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Abstract: In this paper, we introduce the notion of modified generalized rational a-y-Geraghty contraction type
maps in the context of metric space and establish some fixed point theorems for such maps. This new contraction
map is motivated by the different Geraghty contraction type maps introduced by many authors over the years.

Examples are also given to illustrate the validity of our results.
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1. INTRODUCTION

The celebrated Banach Contraction Principle is one of the most important and most used
fixed point results in all analysis. Therefore this result has been generalized in different
directions by various researchers ever since. In 1973, Geraghty [4] generalized the Banach
contraction principle in the setting of a complete metric space by considering an auxiliary
function. This remarkable result of Geraghty was further generalized and improved upon by the

works of many authors namely Amini-Harandi & Emami [1], Caballero et al.[2] and Gordji et al.
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[5] etc. In 2012, Samet et al.[16] defined the notion of a-y-contractive mappings and obtained
remarkable fixed point results. Then, Karapinar & Samet [8] introduced the concept of
generalized a-w-contractive mappings and obtained fixed point results for such mappings. Salimi
et al. [15] again modified the notions of a-y-contractive and a-admissible mappings and
established fixed point results for such mappings. In 2013, Cho et al. [3] defined the concept of
a-Geraghty contraction type maps in the setting of a metric space and proved the existence and
uniqueness of a fixed point of such maps. Erdal Karapinar [9] introduced the concept of a-y-
Geraghty contraction type maps and proved fixed point results generalizing the results obtained
by Cho et al.[3]. In 2014, Popescu [14] generalized the results of Cho et al. [3] and gave other
conditions for the existence and uniqueness of a fixed point of a-Geraghty contraction type
maps. Then, K. Anthony Singh [6] introduced extended generalized « —y — Geraghty contraction
type maps and proved some fixed point results generalizing the results of Popescu [14]. In 2017,
Muhammad Arshad & Aftab Hussain [13] defined generalized rational « —Geraghty contraction
type maps and proved some fixed point results. Again very recently, K. Anthony Singh et al. [7]
introduced the notion of generalized rational « —y — Geraghty contraction type maps and proved
some fixed point results.

In this paper, motivated by the different Geraghty contraction type maps introduced by
many authors and the works of Popescu [14], Salimi et al. [15], Muhammad Arshad & Aftab
Hussain [13], K. Anthony Singh et al.[7], we define modified generalized rational o —y —
Geraghty contraction type maps in the setting of metric space and obtain the existence and

uniqueness of a fixed point of such maps. We also give examples to illustrate the validity of our

results.

2. PRELIMINARIES
In this section, we recall some basic definitions and related results on the topic in the

literature.

Let F be the family of all functions 4:[0,00) —[0,1) which satisfy the condition

limg(t,)=1 implies limt, =0.

n—oo

By using such a map, Geraghty proved the following interesting result.
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Theorem 2.1. [4] Let (X,d) be a complete metric space and let T be a mapping on X. Suppose
there exists € F such that for all x,y € X,

d(Tx,Ty)< B(d(x y))d(xy).

Then T has a unique fixed point x, € X and {T”x} converges to x, foreach xe X .
Popescu [14] introduced the following two new concepts.
Definition 2.2. [14] Let T: X — X beamap and o : X x X — R be a function. Then T is said to
be a-orbital admissible if o (x,Tx)>1 implies &(Tx,T?x)>1.
Definition 2.3. [14] Amap T : X — X is said to be triangular a-orbital admissible if

(T1) T is a-orbital admissible,

(T2) a(x,y)=1land a(y,Ty)=1imply a(x,Ty)=>1.
Lemma 2.4. [14] Let T: X — X be a triangular a-orbital admissible map. Assume that there

exists x, € X such that «(x,,Tx,)>1. Define a sequence {xn} by x,, =Tx,. Then we have

a(x,,%,)=1forall mneN withn<m.

