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example which supports our main result.

Keywords: quadruple fixed point; Suzuki type contraction; w-compatible and G-completeness.

2010 AMS Subject Classification: 93B05, 45K05, 47H10.

1. INTRODUCTION

Fixed point theory is a beautiful mixture of Analysis, Topology and Geometry. It has been
playing a vital role because of its wide applications in Homotopy theory, integral, integro-
differential and impulsive differential equations, obtaining solutions of optimization problems,
Approximation theory and Non-linear Analysis.

Recently Suzuki [1] proved generalized versions of both Banach’s and Edelstein’s basic re-
sults and thus initiated a lot of work in this direction (See.[2]-[6]). In 2006, Mustafa and Sims
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[7] initiated the concept of G-metric spaces and gave variant related fixed point results. Af-
terwards, many authors have developed beautiful fixed point results on the setting of G-metric
spaces ([8]-[14]).

Very recently, E.Karapinar[15] initiated the concept of quadruple fixed point and proved some
quadruple fixed results in partially ordered metric spaces. Further, many investigators ([16]-
[20]) established quadruple fixed theorems in various metric spaces.

The aim of this paper is to combine the ideas of quadruple fixed points and Suzuki type
fixed point theorems to obtain a unique common quadruple fixed point theorem for Jungck type
mappings in a G-metric space. Also, we give example, applications to Integral equations and

Homotopy theory.

2. PRELIMINARIES

First, let’s review the important concepts of G-metric spaces.
Definition 2.1:([7]) Let & be a non-empty set and let G : & x & x & — [0,0) be a function

satisfying the following properties :
By) G(p,q,r) =0ifp=qg=r;
B1) 0 < G(p,p,q) for any p,q € & with p # q;

B3) G(p,q,r) = G(P|p,q,r]), where P is a permutation of p,q,r (symmetry);

(Bo)

(B1)

(By) if G(p,p,q) < G(p,q,r) forall p,q,r € & with q #r;
(B3) G

(Bs) G

B4) G(p,q,r) < G(p,x,x)+ G(x,q,r) for all p,q,r,x € & (rectangle inequality)

then G is said to be a G-metric on & and pair (£, G) is said to be a G-metric space.
Definition 2.2:([7]) A G- metric space (£, G) is said to be symmetric if

G(p.q,9) =G(q,p,p) forall p,g € 2.

Definition 2.3:([7]) Let & be a G-metric space. A sequence {p, } in & is called:

(a) G-Cauchy sequence if for every € > 0, there is an integer ny € Z* such that for all
n,m,l Z no, G(pnupmuPl) <E.
(b) G-convergent to a point p € 2 if for each € > 0, there is an integer ng € Z* such that

for all n,m > ny, G (pp, pm, p) < €.
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A G-metric space on & is said to be G-complete if every G-Cauchy sequence in & is G-

convergent in Z.
For more properties of a G-metric we refer the reader to ([7]).

Definition 2.4:([15]) Let 22 be a nonempty set and let F : ?* — 2 be a mapping.

If F(p,q,r,s) = p, F(q,r,s,p) =q, F(r,s,p,q) =rand F (s,p,q,r) = s for p,q,r,s € & then

(p,q,r,s) is called a Quadruple fixed point of F'.

Definition 2.5: ([17]) Let F : 2* — &2 and f : & — 2 be two mappings. An element

(p,q,r,s) is said to be a quadruple coincident point of F and f if

F(p.q.r.s)=fp, F(q,r,s,p) = fq, F(rs,p,q)= frand F(s,p,q,r) = fs.

Definition 2.6:([17]) Let F : 2% — &2 and f: & — & be two mappings. An element (p,q,r,s)

is said to be a quadruple common point of F and f if

F(p.q.r.s)=fp=p, F(qrs,p)=fq=q,F(rs,p,q)=fr=r and F(s,p,q,r) = fs=s.

Definition 2.7:([17]) Let (£, G) be a G-metric space. A pair (F, f) is called weakly compatible

if f(F(p,q,r,s)) =F(fp,fq,fr,fs) whenever for all p,q,r,s € & such that

F(p,q,r;s) = fp, F(q,rs.p)=fq, F(r,s,p.q) = frand F(s,p,q,r) = fs.

