost m
vertices are internal twice. Therefore ty, > (n+1),t(y) <m. Hence t > (n+1),1, < m so that
Nus(G)=q—p—tr+t=(p+1)—p—m+(n+1) > (n+2) —m. Thus Nrs(G) = (n+2) —m.
Subcase 6.3. Suppose u,v € C; and w,x € Cp, and let P = (w,x) be a path in U(/ : m). Then
there are three subcases.

Subcase 6.3.1. When (deg(w) = deg(x) =3 (Or) 5) (Or) (deg(w) = 3 and deg(x) > 5) (Or)
(deg(w) > 5 and deg(x) > 5)

Take G; = G — P is a unicyclic graph with n pendent vertices and m vertices is of degree
> 4 with [ = 3. By theorem 2.9, M2,4,(G1) = n— m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G;. Then y = y; U{P} is a 2—acyclic simple graphoidal cover of G,
hence 1245(G) < (n+ 1) —m. For any 2—acyclic simple graphoidal cover of G, n pendent

vertices are external and atmost m vertices are internal twice. Therefore ty, > n,1(y) < m.
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Hencet > n,t <msothat Ny,(G) =q—p—ta+t=(p+1)—p—m+n> (n+1)—m. Thus
Moas(G) = (n+1) —m.
Subcase 6.3.2. When (deg(w) = 3 and deg(x) = 4) (Or) (deg(w) > 5 and deg(x) = 4)

Take G| = G — P is a unicyclic graph with n pendent vertices and (m — 1) vertices is of
degree > 4 with [ = 3. By theorem 2.9, Ny,5(G1) =n—(m—1) = (n+1) —m. Let y; be
the minimum 2—acyclic simple graphoidal cover of Gy. Let P; be a path in y; in which x is
an external vertex. Then y = (y; — P;) U{PP,} is a 2—acyclic simple graphoidal cover of G,
hence 1My45(G) < ((n+1)—m) — 141 = (n+ 1) —m. For any 2—acyclic simple graphoidal
cover of G, n pendent vertices are external and atmost m vertices are internal twice. Therefore
ty > n,t(y) <m. Hencet > n,tp <msothat Ny (G) =q—p—tr+t=(p+1)—p—m+n>
(n+1) —m. Thus Ny.s(G) = (n+1) — m.

Subcase 6.3.3. When deg(w) = 4 and deg(x) =4

Take G| = G — P is a unicyclic graph with n pendent vertices and (m — 2) vertices is of degree
> 4 with [ = 3. By theorem 2.9, 1245(G1) =n— (m—2) = (n+2) —m. Let y; be the minimum
2—acyclic simple graphoidal cover of Gj. Let Pj be a path in y; in which x is an external vertex
and P, be a path in y; in which w is an external vertex. Then v = (y; — P, — ) U{P,PP } is a
2—acyclic simple graphoidal cover of G, hence 1245(G) < ((n+2)—m)—2+1=(n+1)—m.
For any 2—acyclic simple graphoidal cover of G, n pendent vertices are external and atmost m
vertices are internal twice. Therefore ty > n,t,(y) < m. Hence t > n,t, < m so that 12,5(G) =

g—p—th+t=(p+1)—p—m+n>(n+1)—m. Thus Nys(G) = (n+1) —m. O
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Example 3.2. Consider the Bicyclic graph U (I : m) shown in Figure 1

V31 V26 V27

V30
V17

V23

V29

FIGURE 1. Bicyclic Graphs U(/ : m)

Here p =33, g=34,n= 14,1 = 6 and m = 4, then
N2as(G) = { (Vi6,V6,Vs,Vv4,V3,V19),(V20,V3, V14, V13, V31),(V13, V12, V11, V21, V25, V26 )s (Vas, v27),
(vaa,v21,v22,v28),(v22,V23,v29),(v23,V30),(V11, V10, V9, V33),(V32, V9, V15,V3),(V3, V2, V1, V8, V1g),

(vg,v7,v6,v17)} =11 =(n+1)—m

Theorem 3.3. Let G be a bicyclic graph with n pendant vertices. Also let D(1 : m : i) be the
unique bicycle in G and let | be the number of vertices of degree greater than 2 on cycles on

D(l:m:i) Then
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5 fG=D(l:m:i)

(n+5)—m if(l=2and deg(u;—1) > 4,deg(us1i—1) > 3)

lf( =3 Cll’lddeg(bll_]) > 37 deg(ul+i—l) > 37

n+4)—m
ey deg(u) = 3)

if (1 =4 and deg(u 1) > 3,degurs 1) > 3,deg(u) >
(n+3)—m 3,deg(v)>3)Or(l>5anddeg(uj—1) > 3,deg(uji—1) >

N2as(G) =
3,deg(u) > 3,deg(v) > 3,u,v,w € C;)
if (1 =5 and deg(u;—1) > 3,deg(u1;—1) > 3,deg(u) >
3,deg(v) > 3,deg(w) > 3,u,v € C,w € C,) Or (I >
(n+2)—m
5,deg(uj—1) > 3,deg(upyi—1) > 3,deg(u) > 3,deg(v) >
3,deg(w),deg(x) > 3,u,v,x € Cj,w € Cy,))
(n+1)—m otherwise
\
Proof. Let C; = (uo,ul, ...... ,ul_l,uo),P,- = (ul_l,ul, ...... ,ul+,~_1) and C, =
(Wiim 1y Uiy o Wipmetio2, Ul i 1)-

Case 1. Suppose G =D(l:m: i)