Cho et al. [3] introduced the following contraction and proved some interesting fixed point
results generalising many results in the existing literature.
Definition 2.5. [3] Let (X,d) be a metric space and «: X xX — R be a function. A map

T:X — X'is called a generalized a-Geraghty contraction type map if there exists # €F such

that forall x,y € X,
a(x,y)d(TxTy) sﬂ(M (X, y))M (x,y),
where M (X, y):max{d(x, y),d(x,Tx),d(y,Ty)}.
Erdal Karapinar [9] defined the following class of auxiliary functions.
Let ¥ denote the class of functions y :[0,00) —[0,0) which satisfy the following conditions:
(a) w is nondecreasing;
(b) v is subadditive, that is, y (s+t) <y (s)+y (t);
(c) w is continuous;

(d) w(t)=0<=1t=0.
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Erdal Karapinar [9] also introduced the following contraction and proved some interesting fixed
point results generalising the results of Cho et al. [3].
Definition 2.6. [9] Let (X,d) be a metric space and a: X xX — R be a function. A map

T:X — X'is called a generalized a-y-Geraghty contraction type mapping if there exists g eF

such that for all x,y € X,

a(x )y (d(TxTY)) < Ay (M (xy)))w (M (x ¥)).
where M (x,y)= max{d (x,y),d(xTx),d (y,Ty)} and w eV
Popescu [14] extended the notion of generalized a-Geraghty contraction type map and gave the
following definition.

Definition 2.7. [14] Let (X,d) be a metric space and a: X xX — R be a function. A map

T:X — X'is called a generalized a-Geraghty contraction type map if there exists ¥ such

that forall x,y € X,
a(x,y)d(Tx,Ty) < ﬂ(MT (X, y)) M; (X,Y),

where My (x, y)=ma><{d(x, y)’d(x,Tx),d(y,Ty),d(X'Ty)“Ld(y’TX)}.

2

K. Anthony Singh [6] further introduced the following contraction and proved some fixed point
results generalising the results of Popescu [14].

Definition 2.8. [6] Let (X,d) be a metric space and a: X xX — R be a function. A map
T:X — Xis called an extended generalized a-y-Geraghty contraction type map if there exists
L €F such that forallx,y e X,

a(x y) (d(TxTy))< By (M: (x.¥)))w (M- (x.¥)),

d(xTy)+d(y,Tx)
2

where M (x, y):max{d(x, y),d(x,Tx),d(y,Ty), } and w e V.

Let Q be the family of all functions 6:[0,90) —[0,1] which satisfy the following conditions
(1) 6(t)<1 for t>0,and
(2) lim@(t,)=1 implies limt, =0.

Remark 2.9. Here instead of the family F we are introducing a slightly extended family Q.
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K. Anthony Singh et al.[7] further introduced the following contraction and proved some fixed

point results.

Definition 2.10. [7] Let (X,d) be a metric space and let a: X x X —> R be a function. Then the

mapping T : X — X is called a generalized rational « -y-Geraghty contraction type mapping if

there exists & € Q such that for all x,ye X ,
a (% Y)y (d(TxTy))<0(y (N (x ) )w (N (x.y))

d(x,Tx)d(y,Ty) d(x,Tx)d(y,Ty)
1+d(xy) = 1+d(TxTy)

where N(x,y):max{d(x,y), } and y e V.

If we take y(t)=t in Definition 2.10., then T can be called generalized rational « -Geraghty

contraction type mapping.

3. MAIN RESULTS

We now state and prove our main results.
First we introduce some new definitions and concepts and then define modified generalized
rational a--Geraghty contraction type map. These are motivated by the works of Popescu [14],
Salimi et al. [15], Muhammad Arshad & Aftab Hussain [13], K. Anthony Singh et al. [7] and the
different types of Geraghty contraction type maps introduced by various authors over the years.