Theorem 2.8:([1]) Let (Z7;d) be a complete metric space, let T : &2 — & be a map- ping and

1, 0<r< ¥

define a non increasing function 6 : [0;1) — (%, 1by 6(r) =< (1—1)t72, @ <t < %
-1 1

Assume that there exists 7 € [0; 1) such that e N =

0(t)d(p,Tp) <d(p;q) implies d(Tp;:Tq) < d(p:q)

for all p,q € &2. Then there exists a unique fixed point a of T. Moreover, lim T"p = a for all

n—roo
pE L.

3. MAIN RESULTS

Theorem 3.1: Let (%2, G) be a G-metric space. Suppose that T : 2% — P and f : & — & be

a two mappings satisfying the following:
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G(fx.fx.fp),G(fy.fy.fa),
G(fz, [z, fr),G(fw, fw,fs),
G(fx,fx,T(x,5,2,w)),G(fy, [T (y,2,w,x)),
| G(fz.f2,T(zwx,y)),G (fw, fw,T(w,x,y.2)) )

n(0)G(fx, fx,T(x,y,z,w)) < max

implies

G(T(x,y,z,w),T(x,y,z,w),T(p,q,r,s))
( )

G(fx,fx.fp),G(fy.fy.fa),
G(fz,fz,fr), G (fw, fw,[s),
G(fx,fx,T(x,5,2,w)),G(fy, [T (y,2,w,x)),
< 9max G(fz,fz,T(z,w,x,y)),G(fw, fw,T(w,x,y,2))
G(fp.fp.T(p,q,15)),G(fq,fq,T(q,r.s5.p)),
G(fr.frT(rs,p,q)),G(fs,fs,T(s,p.q,r))
),G
),G

G(fp,fp,T(x,y,2,w)),G(fq,fq,T(y,z,w,x)),
G(fr7fr7T(Z7W7'x7y) ) fsﬂfs7T(w7x7y7Z))

(
(
ey

for all x,y,z,w, p,q,r,s € &, where 6 € [0,1) and 1 : [0,1) — [%, 1) defined as n(0) = H#eis a
strictly decreasing function,

a) T(P2*) C f(2) and f(2) is complete,

D) pair (T, f) is w-compatible.

Then there is a unique common quadruple fixed point of 7 and f in &.

Proof. Let xo,y0,20,wo € & be arbitrary, and from (a), we construct the sequences

{xn}, {0}, {zn},{wn} in & as

T(xn,yn,zn,wn) = fXnt1, T()’nvzmwnaxn) = fYnt1,

T(Zn,Wn,xn,)’n) :on+1, T(anxnaynazm) :anJrh where n = 07 1527""

case(i): Assume that

) fXn 7 fXn41 OF [y 7 fY¥ns1 OF f2n # fZpi1 OF fwy # fwpVn.
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Since

77(9>G(fx07fxo,T(XO;}’O;ZO>WO)) = n(e)G

G(fX(),fX(),fX1),

< max
G(fX(),fX(), T(X(),y(),Z(),W()>) )

Then from (1), we can get

G(le,le,fxz) =

/

)
G (fxo, fx0, T (x0,Y0,20,Wo)
< 0 max G(fZ07fZ07 (Z Wva()ayO)
G (fx1, fx1,T (x1,y1,21,w1)
G(fZl,fZl, ( )
G (fx1, fx1,T (x0,Y0,20,Wo)
6
( G(fXO,fXO,f)Cl),G
é 6 max G(fW(),fW(),le),G

3)

Similarly, we can prove that

G (fxo, fxo, fx1),
G(fy1, fy1, fy2) < Omax
G(fz1, [z

4)

G(fZ07fZ07 T<Z07W07x0ay0)) 7G

21, W1,X1,Y1

G(le;leafZZ);G

G(fy()?fy()afyl) 7G
G(fW07fW07fW1) 7G
7fZ2) 7G
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(fW07fW07fW1>7

G(fYO,fYOa T(yo,Zo,Wo,xo))

(fWO;fWOa T(W()vavyO;ZO)

G(T(XOJOaZO,WO)a T(x()ayOaZOaWO)a T(-xluyl?Zl?Wl))

G(fX(),fX(),fX1) )
G (fz0,fz0, f21

(fy07fy07fyl)7G
(fxbfxl?fo)vG
(fwi, fwi, fwa)

(fxlvfxlvfx2)7G
(fwlafwlafWZ)