Let P, = (up,us,...... u3), Poo= (w_3,u_p,up_ 1 uy,...... Ui 1,U1), Pyo=
(wiviswivivt), Po = (Wiivts Uiz, - JUiyio1), Ps = (w_1,uo,u1,up) is a minimum
2—acyclic simple graph-oidal cover of G so that 12,,(G) = 5.
Case 2. Suppose [ =2 and let P denote (u;.;_1,w) section of C,, such that it has atleast one
internal vertex say u; and w € C,,. Let P; and P, denote the (u;,;_1,u;) and (u;,w) section of P
respectively. Then there are two subcases.
Subcase 2.1. When deg(u;—1) > 4 and (deg(u;4i—1) = 3 (Or) deg(u;4i—1) > 95)

Take G; = G — {P} is a unicyclic graph with (n+ 1) pendent vertices and m vertices is of

degree > 4 with [ = 1. Hence by the theorem 2.9, 15,,(G1) = (n+1)+2)—m= (n+3) —m.
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Let v is a minimum 2—acyclic simple graphoidal cover of Gi. Then y = y; U{P;} U{P}
is a 2—acyclic simple graphoidal cover of G, hence 1M,5(G) < (n+5) — m. For any 2—acyclic
simple graphoidal cover of G atleast n pendent vertices and four vertices in D(I : m : i) are
external and atmost m vertices are internal twice. Therefore ty > (n+4),12(y) < m. Hence
t>(n+4),p <msothat Ny(G) =qg—p—tr+t=(p+1)—p—m+(n+4) > (n+5)—m.
Thus N245(G) = (n+5) —m.
Subcase 2.2. When deg(u;—1) > 4 and deg(u;4;—1) =4

Take G; = G — {P} is a unicyclic graph with (n+ 1) pendent vertices and (m — 1) vertices
is of degree > 4 with [ = 1. Hence by the theorem 2.9, N24(G1) = ((n+1) +2) — (m—1) =
(n+4) —m. Let y; is a minimum 2—acyclic simple graphoidal cover of G;. Let P; be a path
in y; in which u;,; | is an external vertex. Take y = (y; — P3) U{PsP; } U{P,} is a 2—acyclic
simple graphoidal cover of G and 1y.(G) < ((n+4) —m) —1+2 = (n+5) —m. For any
2—acyclic simple graphoidal cover of G atleast n pendent vertices and four vertices in D(I : m : i)
are external and atmost m vertices are internal twice. Therefore ty, > (n+4),t;(y) < m. Hence
t > (n+4),r <mandhence Ny (G) =q—p—tr+t=(p+1)—p—m+(n+4) > (n+5) —m.
Thus N245(G) = (n+5) —m.
Case 3. When [ = 3 and let u be the only vertex is of degree greater than 2 other than
u;_1,uryi—1. Let P denote (u;y; 1,w) section of C,, such that it has atleast one internal ver-
tex say u; and w € Cp,. Let P; and P, denote the (u;1;1,u;) and (u;, w) section of P respectively.
Suppose deg(u;—1) > 3,deg(u) > 3,u € Cp,, then there are two subcases.
Subcase 3.1. When deg(u;;—1) =3 (Or) deg(uj4i—1) > 5

Take G| = G — {P} is a unicyclic graph with (n+ 1) pendent vertices and m vertices is of
degree > 4 with [ = 2. Hence by the theorem 2.9, 12,5(G1) = ((n+1)+1) —m = (n+2) —m.
Let y; be the minimum 2—acyclic simple graphoidal cover of G. Then y = y; U{P; } U{P:}
is a 2—acyclic simple graphoidal cover of G, hence 1M2,45(G) < (n+4) — m. For any 2—acyclic
simple graphoidal cover of G atleast n pendent vertices and three vertices in D(I : m : i) are

external and atmost m vertices are internal twice. Therefore ty > (n+3),t(y) < m. Hence

t > (n+3),tp <mandhence Ny (G)=q—p—tr+t=(p+1)—p—m+(n+3) > (n+4)—m.
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Thus N245(G) = (n+4) —m.
Subcase 3.2. When deg(u; ;1) =4

Take G; = G — {P} is a unicyclic graph with (n+ 1) pendent vertices and (m — 1) vertices
is of degree > 4 with [ = 2. Hence by the theorem 2.9, N245(G1) = ((n+1)+1)—(m—1) =
(n+3) —m. Let g be the minimum 2—acyclic simple graphoidal cover of G. Let P; be a path
in Y in which u; ;_; is external vertex. Take y = (y; — P3) U{P;3P; } U{P,} is a 2—acyclic sim-
ple graphoidal cover of G and 1545(G) < ((n+3) —m) — 142 = (n+4) —m. For any 2—acyclic
simple graphoidal cover of G atleast n pendent vertices and three vertices in D( : m : i) are
external and atmost m vertices are internal twice. Therefore ty > (n+ 3),2(y) < m. Hence
t > (n+3),r <mandhence Ny (G) =q—p—tr+t=(p+1)—p—m+(n+3) > (n+4) —m.
Thus N245(G) = (n+4) —m.

Case 4. When / =4 and u,v be the only vertices is of degree greater than 2 other than
u;_1,u;+i—1. Then there are four sub cases.

Subcase 4.1. When deg(u;_1) > 3,deg(u;1;—1) = 3, then there are two subcases.