Definition 3.1. Let T: X — X be amap and «,77: X x X — R be two functions. Then T is said
to be a-orbital admissible with respect to 7 if a(x,Tx)>7(x,Tx) implies

a(Tx,T°%) 27 (Tx,T°x).
Note that if 77(x, y)=1, then T becomes an a-orbital admissible mapping and if (x,y)=1, then

T is called an 7 -orbital subadmissible mapping.
Definition 3.2. Let T: X —> X beamap and a,n7: Xx X — R be two functions. Then T is said

to be triangular a-orbital admissible with respect to 7 if T is a-orbital admissible with respect to
nand a(x,y)=n(xy) and a(y,Ty)=n(y,Ty) imply a(x,Ty)=n(xTy).
Note that if 77(x,y)=1, then T becomes a triangular a-orbital admissible mapping and if

a(x,y)=1, then T is called a triangular 7 -orbital subadmissible mapping.
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Lemma 3.3. Let T:X — X be a triangular a-orbital admissible mapping with respect to 7.
Assume that there exists x, € X such that «(x,Tx )>7(x,Tx ). Define a sequence {x,} by
X, =TX,. Then we have a(x,,x,)=>7(X,,%,) forall m,neN withn<m.

Proof: Since T is a-orbital admissible mapping with respect to 7 and a (X, Tx )=>7(x,Tx,), we
have o(Tx, T?%)2n(Tx,T°x ) ie. a@(X,%)=n(%, %) . Continuing in this way, we get

a(X,, %1 ) =1(X,, %, ) forall n>1. Let us suppose that a(x,,%,)=7(X,,X,) and prove that

n?' *n+l n?! *n+l

(X, X1 ) = 77( Xy, Xyt ) » Where n<m. Since T is triangular a-orbital admissible mapping with

n? “m+l
respect t0 7 and & (X, X1 ) =7 (X Xt ) » We get a(X,, X.1) =7(X,, Xy ) - Thus we have
proved that a(x,,%,)=n(x,,%,) forall mneN withn<m.

Now we give our Theorem below. The contraction T defined in the Theorem can be

called modified generalized rational a-y-Geraghty contraction type map.

Theorem 3.4. Let (X,d) be a complete metric space, a,77: X x X — R be two functions and

let T: X — X be a map. Assume that
xyeX, a(xy)zn(xy)= x//(d(Tx,Ty))ge(l//(NT(x,y)))l//(NT(x,y)),

d(x,Tx)d(y,Ty) d(x,Tx)d(y,Ty)
1+d(xy) = 1+d(TxTy)

where N, (x,y):max{d(x,y), } and y eV, 0Q.

Suppose that the following conditions are satisfied
(1) T isatriangular « - orbital admissible mapping with respect to 7,
(2) there exists x, € X such that a (%, Tx ) =7(x,Tx,),
(3) T is continuous.

Then T has a fixed point X" € X, and {T"x, | converges to x".
Proof : Let x, € X be such that a(x,Tx )>7(x,Tx ).We construct a sequence of points {x}

in X by x,,, =Tx, for neN. If X, =X, ,, for some n, eN, then X, is clearly a fixed point

of T and the proof is complete. Hence, we suppose that X, # X, for all N € N. By hypothesis,

n-+1
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a(X,%)=n(%,%,) and T is triangular & - orbital admissible mapping with respect to 7.
Therefore by Lemma 3.3., we have
a(X,, %) =n(%,,%,,) forall neN.

n? *n+l

Then, we have
v (d Xy %02 )) = (d (TX,,TX,.)) SH(W(NT (xn,x,Hl)))z//(NT (%,:X,,,)) forall neN. (1)

Here we have

d (%, T%,)d (X1, X, ) d(x,,Tx,)d (xnﬂ,TxM)}

N , = d(x, , ,
T (% %) max{ (X0 %p.1) 1+d (X, X,.,) 1+d(TX,, TX,,1)

= max d(x X ) d(X“’Xn+1)d(Xn+1’Xn+2) d(xn’xn+l)d(xn+l’xn+2)
nt il ) 1+d(X X ) 1 1+d(Xn+l,Xn+2)

n? “n+l

<max{d (X, X1 ), d (X10 %00 )} -

n? *n+l

If max{d (X, X,1),d (Xpg: X0z )} =0 (Kpups Xouo ) i€ d(Xog %) 2 d (XX, ), then
from (1) and the definition of 6, we have v (d (X,.1,%,.2)) <% (d (X1, X,,2)), Whichisa

contradiction.