(fxo, fxo, fx1) < G (fxo, fx0,fx1)

G(fy()afy()afyl)v
G(fZ07fZ07fZl)7G

\

) )

G (fyo. fy0. fy1)
;G (fwo, fwo, fwi),
), G (Y0, Y0, T (y0,20, W0, X0)
), G (fwo, fwo, T (wo,%0,¥0,20
)G (fy, [y T (yi,z1,wi,x1)
),G(fwi, fwi, T(wi,x1,51,21
), G (fy1, fy1:T (yo,20, Wo,%0)
)

G fZ07fZ17 (Z()?WO?anyO) 7G(fwl;fwla (W07x07y0;Z0

(fZ07fZ07fZ1>7
(fybfyl?fyZ)a

(fZO7fZ07fZ1)7
(fylafylafy2)7

)
)
)
)
)
)

~— -




SUZUKI TYPE COMMON QUADRUPLE FIXED POINT RESULTS 1109

G(fx07fx07fx1)7G(fy0>fy07fyl)7G(fZO7fZ()7fZ1)7
G(fZl,fZl,sz) S 6 max G(fW07fW07fW1)7G<fx17fx17fx2)7G(fy17fy17fy2);
G(fz1,fz1,fz2), G (fwi, fwr, fw2)
&)

G(fx07fx07fx1)7G(fy07fy07fy1)7G(fZ07fZ07fZ1)7
G(fWI,fW],fW2) < 6 max G(fw()afw()afwl)7G(fx17fxl7fx2)7G(fy17fyl7fYZ)a
G(lealeafZZ)7G(fW17fW17fW2)
(6)

Due to (3) — (6), we conclude that

maX{G(fxl7fx17fx2)7G(fyl7fy17fy2)7G(fZ17fZ17fZ2)7G(fwlvfwlufWZ)}

G (fxo, fx0, fx1), G (fy0,Y0, f¥1),G (fz0, f20, f21),
< 6 max G(fW07fW(),fW1),G(fxl,f-xl,fXZ);G(fyl,fyl,fy2);
G(thfZl?sz)7G(fW17fW1,fW2)
(7

< max

If max G(fxo,fxo,fx1),G(fyo,fyo,fy1), G(fxlaf-thxZ),G(fylafybfyZ)? '
G(fZO,fZO,fZ]),G(fWO,fWO,fWI) G(fZ17fZ17fZ2)7G(fW1>fW17fW2)

Then from (7), we have fx; = fx; or fy; = fyy or fz1 = fzo or fw; = fw,. Itis contradiction

to (2). Hence from (7), we have

G(thfxl;fo)7G(fy17fy17fy2)7 < 0 max G(fx07fx07fxl)7G<fy07fy07fyl)7
G(lealevaZ)>G(fW17fW17fW2) B G(fZO,fZO,fZ]),G(fWO,fWO,fW])

max
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Continuing in this way, we get

( G (f%n, fXn, fXnt1) 5
G (fyn, [yn: fyne1),
G (fzns fzn, fant1)
G (fwn, fWns fWnt1)

max

Ve

< G(fxn—17fxn—l7fxn)7G(fyn—l7fyn—l7fyn)7
< O max
G(fzn—hfzn—l?fzn) 7G(fwn—l7fwn—l,fwn)

2 G(fxanafxan,fxnfl)aG(f)’nfbfyanaf)’nfl) )
< 6“max
G(fzn727fzn72afznfl)aG(anf%anfZ:anfl)

<

0" max G(fx07f-x07fxl)7G(fy07fy07fyl)7 ‘
G (fz0,fz0,fz1),G (fwo, fwo, fwr)

ThUSG(fxmfxmfan)<9”max{ G (fx0, fx0.fx1) G (fy0..f30, 1), }

G (fz0,fz0,f21),G (fwo, fwo, fw)
G(fx()afx()afxl) f)’Oaf)’Oaf)ﬂ }

G(fynafynvfynJrl) S 0" max
G (fz0, [0, fz1),G (fwo, fwo, fwi)

G (fzn, fan: fant1) < 9”max{ G (fxo, fx0, fx1) G (fy0, Y0, fy1) }

(
G (fz0, fz0,f21),G (fwo, fwo, fw)

and

G(an,an,an+1)<9”max{ G (fxo0, fx0, fx1), G (fy0, fy0, fy1), }

G (fz0,f20,f21),G(fwo, fwo, fwr)
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For m > n, by use of the rectangle inequality, we have

G(fxmvfxmafxn)

IN

IN

(6”+9”+1 —|—...—i—9m*1) max

G(fxnafxn+17fxn+l)+G(fxn+1:fxn+27fxn+2)+---+G(fxmflafxmafxm)a

G(fx07fx07fxl)aG(fy07fy07fyl)a
G(fZO,fZO,fZ]),G(fWO7fWO,fW1)

o" G(fxo,fxo,fx1),G(fyo,fy(),fy1),

IN

max

— 0asn,m— .