Subcase 4.1.1. When deg(u) > 3,deg(v) > 3 and u,v € C;

Take G; = G — P, where P denotes (u;.;_1,w) section of C,, such that it has atleast one
internal vertex say u; and w € Cy,. Let P; and P, denote the (u;4;—1,u;) and (u;, w) section of
P respectively. It is clear that G is a unicyclic graph with (n+ 1) pendnent vertices and m
vertices is of degree > 4 with [ = 2. Therefore by therorem 2.9, 1245(G1) = (n+ 1) —m. Let
Y be the minimum 2—acyclic simple graphoidal cover of G;. Take y = y; U{P,} U{P,} is a
2—acyclic simple graphoidal cover of G, hence 1245(G) < (n+1) —m+2 = (n+3) —m. For any
2—acyclic simple graphoidal cover of G atleast n pendent vertices and two vertices in D(I : m : i)
are external and atmost m vertices are internal twice. Therefore ty, > (n+2),1(y) < m. Hence
t>(n+2),tp <mandhence Ny (G)=qg—p—tr+t=(p+1)—p—m+(n+2) > (n+3)—m.
Thus M245(G) = (n+3) —m.

Subcase 4.1.2. When deg(u) > 3 and deg(v) > 3, u € C;,v € Cy, and let P denotes (u;4;—1,v)
section of C,, such that it has atleast one internal vertex say u;. Let P; and P, denote the
(u74i—1,u;) and (u;,v) section of P respectively.Then there are two subcases.

Subcase 4.1.2.1. When deg(v) =3 (Or) deg(v) > 5
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Take G; = G — P is a unicyclic graph with n pendnent vertices and m vertices is of degree
> 4 with [ = 2. Therefore by therorem 2.9, 1n5,4,(G) = (n+ 1) —m. Let y; be the minimum
2—acyclic simple graphoidal cover of Gy. Take ¥ = y; U{P,} U{P} is a 2—acyclic simple
graphoidal cover of G, hence 1y,5(G) < (n+1) —m+2 = (n+3) — m. For any 2—acyclic
simple graphoidal cover of G atleast n pendent vertices and two vertices in D( : m : i) are
external and atmost m vertices are internal twice. Therefore ty > (n+2),2(y) < m. Hence
t>(n+2),r <mandhence Ny (G) =q—p—tr+t=(p+1)—p—m+(n+2) > (n+3) —m.
Thus N245(G) = (n+3) —m.

Subcase 4.1.2.2. When deg(v) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ = 2. Hence by therorem 2.9, 12,5(G1) = (n+1) — (m—1) = (n+2) —m. Let
Y1 be the minimum 2—acyclic simple graphoidal cover of G;. Let P3 be a path in y; in which
v is an external vertex. Take y = y; U{P; } U{P,P;} is a 2—acyclic simple graphoidal cover of
G and 1y45(G) < (n+2) —m+1+2 = (n+3) —m. For any 2—acyclic simple graphoidal cover
of G atleast n pendent vertices and two vertices in D(I : m : i) are external and atmost m vertices
are internal twice. Therefore ty, > (n+2),6(y) < m. Hence t > (n+2),t, < m and hence
Nus(G)=q—p—tr+t=(p+1)—p—m+(n+2) > (n+3) —m. Thus Nrs(G) = (n+3) —m.
Subcase 4.2. When deg(u;—1) > 4 and deg(u;1;—1) > 4, then there are three subcases.
Subcase 4.2.1. When deg(u) > 3,deg(v) > 3, u,v € C

Take G| = G — P, where P denotes (x,y) section of C, and x,y € Cy,. It is clear that Gy is
a unicyclic graph with (n+ 2) pendnent vertices and m vertices is of degree > 4 with [ = 3.
Hence by therorem 2.9, 12,5(G) = (n+2) —m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G;. Take y = y; U{P} is a 2—acyclic simple graphoidal cover of G, hence
Mas(G) < (n+2) —m+ 1= (n+3) —m. For any 2—acyclic simple graphoidal cover of G
atleast n pendent vertices and two vertices in D(I : m : i) are external and atmost m vertices
are internal twice. Therefore ty, > (n+2),62(y) < m. Hence t > (n+2),t, < m and hence
Nus(G)=q—p—tr+t=(p+1)—p—m+(n+2) > (n+4) —m. Thus Nys(G) = (n+3) —m.
Subcase 4.2.2. When deg(u; ;1) =4, deg(u) > 3,deg(v) >3, u € C,v € Cy, and let P denotes

(u71i-1,v) section of C,, such that it has atleast one internal vertex say u;. Let P, and P, denote
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the (u;4;—1,u;) and (u;,v) section of P respectively. Then there are two subcases.
Subcase 4.2.2.1. When deg(v) =3 (Or) deg(v) > 5