Therefore, we have

d (X0 X2 ) <d(X,,%,,,) forall neN.

n' n+l

Thus the sequence {d (x X )} is nonnegative and nonincreasing and also we have

n? n+l

N; (X, X ) =d (X X0 -

n? n+l n? n+l

Now, we prove that d(x,,X,,;) >0 as n—o.

It is clear that {d (x X )} is a decreasing sequence which is bounded from below. Therefore

n? n+l

there exists r >0 such that limd (x,, x,,,)=r . We show that r = 0. And we suppose on the

n? *n+l

contrary that r > 0.

W(d(xn+l’xn+2))< X_, X <
v (d (X X,)) <Oy (d (X, %,0))) <1

Now by taking limit n — oo, we have

lim 6y (d (X, %..1))) =1.

n—oo

Then, we have
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By the property of ¢, we have limy/(d(x,,x,))=0= limd(x,x,,)=0, which is a

nm MOy Xy
contradiction. Hence r =0 i.e.

limd (x,,x,,)=0. )
Now we show that the sequence {xn} is a Cauchy sequence. Let us suppose on the contrary that
{xn} Is not a Cauchy sequence. Then there exists & >0 such that, for all positive integers k,

there exist m, >n, >k with

d(x X )25. (3)

Let m, be the smallest number satisfying the conditions above. Then we have
d(Xy 1%, )<&. (4)

By (3) and (4), we have

m, 17 “my
that is,
gsd(xmk,xnk)<g+d( o m)forallkeN. (5)
Then in view of (2) and (5), we have
limd (x, ,x, )=e. (6)

Again, we have

d(x X )Sd(xmk,xm )+d(x X )

m * ny n ! Mm -1

Sd(xmk’xmk )+d(Xnk,Xnk71)+d( m-1 %1 )

and d(xmk_l,xnk_l)gd(xm 0 X, )+d( 0 Xy, )+d( _ nk).

Taking limit as k — oo and using (2) and (6), we obtain

limd (%, ;,%, ;)=¢. @)

Koo m -1 n, 1
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By Lemma 3.3., we get a(xnkfl, ka—l) > U(Xnk—l’ ka—l)' Therefore, we have

z//(d (xmk X, )) = w(d (Txmk—ﬂTXnk—l)) < e(z//(NT (xnk_l, ka—l)))l//(NT (xnk_l, ka—l))'

Here we have

~ d (xnkfl,Txnkfl)d (ka—l’Tka—l) d (xnkfl,Txnkfl)d (ka—liTka—l)
NT(X”“'X“““)_maX{d(X”“’ ) Ld (X X ) 1+d(TX 0T )

= max{d (Xnk-p ka-1)1 d (X”kfl’ X, )d (kafl’ X, ) d (Xnk—l' X, )d (ka—v Xin, )}

l+d(xnk71,xmk71) ’ 1+d(x x)

N my

And we see that
im N, (X, 0%, 4)=¢.

k—o0

Now we have

w(d (%%, ) <0( (N (%, 1%,1))) <1

v (Nr (%, 1%, 1))

By using (6) and taking limit as k — oo in the above inequality, we obtain

lme(l/j(NT (Xnk—l1 ka—l))) =1.

So, lml//(NT(xnk_l,xmk_l))=O:> Lm NT(xnk_l,xmk_l):O:g, which is a contradiction. Hence

{xn} is a Cauchy sequence. Since X is complete, there exists xX"e X such that x. —x". As T is

continuous, we have Tx. —Tx" i.e. limx ,, =Tx and so X =Tx". Hence x" is a fixed point of

n—o

T.
For the uniqueness of a fixed point of the mapping T, we consider the following
hypothesis:

(G) For any two fixed points x and y of T, there exists ze X such that (x,z)>7r(x,z),

a(y.z)zn(y.z)and a(z,7z)>7,(z,7z).
Theorem 3.5. Adding condition (G) to the hypotheses of Theorem 3.4., we obtain that x” is the