1-6 G (f20,f20, f1), G (fwo, fwo, fwi)

Hence {fx,} is a Cauchy sequence in f(4?) . Similarly we can show that {fy,}, {fz,} and

{fwy,} are Cauchy sequence in f(2?).

a,b,c,d in & such that

Since f(Z?) is complete, there exist o, 3,7, ® and

lim fx, = a=fa lim fy,=pB = fb
n—oo n—oco

lim fz, =y=fc lim fw, = o = fd.
n—roo n—roo

Since fx, — o, fy, — B, fz» — Y and fw, — @, we may assume that fx, # a, fy, # B,

fzn # Y and fw, # o for infinitely many n. We claim that

G(fa,fa,T(x,y,z,w)),
G(fb,fb,T(y,z,w,x)),
G(fe,fe,T(z,w,x,y)),
G(fd, fd,T(w,x,y,z))

max

< O max

G(fa, fa,fx),G(fb,fb, fy),
G(fe,fe,fz),G(fd, fd, fw)
G (fx, fx,T(x,,2,w)),G (fy, f3,T(y,z,w,x)),
G(fz,f2.T(z,w,x,)), G (fw, fw, T (w,x,y,2))

for all x,y,z,w € & with fa # fx, fb+# fy,fc# fzand fd # fw.
Let x,y,z,w € & with fa # fx, fb # fy,fc # fz and fd # fw. Then there exists a positive

integer ng such that for n > ng, we have G (fa, fa, fx,) < iG(fa,fa,fx),

G (fb, fb, fyn) < 3G (fa, fa,fy), G(fc,fe, fun) < 3G (fe, fe, f2).
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G(fd, fd, fwn) < $G(fd, fd, fw). Now for n > ng

n(e)G(fxmfxn; T(xn,yn,zn,wn)) < G(fxmfxn; T(xnvynazmwn»

From (1), we have

= Gfxnfn frn)

G (fn f. fa) + G (fa fa frni)
2G(f3, fa, fa) + G fa, fa, i)
2G(fx. fa.fa) + G fa, fa, )

IN - IN A

IN

Gfx. fa fa) = G (fa fa 12
G(fxvfa7fa) - G(fa,fa,fxn)
G (fx, fx, fxn)

[ G, %, %), G (fy, £, f30)
G(fZ,fZ,on) ,G(fW,fW,an),
G(fxmfxmT(xnvynazmwn))a
G(fyn,fyn,T(yn,Zn,Wn,xn)),
G(on,on,T(Zn,Wn,Xn,yn))
)

G(fwnafwna T(Wnaxnvynazn

IN

IN

\
Y

IN

max

) )

G(T(Xn;yn,ZmWn),T(xna)’n;ZmWn)»T(xvyaZaW))

< O max

(

G (fxn, fxn, £%) G (fYns [Yn: ),

G (fzn; f2n, £2), G (fWn, fWn, fw),
G (f%n, fXn, fXn11) G (fYns [Yns [¥ns1)
G (fzns fzn, fan+1) s G (fwn, fWn, fWni1)

G (fx,fx,T(x,y,2,w), G(fy, [y T (y,z,wx)),
G(fz,f2.T(z,w,x,y)), G (fw, fw, T (w,x,y,2)),
G (fx, fx, [xXn11) s G (fy, [, fyni1) 5
G (fz, /2, fzn+1), G (fW, fW, fwni1)
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Letting n — oo, we get

G(fa,fa,T(x,y,z,w)) < O max

Similarly we can show that

G(fb,fb,T(y,z,w,x)) < 6 max

\

G(fc,fe,T(z,w,x,y)) < Omax <

G(fa,fa,fx),G(fb,fb,fy),
G(fe,fe,f2),G(fd, fd, fw),
G(fx7fx7T(x7y7Z7W)) 7G(fy7fy7T(y7Z7W7x>)7