Take G| = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with / = 2. Hence by therorem 2.9, 105,,(G1) = (n+1)—(m—1) = (n+2) —m.
Let y; be the minimum 2—acyclic simple graphoidal cover of G;. Let P4 be a path in yj in
which u;, ;1 is an external vertex. Take y = (y; — Py) U{PsP; } U{P,} is a 2—acyclic simple
graphoidal cover of G, hence Ny,5(G) < (n+2) —m—1+2 = (n+3) — m. For any 2—acyclic
simple graphoidal cover of G atleast n pendent vertices and atleast two vertices in D(I : m : i)
are external and atmost m vertices are internal twice. Therefore ty, > (n+2),1(y) < m. Hence
t>(n+2),tp <msothat Ny(G)=qg—p—tr+t=(p+1)—p—m(n+2) > (n+3)—m. Thus
M2as(G) = (n+3) —m.
Subcase 4.2.2.2. When deg(v) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 2) vertices is of
degree > 4 with [ = 2. Hence by therorem 2.9, M,(G;) = (n—1) — (m—2) = (n+3) —m.
Let y; be the minimum 2—acyclic simple graphoidal cover of Gi. Let P3 be a path in y; in
which v is an external vertex and let P4 be a path in y; in which u;, ;| as the external vertex.
Take v = (y; — P3— Py) U{PyP, } U{P,P3} is a 2—acyclic simple graphoidal cover of G, hence
N2as(G) < (n+3) —m—2+2 = (n+3) —m. For any 2—acyclic simple graphoidal cover of G
atleast n pendent vertices and atleast two vertices in D(/ : m : i) are external and atmost m vertices
are internal twice. Therefore ty, > (n+2),0(y) < m. Hence t > (n+2),t, < m and hence
Nwus(G) =q—p—tr+t=(p+1)—p—m(n+2) > (n+3) —m. Thus Ms(G) = (n+3) —m.
Subcase 4.3. When deg(u;,; 1) > 5 and deg(u) > 3, deg(v) > 3, u € C;,v € Cy, and let P
denotes (u;y;_1,v) section of C,, such that it has atleast one internal vertex say u;. Let P; and P,
denote the (u;1; 1,u;) and (u;,v) section of P respectively. Then there are two subcases.
Subcase 4.3.1. When deg(v) =3 Or deg(v) > 5

Take G = G — P is a unicyclic graph with n pendnent vertices and m vertices is of degree > 4
with [ = 2. Hence by therorem 2.9, 12,5(G1) = (n+ 1) —m. Let y; be the minimum 2—acyclic
simple graphoidal cover of G;. Let P4 be a path in y; in which u;,; | is an external vertex.

Take v = y U{P;} U{P,} is a 2—acyclic simple graphoidal cover of G, hence 1y,s(G) <
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(n+3) —m. For any 2—acyclic simple graphoidal cover of G atleast n pendent vertices and
atleast two vertices in D(/ : m : i) are external and atmost m vertices are internal twice. Therefore
ty > (n+2),t(y) <m. Hence t > (n+2),t < m and hence M45(G) =g—p—tr+t = (p+
1)—p—m(n+2) > (n+3)—m. Thus Nys(G) = (n+3) —m.
Subcase 4.3.2. When deg(v) = 4

Take G| = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ = 2. Hence by therorem 2.9, 12,5(G1) = (n+1)—(m—1) = (n+2) —m.
Let y; be the minimum 2—acyclic simple graphoidal cover of G;. Let P; be a path in y;
in which v is an external vertex. Take y = (y; — P3) U{P;} U{P,P3} is a 2—acyclic simple
graphoidal cover of G and 1y,5(G) < (n+2) —m— 142 = (n+3) —m. For any 2—acyclic
simple graphoidal cover of G atleast n pendent vertices and atleast two vertices in D(I : m : i)
are external and atmost m vertices are internal twice. Therefore ty, > (n+2),t;(y) < m. Hence
t>(n+2),t <mandhence Ny;5(G) =g—p—tr+t=(p+1)—p—m@n+2) > (n+3)—m.
Thus N245(G) = (n+3) —m.
Case 5. When [ =5 and u,v,w be the only vertices is of degree greater than 2 other than
u;_1,u;+i—1. Then there are three subcases.
Subcase 5.1. Suppose deg(u;—1) > 3,deg(u;+;—1) = 3, then there are two subcases.
Subcase 5.1.1. When deg(u) > 3,deg(v) > 3,deg(w) > 3, u,v,w € C

Take G| = G — P, where Let P = (x,y) be a path in Cy, and x,y € C,,. It is clear that G| is
a unicyclic graph with (n+ 2) pendnent vertices and m vertices is of degree > 4 with [ > 3.
Hence by therorem 2.9, 12,5(G1) = (n+2) —m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G;. Take y = y; U{UP} is a 2—acyclic simple graphoidal cover of G,
hence Mys(G) < ((n+2) —m)+ 1 = (n+3) —m. For any 2—acyclic simple graphoidal cover
of G atleast n pendent vertices and two vertices in D(I : m : i) are external and atmost m vertices
are internal twice. Therefore ty, > (n+2),02(y) < m. Hence t > (n+2),t, < m and hence
Mas(G) =q—p—tr+t=(p+1)—p—m+(n+2) = (n+3) —m. Thus Nyes(G) = (n+3) —m.
Subcase 5.1.2. When deg(u) > 3, deg(v) > 3, deg(w) > 3 and u,v € C;,w € Cp,. Let P denotes

(u71i—1,w) section of C,, such that it has atleast one internal vertex say ;. Let P| and P, denote
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the (u;1;—1,u;) and (u;,w) section of P respectively. Then there are two subcases.
Subcase 5.1.2.1. When deg(w) =3 (Or) deg(w) > 5