unique fixed point of T.
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Proof: Due to Theorem 3.4., we obtain that X" e X is a fixed point of T. Let y"e X be another
fixed point of T. Then by hypothesis (G), there exists ze X such that ar(x",2) 27 (X’,2),
a(y.z)zn(y’.z) and a(z,7z) > 5(z,T2).
Since T is triangular « - orbital admissible mapping with respect to 7, we get
a(X T"2)2n(xT"2) and a(y",T"z)2n(y",T"z) forall neN.
Then we have
o (8(x.772) = (o X )
< e(W(NT (x*,T”z)))l//(NT (x.T"z)), ¥neN.

Here we have

. rno\ o d(x*,Tx*)d(T”z,TT"z)d(x*,Tx*)d(T”z,TT”z)
N (T Z)max{d(x T'2). 1+d(x',T"2)  ° 1+d(TX,TT"2)

=d (x*,T”z)
By Theorem 3.4., we deduce that the sequence {T“z} converges to a fixed point z* € X . Then
taking limit n — oo in the above equality, we get limN; (X", T"z)=d(x",z"). And let us suppose

that z* # x*. Then we have
x//(d(x*,T”*lz))
z//(NT (x*,T”z))

And taking limit n — oo, we get Iime(w(NT(x*,T”z)))zl. Therefore we have

n—o0

39(W<NT (x'.T"2))) <1,

Iimt//(NT (x*,T”z)) =0. This implies

n—oo

limN, (X', T"z)=0 ie. d(x',z')=0, which is a
contradiction. Therefore we must have z* = x*. Similarly, we get z* = y". Thus we have y* =x".
Hence X" is the unique fixed point of T.

By taking (X, y)=1 in Theorem 3.4., we get the following result.

Theorem 3.6. Let (X,d) be a complete metric space, : X x X — R be a function and let

T:X — X be a map. Assume that
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xyeX, a(xy)zl= y(d(TxTy))< Q(W(NT (X, y)))l//(NT (x.Y)),

d(x,Tx)d(y,Ty) d(xTx)d(y,Ty)
1+d(xy) = 1+d(TxTy)

where N, (x,y):max{d(x,y), } and y V¥, 0Q.

Suppose that the following conditions are satisfied

(1) T isatriangular « - orbital admissible mapping ,

(2) there exists x, € X such that a(x,,Tx)>1,
(3) T is continuous.
Then T has a fixed point X" € X, and {T"x, | converges to x".
Again by taking a(x,y) =1 in Theorem 3.4., we get the following result.
Theorem 3.7. Let (X,d) be a complete metric space, 77: X x X — R be a function and let
T:X — X be a map. Assume that

xyeX, n(xy)<l= w(d(TxTy))< Q(W(NT (X, y)))t//(NT (x.Y)),

d(x,Tx)d(y,Ty) d(xTx)d(y,Ty)
1+d(xy) = 1+d(TxTy)

where N (X, y):max{d(x, y), } and yw e, 0Q.

Suppose that the following conditions are satisfied
(1) T isatriangular 7 - orbital subadmissible mapping,
(2) there exists x, € X such that 77(x,,Tx ) <1,
(3) T is continuous.
Then T has a fixed point X" € X, and {T"x, | converges to x".
Theorem 3.8. Adding condition (G) to the hypotheses of Theorem 3.6. (or Theorem 3.7.), we

obtain that x” is the unique fixed point of T.

Clearly Theorem 3.6. implies the following result.
Theorem 3.9. [7] Let (X,d) be a complete metric space, o1 X x X — R be a function and let
T : X — X be a mapping. Suppose that the following conditions hold:

(i) T isageneralized rational « -y -Geraghty contraction type mapping,

(i) T is triangular « - admissible,

(iii) there exists x, € X such that o (x,Tx,)>1,
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(iv) T is continuous.

Then T has a fixed point X* € X and {T”xl} converges to X" .

Note that condition (ii) can be replaced by the weaker condition ‘T is triangular « -orbital
admissible’.

Theorem 3.10. [7] Adding condition (G) to the hypotheses of Theorem 3.9., we obtain that X" is
the unique fixed point of T.