\ G(fZ7fZ’ T(Z7W7x7y)> 7G(fw7fw7 T(Wv-xvy?Z)) Y

G(fb,fb,fy),G(fc, fe, f2),
G(fd,fd,fw),G(fa,fa,[fx),
G (fx, f%,T(x,y,2,w),G(fy, [y, T(y,z,wx)),
G(fz,f2.T(z,w,x,), G (fw, fw, T (w,x,y,2)), |
( G (fe,fe.f2).G(fd, fd fw),
G(fa,fa,fx),G(fb,fb,fy),
G (fx, f%,T(x,,2,w)),G(fy, [y, T(y,z,wx)),

and

G(fd,fd,T(w,x,y,z)) < 6 max

\ G(fZ,fZ,T(Z,W,)C,y>),G(fW,fW,T(W,X,y,Z)), )

(

G(fd,fd,fw),G(fa,fa, fx),
G(fb,fb,fy),G(fc, fc,fz),
G(fx, fx,T(x,9,2,w)),G(fy, 3Ty, z,w,x)),

Thus

G(fa,fa,T(x,y,z,w)),
G(fb,fb,T(y,z,w,x)),
G(fe,fe,T(z,wx,y)),
G(fd,fd,T(wx,y,z))
@)

max

\
Vs

| G(f2,f2,T(z,w,x,y)),G (fw, fw,T(w,x,y,2), |

G(fa,fa,fx),G(fb,fb,fy),
G(fc,fe, fz),G(fd, fd, fw)
< O max
G (fx,fx,T(x,9,2,w)),G(fy, f»T(y,z,w,x)),
\ G(fZ7fZ7T(Z7W7x7y))7G(fw7fw7T(W7‘x7y7Z)) )
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Hence the claim. Now consider

G (fx,fx,T(x,y,z2,w)) < G(fx, fx,fa)+G(fa, fa,T (x,y,z,w))

< G(fx, fx,fa)+ 60 max

< (14 6)max

Thus

n(6)G (fx, fx,T(x,y,z,w)) < max

Hence from (1), we have

G(T(a,b,c,d)

€))

G(fa,fa, fx),G(fb, b, fy),
G(fc,fe,fz),G(fd, fd, fw),
G (fx, fx,T(x,y,2,w)),G (fy, f3. T (y,2,w,x)),

G (fx, fx,T(x,9,2,w)),G(fy, f3.T(y,z,wx)),
G(f‘z’fZ?T(Z?w?x’y))7G(fw7fw7T(w7‘x7y7Z))7 )

G (fx,fx,T(x,y,2,w)), G (f3, /¥, T (y,2,w,x)),
G (fz.f2.T(z,w,x,)),G (fw, fw, T (w,x,,2)),
G(fa,fa,T(a,b,c,d)),G(fb,fb,T(b,c,d,a)),
G(fc,fe,T(c,d,a,b)),
G(fx,fx,T(a,b,c,d
G(fz,fz,T(c,d,a,b

| G(f2,f2,T(z,w,x,y)), G (fw, fw, T (w,x,5,2)), |

G(fa,fa,fx),G(fb,fb,fy),
G(fe fe.f2),G(fd, fd, fw),

G(fa,fa,fx),G(fb,fb,fy),
G(fe,fe,f2),G(fd, fd, fw),
G (fx,fx,T(x,y,2,w),G(fy, [y, T(y,z,w,x)),
L G2, /2T (z,w,x,y)), G (fw, fw, T (w,x,y,2)), |

T (a,b,c,d),T(x,y,z,w))

G(fa,fa,fx),G(fb,fb,fy),
G(fe,fe,f2),G(fd, fd,fw),

fd,fd,T(d,a,b,c))

)

),G(

)G (fy,fy,T(b,c,d,a)),
), G (fw, fw,T(d,a,b,c))

i
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Now

G(fa,fa,T(a,b,c,d)) = Y}EI;IOG(fo’l-l-]7fxn+17T(a>b,c7d)>

= lim G(T(xn,yn,zn,wn),T(xn,yn,zn,wn),T(a,b,c,d))

n—yoo
( )