Take G; = G — P is a unicyclic graph with n pendnent vertices and m vertices is of degree
> 4 with [ = 3. Hence by therorem 2.9, 15,5(G1) = n— m. Let y; be the minimum 2—acyclic
simple graphoidal cover of G;. Take v = y; U{P;} U{P,} is a 2—acyclic simple graphoidal
cover of G, hence 145(G) < (n+2) — m. For any 2—acyclic simple graphoidal cover of G
atleast n pendent vertices and atleast one vertex in D(I : m : i) are external and atmost m vertices
are internal twice. Therefore 1y, > (n+1),62(y) < m. Hence t > (n+ 1),t, < m and hence
Noas(G) =q—p—tr+t=(p+1)—p—m+(n+1) > (n+2) —m. Thus Ny (G) = (n+2) —m.
Subcase 5.1.2.2. When deg(w) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ = 3. Hence by therorem 2.9, 1y,5(G1) =n—(m—1) = (n+1) —m. Let y; be
the minimum 2—acyclic simple graphoidal cover of G;. Let P3 be a path in ¥ in which w as the
external vertex. Take y = (y; — P3) U{P; } U{P,P3} is a 2—acyclic simple graphoidal cover of
G and 1y45(G) < (n+1) —m—1+2 = (n+2) — m. For any 2—acyclic simple graphoidal cover
of G atleast n pendent vertices and atleast one vertex in D(I : m : i) are external and atmost m
vertices are internal twice. Therefore ty, > (n+1),12(y) < m. Hence t > (n+ 1), < m and
hence Nyys(G) =qg—p—tr+t=(p+1)—p—m+(n+1)> (n+2) —m. Thus Mys(G) =
(n+2)—m.
Subcase 5.2. When deg(u;—) > 4 and deg(u;1;—1) > 4, then there are three subcases.
Subcase 5.2.1. Suppose deg(u; ;1) > 4, deg(u) > 3, deg(v) > 3, deg(w) >3, u,v,w € C;

Take G| = G — P, where Let P = (y,z) be a path in Cy, and y,z € Cp,. It is clear that Gy is
a unicyclic graph with (n+ 2) pendnent vertices and m vertices is of degree > 4 with [ > 3.
Hence by therorem 2.9, 12,5(G) = (n+2) —m. Let y; be the minimum 2—acyclic simple
graphoidal cover of Gi. Take ¥ = y; U{P} is a 2—acyclic simple graphoidal cover of G so
that 1N245(G) < ((n+2) —m) + 1 = (n+ 3) — m. For any 2—acyclic simple graphoidal cover of
G atleast n pendent vertices and two vertices in D(I : m : i) are external and atmost m vertices
are internal twice. Therefore ty, > (n+2),02(y) < m. Hence t > (n+2),t, < m and hence

Mus(G)=q—p—tr+t=(p+1)—p—m+(n+2) > (n+3) —m. Thus Nyes(G) = (n+3) —m.
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Subcase 5.2.2. Suppose deg(u;1 ;1) =4, deg(u) >3, deg(v) >3,deg(w) >3, u,v € C;,w e Cy,
and let P denotes (u;4;_1,w) section of C,, such that it has atleast one internal vertex say u;.
Let P, and P, denote the (u;4;1,u;) and (u;,w) section of P respectively. Then there are two
subcases.
Subcase 5.2.2.1. When deg(w) = 3 (Or) deg(w) > 5

Take G| = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ = 3. Hence by theorem 2.9, 15,5(G1) = (n+ 1) — m. Let y; be the minimum
2—acyclic simple graphoidal cover of G;. Let P4 be a path in yj in which u;4;_1 is an external
vertex. Take y = (y; — Py) U{P4P, } U{P,} is a 2—acyclic simple graphoidal cover of G, hence
MN2as(G) < (n+1)—m—1+2 = (n+2) —m. For any 2—acyclic simple graphoidal cover of
G atleast n pendent vertices and atleast one vertex in D(/ : m : i) are external and atmost m
vertices are internal twice. Therefore ry, > (n+1),12(y) <m. Hencet > (n+1),t, < m and so
Mas(G) =q—p—tr+t=(p+1)—p—m+(n+1) = (n+2) —m. Thus N245(G) = (n+2) —m.
Subcase 5.2.2.2. When deg(w) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 2) vertices is of
degree > 4 with [ = 3. Hence by theorem 2.9, 15,5(G1) = (n+2) — m. Let y; be the minimum
2—acyclic simple graphoidal cover of Gi. Let P; be a path in y; in which w is an external
vertex and let Py be a path in y; in which u;,; | is an external vertex. Take Y = (y; — P3 —
Py)U{PsP1} U{P,P3} is a 2—acyclic simple graphoidal cover of G, hence 1y45(G) < (n+2) —
m—2+2 = (n+2)—m. For any 2—acyclic simple graphoidal cover of G atleast n pendent
vertices and atleast one vertex in D(/ : m : i) are external and atmost m vertices are internal
twice. Therefore ty, > (n+1),t(y) < m. Hence t > (n+1),t, < m and hence 1y,(G) =
g—p—t+t=(p+1)—p—m+(n+1)> (n+2) —m. Thus N (G) = (n+2) —m.
Subcase 5.2.3. When deg(u; ;1) > 5, deg(u) > 3, deg(v) > 3, deg(w) > 3 and u,v,€ C;,w €
Cy, and let P denotes (u;.;_1,w) section of Cp, such that it has atleast one internal vertex say
u;. Let P, and P, denote the (u;4;_1,u;) and (u;,w) section of P respectively. then there are two
subcases.

Subcase 5.2.3.1. When deg(w) =3 Or deg(w) > 5
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Take G; = G — P is a unicyclic graph with n pendnent vertices and m vertices is of degree > 4
with [ = 3. Hence by therorem 2.9, 12,5(G1) = n—m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G. Take w = y; U{P;} U{P»} is a 2—acyclic simple graphoidal cover of
G, hence 1M45(G) < (n+2) — m. For any 2—acyclic simple graphoidal cover of G atleast n
pendent vertices and atleast one vertex in D(I : m : i) are external and atmost m vertices are
internal twice. Therefore ty > (n+1),1(y) < m. Hence t > (n+1),t, < m and 50 124(G) =
g—p—th+t=(p+1)—p—m(n+1)> (n+2)—m. Thus Nys(G) = (n+2) —m.