Here we give two examples to illustrate Theorem 3.6. and Theorem 3.7.

Example 3.11. Let X =R with the metric d defined by d(x,y)=|x—y|, ¥X,ye X . Then

(X,d) is a complete metric space. And let 0(t):% for all t>0. Then Q. Also let the

function y :[0,00) —[0,0) be defined as y (t)=—. Then we have y e ¥

t
3
if x>0,
Let a mapping T : X — X be defined by T(x) =
if x<O.

1 if x,y>0,

Also let a function «: X x X — R be defined by Ot(X' y)={ 1 otherwise
_ 1Se.

Then we show that T is triangular a-orbital admissible mapping.
Let o(x,Tx)>1. Then Tx >0 and so T?x>0. Therefore a(Tx,T?x)>1. Also if a(x,y)>1

and a(y,Ty)>1 then x>0 and Ty >0. Therefore (x,Ty)>1.

Thus T is triangular a-orbital admissible mapping, which is condition (1) of Theorem 3.6. Also,

condition (3) of Theorem 3.6. is satisfied because T is continuous.

And (1T1)= a(l, %) =1. Therefore condition (2) of Theorem 3.6. is satisfied with x, =1.
Let a(x,y)>1. Then x,y=>0.

1 1 1
Now d(Tx,Ty):§|x—y|£§|x—y|£§NT (%, Y)
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Thus all the conditions of Theorem 3.6. are satisfied and T has a unique fixed point x* =0.

Example 3.12. Let X ={1,2,3} with the metric d definedas d(1,1)=d(2,2)=d(3,3)=0,

d(12)=d(21)=1, and d(1,3)=d(31)=d(2,3)=d(3,2)==. Then (X,d) isacomplete

N |~

metric space. And let 6(t) = ﬁ forall t>0.Then 8 <Q. Also let the function
+

y :[0,00) >[0,0) be defined as y/(t):%. Then we have y e ¥ .

Let amapping T: X — X bedefinedby T(1)=1T(2)=3, T(3)=2.
And let a function 77: X x X — R be defined by
1 if x=y,
(%)= % if (x,y)=(12)or(2.1),
2 otherwise.
Then we show that T is triangular 7 -orbital subadmissible mapping.

Let 77(x,Tx)<1. Then x=1 and Tx=1 and so T*x =1. Therefore n(Tx,sz)sl. Also if
n(x y)<land 7(y,Ty)<1, then the possible cases are:

(i) (x,y)=(L1). Then 7(x,Ty)=n(L1)=1<1.

(i) (x,y)=(2,1). Then n(x,Ty)=nr(21) :%31.

Thus, T is triangular 7 -orbital subadmissible mapping, which is condition (1) of Theorem 3.7.
Condition (2) of Theorem 3.7. is satisfied with x, =1. And condition (3) of Theorem 3.7. is
satisfied because T is continuous.

Let 77(x, y) <1. Then we have the following two possible cases:
(i) (xy)=(L1)or(2,2)or(3,3).
Then d(Tx,Ty)=0 and y (d(Tx,Ty))=0.

Therefore, obviously we have  (d (Tx,Ty)) < 9(1,//(NT (%, y)))z//( Ny (X, ¥))-

(ii) (x,y)=(1,2)or(2,1).
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Then d(Tx,Ty):% and y/(d(Tx,Ty)):%.

And N; (x,y)=N; (1,2) = max{d (12),

d(LT1)d(2,T2) d(l,Tl)d(Z,TZ)}
1+d(L2) ' 1+d(TLT2)

—d(12)=1.

Similarly N; (x,y)=N;(2,1)=1.

Therefore 0(1//(NT (x, Y)))W(NT (x.y))=

y(Nc(xy)) M0y 1
Ly (N (xy)) 1+ 1y 4

Thus we have v (d (Tx,Ty))< G(W(NT (X, y)))l//(NT (x.y))-

Hence all the conditions of Theorem 3.7. are satisfied and T has a unique fixed point X" =1.
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