G(fxn,fxn,fa)7G(fyn,fyn,fb)7
G(fznafznafc) aG(fwnaan7fd)a
G(fa,fa,T(a,b,c,d)),G(fb,fb,T(b,c,d,a)),
. G(fc, fe,T(c,d,a,b)),G(fd, fd,T(d,a,b,c)),

lim 6 max
e G (fxn, f%0, T (XnsYn:2n,wn)) , G
G(fzrhfzfla (vawnvxnayn))
G(fa, fa,T(Xn,Yns2n, Wn

G(fC,fC, T(Znawn,xm)’n

0 G(fa,fa,T(a,b,c,d)),G(fb,fb,T(b,c,d,a)),
max )
G(fc,fc,T(c,d,a,b)),G(fd,fd,T(d,a,b,c))

IN

) (fyn»fynaT(YmZnanxn))7
7G(fwn7fwn7 T(Wnaxnaynazn))
) (fb7fbaT()’naznaWn7xn)):

)
)a (fdafdvT(Wn»an’naZn))

)
)

Similarly, we can have

G(fb,fb,T(b,c,d,a))gemax{ G(fa, fa,T(a,b,c,d)),G(fb, fb,T(b,c,d,a)), }

G(fc,fe,T(c,d,a,b)),G(fd,fd,T(d,a,b,c))

and

G(fc,fc,T(c,d,a,b))<6max{ G(fa,fa,T(a,b,c,d)),G (fb, fb,T(b,c,d,a)), }

G(fc,fe,T(c,d,a,b)),G(fd,fd,T(d,a,b,c))
also

G fa b)) < emax{ G(fa,fa,T(a,b,c,d)),G(fb, fb,T(b,c,d,a)), }

G(fc,fe,T(c,d,a,b)),G(fd,fd,T(d,a,b,c))

Thus
( G(fa,fa,T(a,b,c,d)), ) ( G(fa,fa,T(a,b,c,d)), )
) CUBILTGcd@), | o] G fb.T(be.d ),
G(fe,fc,T(c,d,a,b)), G(fc,fc,T(c,d,a,b)),
| G(fd.fd,T(d,a,b,c)) | | G(fd,fd,T(d,a,b,c)) |
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So that T(a,b,c,d) = fa,T(b,c,d,a) = fb,T(c,d,a,b) = fc and T(d,a,b,c) = fd. Thus

(a,b,c,d) is a Quadruple coincidence point of 7 and f . Since the pair (T, f) is ®w-compatible,

we have
foa=f*a=f(T(a,b,ec,d)) =T(fa,fb, fe,fd) =T (aB,y,0)
fB=f*b=f(T(be,d,a))=T(fb,fe,fd,fa) =T (B,7,0,a)
fY=f*e=f(T(e,d,a,b)) =T(fe,fd, fa, fb) =T (v, 0, B)
(10) fo=f*d=f(T(dab,c)=T(fd fa,fb,fc) =T (@, 0,B,7)
Now

G(fa,fa,fa),G(fb,fb,fB),
G(fe,fe,fv),G(fd, fd, fo),
G(fa,fo,T(a,B,y,®)),G(fB.fB.T (B.7v,0.)),
G(fr.fr.T(v,0,0,B)),G(fo,fo.T(0,a,B,7)

Hence from (1), we have

G(fa, fot, fa) = G (T(a, B 1, 0), T(c, B, 7,®), T(a,b,c,d))
' G(fo,fo, fa),G (1B, fB,fb).,
G(f1.17.f¢),G(fo, fo,fd),
G(fa, fa,T(,B,7,0)),G (B, /B, T(B.7,0,),
G(fr.fr.T(v.0,pB)),G(fo,fo.T(0,a,B,7)),
(fa fa, T(a b,c d)),G(fb,fb,T(b,C,d,a)),
(fc,fC,T(C,d a b)),G(fd fd, T(d,a,bm))
G(fa,fa,T(a,B,7,0)),G(fb,fb,T(B,7,0,)),
G(fe,fe,T(y,0,a,8)),G(fd, fd,T(w,a,B,7))

Y

Y

g G(fat, fo. fa).G(fB.SB.b).
< Omax .
G(f1,.fv.fc),G(fo, fo,fd)

