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Abstract. In this paper, we establish some common best proximity point theorems for generalised rational ¢-¢@-
Geraghaty proximal contraction mappings in complete metric spaces. Examples are also given to illustrate our

results.
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1. INTRODUCTION

Fixed point theory has wide application in various branches of science, engineering and other
allied fields. It deals with solving an equation of the form 7x = x where T : A — A defined on
a subset A of a space X. If T : A — B be a non self mapping and A, B € X then the equation
Tx = x may not have a solution. In this case, it can be considered an element x for which the
error d(x,Tx) is the global minimum and x is said to be in close proximity with Tx. With this
concept K. Fan [3] state the following theorems.
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Theorem 1.1. Let K be a non-empty compact convex subset of a normal space X and T : K — X

be a continuous non-self mapping. There exists x € K such that
|x—Tx|| =d(K,Tx) = inf{||Tx—u|| : u € K}.

When a non-self mapping T : A — B has no fixed point, it is quite natural to find an element x*
such that d(x*,Tx*) is minimum. The best proximity point theorem assure the existence of an

element x* such that
d(x*,Tx")=d(A,B) =inf{d(x,y) : x €A,y € B}.

This element x* is called the best proximity point of T. If the mapping T under discussion is a

self-mapping, then the best proximity point theorem becomes to a fixed point results.
Geraghty [1] introduced an important generalisation of Banach contraction Principle.

Theorem 1.2. Let (X, d) be a complete metric space and T : X — X be a self-mapping. Suppose

that there exists B € § such that, for any x,y € X,

d(Tx,Ty) < B(d(x,y))d(x,y).

Then T has a unique fixed point, where the class § is the set of function B : [0,00) — [0, o)
satisfying

B(t,) = 1=1,—0.

Since the constant function f(¢) = k, where k € [0,1) in §, Theorem 1.2 extent Theorem 1.1

In 2014, Karapinar [7] introduced a generalized o-¢-Geraghaty contraction type mapping
and, in 2016, Hamzehnejadi and Lashkaripour [8] introduced a generalized o-¢-Geraghaty
proximal contraction mapping. They also established some best proximity point theorems for

this mapping.

The aim of this paper is to prove some common best proximity theorems for generalised

rational a-@-Geraghty proximal contraction mappings in complete metric space.
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2. PRELIMINARIES

Now, we recall some elementary results and basic definitions for our main results in this

paper.

Let @ be the class of all functions ¢ : [0,00) — [0,0) satisfying the following conditions:

(i): ¢ is nondecreasing
(ii): ¢ is continuous

(iii): ¢(¢r) = 0if and only if 7 = 0.

Let A and B are non-empty subsets of a metric space (X,d).

Ay = {a€A:d(a,b)=d(A,B) for someb € B}

By = {beB:d(a,b)=d(A,B) for someac A},
d(A,B) = inf{d(a,b) :a € A,b € BY.

Definition 2.1. Let (X,d) be a metric space and A, B two nonempty subsets of X. A point u € X

is called a common best proximity point of non-self mappings S,T : A — B if
d(u,Su) =d(u,Tu) =d(A,B).

It is clear that a common fixed point coincides with a common best proximity point if

d(A,B) =0.

Definition 2.2. [10] Let A, B be nonempty subsets of a metric space (X,d) and o : X x X —
[0,00) be a function. A pair (S,T) of non-self mappings S,T : A — B is said to be o.-proximal
admissible if

o(xy,xp) > 1.

d(ul,le) = d(A,B) = min{oc(ul,uz),a(uz,ul)} > 1.
d(uz,TXQ) Zd(A,B)

for all xy,xy,uy,uy € A.
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Konrawut et. al. [6] introduced a generalised o — ¢-Geraghty proximal contraction mappings

in metric spaces.

Definition 2.3. Let A and B be nonempty subsets of a metric space (X,d). Let ¢ € D, o :
X XX — [0,00) be a function, S,T : A — B be a non-self mappings. (S,T) is called a generalised

a-@-Geraghaty proximal contraction pair if

o(x,y) > 1.
d(u,Sx) =d(A,B)
d(v,Ty)=d(A,B)
= 0o(x,y)9(d(u,v)) < B(9(M(x,y)))¢(M(x,y) —d(A,B))
for all x,y,u,v € A with a(x,y) > 1, where B € § and M (x,y) = max{d(x,y),d(x,u),d(y,u)}.

Now, we introduce a generalized rational a-¢-Geraghty proximal contraction mappings in

metric spaces.