Subcase 5.2.3.2. When deg(w) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ > 3. Hence by therorem 2.9, 12,5(G1) = (n+ 1) —m. Let y; be the minimum
2—acyclic simple graphoidal cover of G;. Let P; be a path in y; in which w is an external
vertex. Take y = (y; — P3) U{P; } U{P»P3} is a 2—acyclic simple graphoidal cover of G, hence
N2as(G) < (n+1)—m—1+2 = (n+2) —m. For any 2—acyclic simple graphoidal cover of
G atleast n pendent vertices and atleast one vertex in D(/ : m : i) are external and atmost m
vertices are internal twice. Therefore ty, > (n+1),t2(y) <m. Hencet > (n+1),t, < m and so
Mas(G) =q—p—tr+t=(p+1)—p—m+(n+1) = (n+2) —m. Thus N245(G) = (n+2) —m.
Case 6. When [ > 5 and u, v, w,x be the vertices is of degree greater than 2 on D(l : m : i) other
than u;_,u;4;—1. Then there are three subcases.

Subcase 6.1. Suppose deg(u;—1) > 3 and deg(u;+;—1) = 3, then there are three sub cases.
Subcase 6.1.1. When deg(u) > 3, deg(v) > 3, deg(w) > 3 and deg(x) > 3, u,v,w,x € C;

Take G; = G — P where P = (y,z) be a path in C,, and y,z € Cy,. It is clear that Gy is a
unicyclic graph with (n+ 2) pendnent vertices and m vertices is of degree > 4 with [ > 3.
Hence by therorem 2.9, 12,5(G1) = (n+2) —m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G;. Take y = y; U{UP} is a 2—acyclic simple graphoidal cover of G,
hence N245(G) < ((n+2) —m)+1 = (n+3) — m. For any 2—acyclic simple graphoidal cover of
G atleast n pendent vertices and two vertices in D(I : m : i) are external and atmost m vertices are
internal twice. Therefore ty, > (n+2),02(y) < m. Hence t > (n+2),t; < m so that N,,(G) =
g—p—th+t=(p+1)—p—m+ (n+2) > (n+3)—m. Thus Ny(G) = (n+3) —m.
Subcase 6.1.2. When deg(u) > 3, deg(v) > 3, deg(w) > 3 and deg(x) > 3, u,v,w € C;, x € Cy,
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and let P denotes (u;.;_1,x) section of C,, such that it has atleast one internal vertex say u;.
Let P, and P, denote the (u;4;_1,u;) and (u;,x) section of P respectively. Then there are two
subcases.

Subcase 6.1.2.1. When deg(x) =3 (Or) deg(x) > 5

Take G; = G — P is a unicyclic graph with n pendnent vertices and m vertices is of degree > 4
with [ > 3. Hence by therorem 2.9, 15,(G1) = n—m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G|. Take v = y; U{P;} U{P»} is a 2—acyclic simple graphoidal cover of
G, hence 1M245(G) < (n+2) —m. For any 2—acyclic simple graphoidal cover of G atleast n
pendent vertices and atleast one vertex in D(/ : m : i) are external and atmost m vertices are
internal twice. Therefore ty, > (n+41),t(y) < m. Hence t > (n+1),t, < m so that 75,(G) =
g—p—-tb+t=(p+1)—p—m+(n+1) > (n+2) —m. Thus Nrgs(G) = (n+2) —m.
Subcase 6.1.2.2. When deg(x) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ = 3. Hence by theorem 2.9, 15,5(G1) = (n+ 1) — m. Let y; be the minimum
2—acyclic simple graphoidal cover of G;. Let P; be a path in y; in which w is an external
vertex. Take y = (y; —P3) U{P } U{P,UP3} is a 2—acyclic simple graphoidal cover of G,
hence 1p45(G) < (n+1) —m—1+2 = (n+2) —m. For any 2—acyclic simple graphoidal cover
of G atleast n pendent vertices and atleast one vertex in D(I : m : i) are external and atmost m
vertices are internal twice. Therefore ry, > (n+1),t2(y) <m.Hencet > (n+1),t, < m so that
Nus(G)=q—p—tr+t=(p+1)—p—m+(n+1) > (n+2) —m. Thus N (G) = (n+2) —m.
Subcase 6.1.3. When deg(u) > 3, deg(v) > 3, deg(w) > 3 and deg(x) > 3, u,v, € C;,w,x € Cy,
and let P denotes (w,x) section of C,,. Then there are three subcases.

Subcase 6.1.3.1. When (deg(w) = deg(x) = 3) (Or) (deg(w) > 5,deg(x) > 5) (or) (deg(w) =
3,deg(x) > 5)

Take G; = G — P is a unicyclic graph with n pendnent vertices and m vertices is of degree
> 4 with [ > 3. Hence by theorem 2.9, M2,4,(G1) = n —m. Let y; be the minimum 2—acyclic
simple graphoidal cover of G|. Take y = y; U{P} is a 2—acyclic simple graphoidal cover of G,
hence 1M245(G) < (n+ 1) — m. For any 2—acyclic simple graphoidal cover of G atleast n pendent

vertices are external and atmost m vertices are internal twice. Therefore ty > n,n(y) < m.
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Hencet > n,t <msothat Ny,(G) =q—p—ta+t=(p+1)—p—m+n> (n+1)—m. Thus
Moas (G) = (n+1) —m.
Subcase 6.1.3.2. When deg(w) = deg(x) =4