Similarly, we have

G(fa fa, fa),G(fB,fB.fb), }

G(fﬁafﬁ7fb> < O max
G(fv.fv.fe),G(fo,fo,fd)
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and
G(f%f%fc)ﬂemax G(fa7fa7fa)’G(fﬁﬂfﬁ7fb)7 .
G(f1.f1.fc),G(fo,fo,fd)
also
G(fo. fo.fd) < omaxd C %00 GUB.IB.1B), |
G(fv.fv.fe),G(fo,fo,fd)
Thus

G(fa, fa,fa),G(fB.fB,fb), G(fo,fa,fa),G(fB.fB,fb),
max < O max .
G(fv.fv.fc),G(fo, fo,fd), G(fv.fv.fe),G(fo, fo,fd)
Hence a = fa = fa,B = fb= fB,y= fc= fyand o = fd = fo. Hence from (10), we

have (&, 3,7, ®) is a common quadruple fixed point of T and f. In the following we will show
the uniqueness of common quadruple fixed point in &?. For this purpose, assume that there is

another quadruple fixed point (o', ', 7', ®") of T, f. Now consider,

G(fa, fo,fo),G(fB,fB,fB'),
G(fr.f2.17).G(fo,fo,fo'),
G(fa,fo.T(a,B,y,0)),G(fB,fB,T (B,V,0,a)),
G, frT(v0,a,B)),G(fo,fo,T(0,a,B,7))

n(G)G(fa7fa7T(a7ﬁ7Y7w)) =0 S max

by (1), we have
G(a,a,0') = G(T(a,B,7,0),T(a,B,7,0),T(c,B',7Y,0))

< emax G(a7a7a/)7G(ﬁ7ﬁ7B/)7 )
- G(1.7.7).G(0,0,0)

Similarly, we can show that

G(B,B,B") < 6 max G(a,a,0'),G(B,B,B'),
G(% ’}/7/}/) ,G((D,O),(D,)

and

G(r,7.Y) < Gmax{ G(a,0,0'),G(B,B.B), }

G(1,7,7),G(0,0,0)
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also
G(a),a),a)')gemax G(a7a’a/)’G(ﬁ7ﬁ7ﬁ/)7
G(1,7.7),G(0,0,0)
Thus
i G(a,a,a'),G(B,B,B"), < 0 max G(a,a.a'),G(B,B.B"),
G(1,1.7).G(o,0,0) | G(1,7,7),G(0,0,0)

Hence a = o/, =p',y=7Y and ® = @'. Thus (o, 3,7, ®) is the unique common quadruple
fixed point of 7" and f.

case(ii): If fx, = fxu+1,fYn = fyn+1,f2n = fzn+1 and fw, = fw, 1 for some n then

Jxn =T (Xn;Yn520Wn)s [yn =T Vs 2ns Wiy Xn)s f2n =T (Zns W Xns )y fWn =T (WnsXn, Yns 2n)
so that (xp, yn,2n,Wn) is a quadruple coincidence point of 7' and f . Now proceeding as in case
(i) with fx, = «, fy, = B, fz» = Yy and fw, = @, we can show that (a, 3,7, ®) is the unique
common quadruple fixed point of 7" and f .

Example 3.2: Let &2 = [0,1] and G(x,y,z) = max {|x —y|, |x—z|,|y — 2|}, (£, G) is a complete
G-metric spaces. Let T : #* = P and f: & — 2 be given byT (x,y,z,w) = sin(”y;“—ﬁzw) and
f(x) = %. Then obviously, T(2?*) C () and the pair (T, f) are @-compatible and clearly
forall a,b,c,d € &

%G(fa,fa,T(a,b,c,d)) < G(fa,fa,T(a,b,c,d))

G(fa,fa,fx),G(fb,fb,fy),
G(fe,fe f2),G(fd, fd, fw),
G(fa,fa,T(a,b,c,d)),G(fb,fb,T(b,c,d,a)),
| G(fe.fe,T(c,d,a,b)),G(fd,fd,T(d,a,b,c))

IA

max

Vs
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Now we have
G(T<a’b7c7d)7 T(a7b7c7d)7 ) T('x7y7z7 W))

= max{|T(a,b,c,d)—T(x,y,z,w)|}
a+b+c+d, . x+yt+zt+w
——— ) —sin(———)|
16 16
a+b+c+d+x+y+z+wsm