Definition 2.4. Let A and B be nonempty subsets of a metric space (X,d). Let ¢ € ®, o :
X x X — [0,00) be a function, S,T : A — B be non-self mappings. (S,T) is called a generalized

rational o-¢-Geraghty proximal contraction pair if

o(x,y) > 1.
d(u,Sx) =d(A,B)
d(v,Ty)=d(A,B)
= 0(x,y)¢(d(u,v)) < B(¢(M(x,y)))9(M(x,y) —d(A,B))

forall x,y,u,v € A with a(x,y) > 1, where B € § and

_ d(x,u)d(y,v) d(y,u)d(y,v)
M M(x,y)—max{d(x,y), 1+d(x,y) = 1+d(u,v) }

3. MAIN RESULTS

Now, we prove some common best proximity point theorems for a generalized rational a-¢-

Geraghty proximal contraction pair in metric spaces.
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Theorem 3.1. Let A and B be nonempty subsets of a complete metric space (X,d) such that
Ay # ¢ and A is closed. Let S,T : A — B be a generalized rational o.-9-Geraghty proximal

contraction pair. Suppose that

(i): S(A()) g B() and T(A()) g BO

(ii): there exists xo,x1 € Ao such that
d(xl,Sxo) = d(A,B)min{OC(XQ,X1>,(X(xl,X())} >1,

(iii): the pair (S,T) is a-proximal admissible.

(iv): Sand T are continuous.

Then S and T have a common best proximity point, that is, there exists a point x* € A such that

d(x*,8x*) =d(x*,Tx*) =d(A,B).

Proof. By the condition (ii), there exists xg,x; € Ag such that

(2) d(x1,8xp) = d(A,B), min{c(xp,x1), (x1,x0)} > 1
From the condition (i), we have Tx| € By and so there exists x, € Ag such that
3) d(x2,Tx1) = d(A,B)

From (2) and (3), since the pair (S,7) is @-proximal admissible, we obtain
4) min{a(xy,x), a(xp,x1)} > 1

Again, by the condition (i), we have Sx; € By and so there exists x3 € Ag such that
) d(x3,Sx;) = d(A,B)

By induction, we can find the sequence {x,} in Ap such that

(6) min{a(xn, Xn41), €(Xpt1,%0) } > 1

and

(7) d(xn+lysxn) :d(xn+17Txn+1) :d(A,B)
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for all n > 0. Since (S,7) is a generalized rational -@-Geraghty proximal contraction pair,

using (6) and @ (x,,x,+1) > 1, it follows that, for all n > 0,

O(d(xnt1:2%012)) < (0, Xn11) P (d (Xt 1,X042))
< B(¢(M(xnyxn—H)))¢(M(xnaxn+l)_d(A7B))

(®) < O(M(xy,X,41)) —d(A,B)

where

d(xy, d s d(xp, d )
M(xnaxn—H) _ max{d(xn,xn+1), (x xn-H) (xi’t-H xn+2) (x Xn_H) (X,H_] xn+2)}

1+d (X, Xp11) T 14+d(Xps1,X042)

< max{d(Xp, Xp+1),d(Xn+1,%012) }

9) < max{d(xu,Xn+1),d(Xp+1,Xn12)} +d(A,B)
If M(xp,xp+1) = d(Xpt1,%n+2), then, from (8), it follows that
¢(d(xni1,X%012)) < O(M(xn,%n11) —d(A,B))
= ¢(d(xny1,%n12) —d(A,B))
which, from the properties of ¢, implies that
d(xXp41,%n12) < d(xpi1,Xn42) —d(A,B)
< d(Xnt1,%n42)
which is a contradiction. Therefore, we have
(10) M (xp, Xp41) = d(xn, Xn41)

for all n > 0.

Next, from (8) and (10), we obtain

¢<d<xn+laxn+2)) < ¢(d(xnaxn+1)_d(AﬂB))

for all n > 0, which, from the properties of ¢, implies that

d<xn+17xn+2) < d(xnyxn+1)
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for all n > 0 and hence we deduce that the sequence {d(x,+1,X,+2)} is non-negative and de-
creasing. Consequently, there exists r > 0 such that lim, e d(x,11,X,42) = r. Assume that

there exists ng € N such that d(x,,,x,,+1) = 0. From (8) and the property of ¢, it follows that

d(xn0+17xno+2) < M(xn()?-xno-l-l)_d(AaB)

S M(xn07xn0+1)
< d(xno7xno+1)-

Since d(xyy,Xny+1) = 0, we have 0 < d(xpy+1,Xn42) < 0 and so d(x,41,%zy+2) = 0. This

implies that x,,, = X,1+1 = Xuy+2. By (7), we obtain
(11) d(Xng, Sxny) = d(Xny, Txny) = d(A,B)

which is the desired result.