Take G| = G — P is a unicyclic graph with n pendnent vertices and (m — 2) vertices is of
degree > 4 with [ > 3. Hence by theorem 2.9, 1245(G1) = (n+2) — m. Let y; be the minimum
2—acyclic simple graphoidal cover of G. Let P; be a path in yj in which w is an external vertex
and let P4 be a path in y in which x is an external vertex. Take y = (y; — P — Py) U{P3PP;} is
a 2—acyclic simple graphoidal cover of G, hence Ny,5(G) < (n+2)—m—2+1=(n+1) —m.
For any 2—acyclic simple graphoidal cover of G atleast n pendent vertices are external and
atmost m vertices are internal twice. Therefore 1y, > n,tr(y) < m. Hence t > n,t; < m so that
Nus(G) =q—p—tr+t=(p+1)—p—m+n>(n+1)—m. Thus Nrs(G) = (n+1) —m.
Subcase 6.1.3.3. When (deg(w) = 3,deg(x) =4) Or (deg(w) > 5,deg(x) =4)

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ > 3. Hence by theorem 2.9, M245(G;) =n—(m—1) = (n+1) —m. Let y;
be the minimum 2—acyclic simple graphoidal cover of G;. Let P3 be a path in y; in which w is
an external vertex. Take y = (y; — P3) U{PP;} is a 2—acyclic simple graphoidal cover of G,
hence 1y45(G) < (n+1) —m—1+1= (n+ 1) —m. For any 2—acyclic simple graphoidal cover
of G atleast n pendent vertices are external and atmost m vertices are internal twice. Therefore
ty > n,tr(y) <m.Hencet >n,t <msothat Ny(G) =g—p—tr+t=(p+1)—p—m+n>
(n+1) —m. Thus 1Ny,5(G) = (n+1) —m.

Subcase 6.2. When deg(u;—1) > 4 and deg(u;1;—1) > 4, then there are three sub cases.
Subcase 6.2.1. When deg(u;;—1) > 4, deg(u) > 3, deg(v) > 3, deg(w) > 3 and deg(x) >
3,u,v,w,x € C

Take G; = G — P where P = (y,z) be a path in C,, and y,z € Cy,. It is clear that Gy is a
unicyclic graph with (n+ 2) pendnent vertices and m vertices is of degree > 4 with [ > 3.
Hence by theorem 2.9, 1245(G1) = (n+2) —m. Let y; be the minimum 2—acyclic simple
graphoidal cover of G;. Take y = y; U{P} is a 2—acyclic simple graphoidal cover of G, hence
M2as(G) < ((n+2) —m) + 1 = (n+3) —m. For any 2—acyclic simple graphoidal cover of G

atleast n pendent vertices and two vertices in D(/ : m : i) are external and atmost m vertices are
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internal twice. Therefore ty, > (n+2),1(y) < m. Hence t > (n+2),t, < m so that 12,s(G) =
g—p—t+t=(p+1)—p—m(n+2)> (n+3)—m. Thus N(G) = (n+3) —m.
Subcase 6.2.2. Suppose deg(u;1;—1) =4 and deg(u) > 3,deg(v) > 3,deg(w) > 3 and deg(x) >
3,u,v,w € C;,x € Cy, and let P denotes (u;y;_1,x) section of Cy, such that it has atleast one
internal vertex say u;. Let P; and P; denote the (u;,,;_1,u;) and (u;,x) section of P respectively.
Then there are two subcases.
Subcase 6.2.2.1. When deg(x) = 3 Or deg(x) > 5

Take G| = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ > 3. Hence by theorem 2.9, 15,,(G1) = (n+ 1) — m. Let y; be the minimum
2—acyclic simple graphoidal cover of G;. Let P4 be a path in yj in which u;4;_1 is an external
vertex. Take y = (y; — P4) U{PsUP, } U{P,} is a 2—acyclic simple graphoidal cover of G,
hence Np45(G) < (n+1) —m—1+2 = (n+2) —m. For any 2—acyclic simple graphoidal cover
of G atleast n pendent vertices and atleast one vertex in D(I : m : i) are external and atmost m
vertices are internal twice. Therefore ty, > (n+1),12(y) < m. Hence t > (n+ 1), < m and
hence M24s(G) = q—p—t+t=(p+1)—p—m+(n+1)> (n+2)—m. Thus 1,(G) =
(n+2)—m.
Subcase 6.2.2.2. When deg(x) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 2) vertices is of
degree > 4 with [ > 3. Hence by theorem 2.9, 12,5(G1) = (n+2) —m. Let y; be the minimum
2—acyclic simple graphoidal cover of G;. Let P; be a path in y; in which x is an external
vertex and let Py be a path in y; in which u;,; | is an external vertex. Take Yy = (y; — P3 —
Py) U{PsPi} U{P,Ps} is a 2—acyclic simple graphoidal cover of G and 1y,5(G) < (n+2) —
m—2+2 = (n+2)—m. For any 2—acyclic simple graphoidal cover of G atleast n pendent
vertices and atleast one vertex in D(/ : m : i) are external and atmost m vertices are internal
twice. Therefore ty, > (n+1),t(y) < m. Hence t > (n+1),t, < m and hence 1y(G) =
g—p—th+t=(p+1)—p—m+(n+1) > (n+2)—m. Thus Ny(G) = (n+2) —m.
Subcase 6.2.3. When deg(u;; 1) > 5 and deg(u) > 3, deg(v) > 3, deg(w) > 3 and deg(x) > 3,
u,v,w € Cp,x € Cy, and let P denotes (u;,;_1,x) section of C,, such that it has atleast one internal

vertex say u;. Let P, and P, denote the (u;,; 1,u;) and (u;,x) section of P respectively. Then
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there are two subcases.
Subcase 6.2.3.1. When deg(x) =3 (Or) deg(x) > 5