Now, let r = d(x,,x,+1) # O for all n > 0. In the sequel, we prove that r = 0. Suppose that
r > 0. From (8) and (10), we have

¢(d(xn+laxn+2))
¢ (d(xn,%011) —d(A,B))

Using the fact that ¢ is non-decreasing, we have

01 5012)) 91, 12)
Odlinnn)  9(dCiurar 1) —d(A,B)

which implies that lim, . B (¢ (d(xn,x,+1))) = 1. By the property of B € §, we have

0<

< B(9(d(xn, Xn11)))-

0<

< B(O(d(xn,Xn11)))

lim ¢ (d(x,,x,+1)) = 0.

n—yoo

Hence, we get r = 0, which is a contradiction. Therefore, lim, o ¢ (d(x,+1,%,42)) = 0. Note

that, for all m,n > 0,
(12) min{ o (X, X ), Q (X, xn) } > 1
and

(13) d(Xp41,8%,) = d(Xm+1,Txm) = d(A,B).
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Thus, for all m,n > 0, we obtain

O(d(Xnr1,Xme1)) < 0(x0,%m) O (d (X1, Xm+1))

(14) < B(OM (i 1,%m41)))9 (M (Xnt1,%m11) —d(A, B))

where

s d(xm, d(xn, d(xm,
M(xn+l7xm+l) — max{d(xn’an ()C xn—H) (X xm-i—l) (x xn—l—]) (x xm—i—l)}

14+d(xn,xm) 7 14+d(Xng1,%mp1)
< max{d(xn,xm) (-xmxn—b—l)d(-xm;xm-l—l),d(xn7xn+l)d(xm7xm+l)}
1 +d (xn, Xm) 1+d(Xn41,%m+1)
+d(A,B)
Since limy,—,co @ (d (x,x,+1)) = 0, we have
(15) hr_r>1 supM (Xp41,Xm+1) = hm supd (X, Xm) < hrE supd (xp,Xm) +d(A,B)

Now, we show that {x, } is a Cauchy sequence. In the contrary, we suppose that

lim supd(x,,x,) =r> 0.

m,n—oo

Letting m,n — oo and using the triangular inequality, we have

lim supd(x,,x,) < lim sup(d(xn,xpt1)+dxnr1,Xme1) +d X1, %m))
m,n—eo m,n—o0

(16) < lim Supd(xn+17xm+1)

T mp—oo

Combining (14), (15) and (16) with the continuous property of ¢, we obtain

lim supd(x,,x,) < lm supB(d(M(xy41,%m+1))) lim sup @ (d(x,,xm))

m,n—eo m,n—o0 m,n—oo

Since, 1imyy, 0o SUp @ (d (X, X)) = r > 0, it follows that

lim supB(¢(M(xn11,%m11))) = 1.

m,n—soo

Since 8 € §, we have

lim supd(x,,x,) = lim supM(x,i1,%u+1) =0
m,n—yo0 m,n—oo

which is a contradiction. Therefore, {x,} is a Cauchy sequence in A. Since A is a closed subset

of a complete metric space (X,d), there exists x* € A such that x, — x* as n — oo. Since S is
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continuous at x*, lim,,_,. Sx,, = Sx*. Moreover, from the continuous property of the metric d, it
follows that lim, e d (X,+1,5%,) = d(x*,Sx*). Thus, by (7), d(x*,Sx*) = d(A, B). Similarly by
the continuity of 7', we have d(x*,Tx*) = d(A,B). Therefore, x* is a common best proximity

point of S and 7. This completes the proof. U

In the next result we remove the continuity condition.

Theorem 3.2. Let A and B be nonempty subsets of a complete metric space (X,d) such that
Ao # ¢ and A is closed. Let S,T : A — B be a generalized rational o.-¢-Geraghty proximal

contraction pair. Suppose that

(i): S(A()) - B() and T(A()) - BO

(ii): there exists xo,x1 € Ag such that
d(xl,Sxo) = d(A,B),min{(x(xo,xl),Oc(xl,xo)} > 1,

(iii): the pair (S,T) is a--proximal admissible.
(iv): If {x,} is a sequence in A such that min{ot(x,,X,+1), 0 (Xp4+1,Xn)} > 1 for all n >
1 and x, — x € A as n — oo, then there exists a subsequence {x } of x, such that

min{ o (xp,,X), Q(x,x,,) } > 1 forall k > 1.

Then there exists x* € A such that d(x*,Sx*) = d(x*,Tx*) = d(A,B).

Proof. Following the proof of Theorem 3.1, we obtain a sequence {x,} in A such that (6) and
(7) hold. Aiso, we can show that {x,} is a Cauchy sequence in A. Since A is a closed subset of a
complete metric space (X,d), there exists x* € A such that x,, — x* as n — oo. By the condition

(iv), we have a(x*,xzn(k) +1) > 1. Next, from (7), it follows that
17 d(%2n(k)+1,5%") = d(Xop(k)2: TXn(k)+1) = d(A, B).
On the other hand, by using the triangle inequality we obtain

d(x",8x) < d(x",xon(k)42) +d(Xon)+25 X2n(0)+1) T d(X2n(k) +2,5X7)

< d(X*7x2n(k)+2) +d(x2n(k)+27x2n(k)+l) + d(A7B)
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which implies that

d(x",8x") — d(x*, X0 ()12) — d(A, B) < d(Xon(k)42,X2n(k)+1)-

Since (S,T) is a generalized rational a-¢-Geraghty proximal contraction pair, using the prop-

erty of ¢ and &¢(x",x,(x)41) > 1, we have

¢(d(x*7SX*) - d(X*aXZn(k)—i—Z) - d(AvB))

< ¢(d(xon(ky+2:%2n(k) +1))
< a(x" x4+ 9 (d (X2 (k) 425 X2n(k)+1))
< BOM",x2n(0)41))) 9 (M (X", X2 () 11) — d(A, B))
(13) < ¢(M(X*7x2n(k)+l))_d(AvB)
where
. . d(x*, Sx*)d (Xon(k) 415 X2n(k)+2)
M(X* Xop()41) = max{d(x s X2n(k)+1) [rd(e ;Z)Jzk)ﬂ)( )+ ,
d(x*aSX*)d(XZn(k)—H 7x2n(k)+2) }
1+d(Sx*, X0 (k)+2)
d(x", Sx*)d (X2(k) 415 X2n(k) +2)
< max< d(x*,xy, , ,
- { & X2n(i)+1) L+d (X, x0n(0)41)
d(x*,Sx*)d(X2*n(k)+1,in(k)+2)}+d(AjB)
1+ d(Sx*, X0 (1) 42)
Observe that

lim d(x*, x4 1) = 1im d (Xn(k)11,X2n(k)+2) = O-

Thus there exists N € N such that for all k > N
(19) M(x*>x2n(k)+l) =0 <d(A>B)
From (18), (19) and the property of ¢, it follows that, for all k > N,

d<X*aSX*) - d(X*7x2n(k)+2) o d(A7B) < M(X*ﬂxZn(k)-i-l) o d(AaB)

< d(A,B)—d(A,B)

IN

0
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and so
d(x*,Sx*) = d(x*,xzn(k)+2) +d(A,B)

Letting k — oo, we obtain d(x*, Sx*) = d(A, B). Similarly, we have d(x*,Tx*) = d(A,B). There-

fore, x* is a common best proximity point of S and 7. This complete the proof. 0

Now, we prove the uniqueness of such a common best proximity point as in Theorems 3.1

and 3.2. Here, we need the following additional condition:

(v): For all x,y € CB(S,T), we have a(x,y) > 1, where CB(S,T) denotes the set of com-

mon best proximity points of S and 7.

Theorem 3.3. Adding the condition (v) to the hypothesis of Theorem 3.1(resp. Theorem 3.2),

the point x* is the unique best proximity point of S and T.

Proof. Suppose that there exists x*,y* € A such that
d(x*,Sx*) =d(x",Tx*) =d(y*,Sy") =d(y*,Ty*) =d(A,B)

where x* # y*. By the condition (v), we have a(x*,y*) > 1 and, since (S,T) is a generalized

rational a-@-Geraghty proximal contraction pair, we have
P(d(x"y")) < alx’,y)edx",y"))

< BOM(x",y")))¢(M(x",y*) —d(A,B))
(20) < 9(M(x*,y")) —d(A,B)

where

d(x*,Sx*) (y*, Ty*) d(x*,Sx*)d(y*,Ty*)}

M(x* V) = dix*.v*
) = man{ater ), )

= d(x"y")
From (20), we obtain
9(d(x",y")) < @(d(x",y")) —d(A,B) < 9(d(x",y"))
which is a contradiction. Hence x* = y*. O

Next, we give an example to illustrate Theorem 3.1.