Take G; = G — P is a unicyclic graph with n pendnent vertices and m vertices is of degree > 4
with [ > 3. Hence by theorem 2.9, 1M,5(G1) = (n+ 1) —m. Let y; be the minimum 2—acyclic
simple graphoidal cover of G;. Let P4 be a path in yj in which u;; | is an external vertex.
Take v = y; U{P;} U{P>} is a 2—acyclic simple graphoidal cover of G, hence 1y,s(G) <
(n+2) —m. For any 2—acyclic simple graphoidal cover of G atleast n pendent vertices and
atleast one vertex in D(I : m : i) are external and atmost m vertices are internal twice. Therefore
ty > (n+1),0(y) <m.Hencet > (n+1),1o <msothat Ny(G) =g—p—tr+t=(p+1)—
p—m(n+1) > (n+2)—m. Thus Ny.(G) = (n+2) —m.

Subcase 6.2.3.2. When deg(x) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ > 3. Hence by theorem 2.9, 15,5(G1) = (n+ 1) — m. Let y; be the minimum
2—acyclic simple graphoidal cover of G;. Let P; be a path in y; in which x is an external ver-
tex. Take v = (y; — P3) U{P;} U{P,P3} is a 2—acyclic simple graphoidal cover of G, hence
N2as(G) < (n+1)—m—1+42 = (n+2) —m. For any 2—acyclic simple graphoidal cover of G
atleast n pendent vertices and atleast one vertex in D(I : m : i) are external and atmost m ver-
tices are internal twice. Therefore ty, > (n+1),t(y) < m. Hence t > (n+1),to0 < m so that
Nus(G)=q—p—tr+t=(p+1)—p—m+(n+1) > (n+2) —m. Thus N (G) = (n+2) —m.
Subcase 6.2.4. When deg(u;;—1) > 4,deg(u) > 3,deg(v) > 3,deg(w) > 3 and deg(x) >
3,u,v € C;,w,x € Cy, and let P denotes (w,x) section of C,,. Then there are three subcases.
Subcase 6.2.4.1. When (deg(w) = deg(x) =3) Or (deg(w) =3 and deg(x) > 5) (Or) (deg(w) >
5 and deg(x) > 5)

Take G; = G — P is a unicyclic graph with n pendnent vertices and m vertices is of degree
> 4 with [ > 3. Hence by theorem 2.9, 1M2,4,(G1) = n —m. Let y; be the minimum 2—acyclic
simple graphoidal cover of G|. Take y = y; U{P} is a 2—acyclic simple graphoidal cover of G,
hence 1M245(G) < (n+ 1) — m. For any 2—acyclic simple graphoidal cover of G atleast n pendent
vertices are external and atmost m vertices are internal twice. Therefore ty > n,n(y) < m.

Hence t > n,r < m and hence 1y,(G) =q—p—tr+t=(p+1)—p—m+n>(n+1)—m.
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Thus N24s(G) = (n+1) —m.
Subcase 6.2.4.2. When (deg(w) =4 and deg(x) = 3) Or (deg(w) = 4 and deg(x) > 5)

Take G| = G — P is a unicyclic graph with n pendnent vertices and (m — 1) vertices is of
degree > 4 with [ > 3. Hence by theorem 2.9, 1245(G1) = (n+ 1) — m. Let y; be the minimum
2—acyclic simple graphoidal cover of G;. Let P4 be a path in ¥ in which w is an external vertex.
Take y = (y; — P1) U{P4P} is a 2—acyclic simple graphoidal cover of G and 1y,5(G) < (n+
1)—m—1+1=(n+1)—m. For any 2—acyclic simple graphoidal cover of G atleast n pendent
vertices are external and atmost m vertices are internal twice. Therefore 1y, > n,t(y) < m.
Hence t > n,t <msothat Ny,(G) =q—p—tr+t=(p+1)—p—m+n> (n+1)—m. Thus
M2as(G) = (n+1) —m.

Subcase 6.2.4.3. When deg(w) = deg(x) =4

Take G; = G — P is a unicyclic graph with n pendnent vertices and (m — 2) vertices is of
degree > 4 with [ > 3. Hence by theorem 2.9, 15,5(G1) = (n+2) — m. Let y; be the minimum
2—acyclic simple graphoidal cover of G. Let P; be a path in y; in which w is an external vertex
and let P4 be a path in y in which x as the external vertex. Take y = (y; — P3 — Py) U{P3PP,} is
a 2—acyclic simple graphoidal cover of G, hence 15,5(G) < (n+2)—m—2+1=(n+1) —m.
For any 2—acyclic simple graphoidal cover of G atleast n pendent vertices are external and
atmost m vertices are internal twice. Therefore 1y, > n,tr(y) < m. Hence t > n,t; < m so that

Nwus(G)=q—p—tr+t=(p+1)—p—m+n> (n+1)—m. Thus Nrys(G) = (n+1)—m. O
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Example 3.4. Consider the Bicyclic graph D(/ : m : i) shown in Figure 2

V24 V22 V23

V29

V15

FIGURE 2. Bicyclic Graphs D(I : m : i)

Here p =31, g =32, n =12, | =8 and m = 6, then mny(G) = {
(vas8,V6,Vs,V4,V3,V26),(v27,V3,Vv2,v31),(v29, V6, V7, V8, V30),(V8, V1, V2, V9, V10, V11, V12, Vi3, V20)>

(Va1,v13,V14,V15,V16,V17,V23), (V22,V17,V18,V24),(V2s, V18, Vi9,vi2) } =7 = (n+ 1) —m.
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