724 MAIREMBAM BINA DEVI, N. PRIYOBARTA, YUMNAM ROHEN

Example 1. Ler X = [0,00) x [0,0) be endowed with the metric

d((x1,x2), (y1,52)) = [x1 = y1] + |2 = y2|.

Take A = {0} x QN [0,5], and B = {1} x [0,5]. We know that d(A,B) =1, Ay = A and By = B.
Consider the mappings S, T : A — B defined by

S(0,x) = (l,glog(l +2))

T(0,x) = (1,%‘1og(1+x))

respectively. Then we have S(Ag) C By and T (Ag) C By. Also, we define a function o : X x X —
[0, 00) by

!

(), (&) =1, if (%), (x,y) € [[0,1] x [0,1];
a((x,),(x,y))

Let (0,x1), (0,x2), (0,u1) and (0,uy) in A such that

1, otherwise.

a(((0,x1),(0,x2))) = 1,

d((0,u1),8(0,x1)) = d(A,B),

d((0,u2),T(0,x2)) =d(A,B).
Then we have (x1,x2) € [0,1] x [0,1]. Also, we have uy = 2log(1 + %) and up = 2log(1+x,),
which implies that

min{a((0,1), (0,u2)), &((0,2), (0,u1))} > 1.

Thus the pair (S,T) is o.-proximal admissible.

Now, we check that (S,T) is a generalized a-9-Geraghty contraction pair. Define the func-
tions ¢ : [0,00) — [0,00) and ¢ : [0,00) — [0,1) by

_tan” (1)

t3
00) =5, Bl ="

forallt > 0, respectively. Then B € § and ¢ € .

Let (x,y) € A. Thent =d(x,y) = [0, 1]. Also, it is easy to show that

3

Q1) %(glog(l 1) < ran*(%)
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forallt € [0,1]. Moreover, we have

(X((O,xl),(0,)62)),(])(0’(0,141),(0,142)) = §(|u1_u2’)3
= %(%1 (1+%)—§10g(1+x2)|)3
1/4 12N\ °
= (e (7))

(22)

VAN
N —
VR
A

=}

[0)°]
VR
—_| — —
+
(SR [Nk
~
~~_

(98]

Now, we show that

1—1—% X1 X
|10g(1+%)|§10g<1+]3—7] <log(1+ |x; —x2]).

Suppose that x1 > xp or xp > x1. Observe that

143
log(l_i_%) < log

< log(1+ [x1 —x2f).

From (22), it follows that

3
(0,21, (0,2)), 9(d(0,u1), (0,102)) < %(‘g‘loguﬂxl—xzn)

an~"! (%(|x1 —x2|)3)

tan~! (%(d(O,ul),(O,uz)f)

IN

(23)

IN

Consider

M(x1,x) = max{d(0,x;),(0,x2),d(0,x1),(0,u;),d(0,x2),(0,us)}

= max{d(0,x;),(0,x2),d(0,x1),(0,u1),d(0,x2),(0,uz)} +d(A,B).

725
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Taking M*(x1,x2) = M(x1,x2) +d (A, B), it follows form (23) that

(X((O,Xl), (0,)62)),(])(0’(0,141), (0,142)) < tanil (%(d(05u1)7 (0,142))3)

< tan

S 010.)) )

< tan

A

"),
((0,x1),(0,x2)),0(d(0,u1),(0,u2)) < eI >Z(M(xl,x2)+d(A,B)—d(A,B))3

IN

Hence, we have

OC((O,Xl), (07x2))7¢(d<07u1>7 (0,142)) < ﬁ<¢(M(x17x2)))¢(M*(x17x2) _d(AvB))

and so (S,T) is a generalised o.-9-Geraghty proximal contraction pair. Furthermore, S and T
are continuous. Moreover, the condition (ii) of Theorem 3.1 is verified. Indeed, for xo = (0,2)

and x; = (0,0.5545), we get

d(x1,8x0) = d((0,0.5545),(1,0.5545)) = 1 =d(A,B)
and

min{OC(XQ,xl),OC(xl,X())} > 1.

Hence all the hypothesis of Theorem 3.1 are verified. So, the pair (S,T) admits a common best
proximity point, which is x* = (0,0). It is easy to show that the common best proximity point
x* = (0,0) is unique.
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