= |sin(

at+b+c+d—x—y—z—w

/

— 2Jcos( . Jsin - )
< elatbtetd—x—y—z—w| < 5|s —sin@TEED)
< %max{|fx—T(a,b,c,d)}:%G(fx,fx,T(a,b,c,d))
[ G(fa,fa,1x).G(fb, b, 1¥),G fe, fe, £2),G (fd, fd, fw) , |
G(fa, fa,T(a,b,c,d)),G (b, fb,T(b,c,d,a)),
G(fe,fe,T(c,d,a,b)),G(fd, fd,T(d,a,b,c))
S%mx G(fo 5, T(x,3,2,w)), G (3. f3,T (3,2, w,%))
G(fz,fz,T(z,w,x,y)),G (fw, fw, T (w,x,y,2))
G(fx,fx,T(a,b,c,d)),G(fy, [y, T(b,c,d,a)),
\ G(fz,fz,T(c,d,a,b)),G(fw, fw,T(d,a,b,c))
(

Thus all the conditions of the Theorem (3.1) are satisfied and (0,0,0,0) is unique common
quadruple fixed point of 7" and f.
Corollary 3.3: Let (£2,G) be a complete G-metric space. Suppose that 7 : 2* — &2 be a
mapping satisfying:
G (x,x,p),G(y,,q),G(z,2,7),G(w,w,s),
n(0)G (x,x,T(x,y,z,w)) Smax§ G (x,x,T(x,y,2,w)),G0»T(3z,wx)),
G(z,2,T(z,w,x,y)),G (wy,w, T (w,x,y,2))

implies
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G(x,x,p) (yayy ) (Z,Z ) (W w, S)
T
(

),G
G (x,x,T(x,y,2,w)),G (v, 3. T (y:2,w,x)) ,
G(z,2,T(z,w,x,y)),G(w,w,T(w,x,y,2))
G(T(x,9,2,w),T(x,y,2,w),T(p,q,r,s)) < Omax s  G(p,p,T(p,q,r,s)),G(q,q,T(q,r,5,p)),
G(r,r,T(r,;s,p,q)),G(s,s,T(s,p,q,r))
G(p,p,T(x,y,2,w)),G(q,q,T (y,2,w,x)),
G(r,nT(z,wx,y)),G(s,s,T(w,x,y,2))

(11)
for all x,y,z,w,p,q,r,s € &, where 0 € [0,1) and 1 : [0,1) — [%, 1) defined as n(6) = H_Leis

a strictly decreasing function. Then there is a unique quadruple fixed point of 7" in Z.

3.1. APPLICATION TO INTEGRAL EQUATIONS.
In this section, we study the existence of an unique solution to an initial value problem, as an
application to Corollary (3.3).

Theorem 3.1.1: Consider the initial value problem
(12) x (1) =T (1, (x,y,2,w) (1)), t €1=0,1], (%,5,2,w)(0) = (x0,Y0,20, o)

flT(s,x(s))ds,g[’T(s,y(s))ds,

0
t t
gT( 2(s ))ds,fT(s,W(S»ds,
and x, Y0,z0,wo € R. Then there exists unique solution in C (I,R) for the 1n1t1a1 value problem

(12).

t
where T : I x R — R with [T(s, (x,y,z,w)(s))ds = max
0

Proof. The integral equation corresponding to initial value problem (12) is

t

(1) = x0+3 / T(s, (x,y,2,w)(s))ds.

0
Let # = C(I,R) and G(x,y,2) = [x—y|+ [y —2[ + |z = x| for x,y,z € P, define R: P* — &
by

t
R(x,y,z,w)(t) = %Jr/T (x,y,z,w)(s))ds.
0
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Clearly for all x,y,z,w € &, we have

G()C,X,Cl) 5G<y7y7b) 7G(ZaZ7C)aG(W7W7d)7
3
ZG(.X,X,T(X,_)},Z,W)) S max G<X7X»T(xayaZ7W)) 7G(y7y7T<y7Z7W7x))a
G<Z7Z7T(Z7W7x7y>) 7G(W1 w, T(W»Xa}GZ))

Now

G (R(x,v,2,w)(1),R(x, y,2,w)(t), R(a, b,c,d) (1))
= 2|R(x,y,z,w)(t) — R(a,b,c,d)(t)]
_ z|’§+/T(s,(x,y,z,w)(s))ds—‘;—°+/T(s,(a,b,c,d)(s))ds|

2 1
= Sk —a()] = 3G(x.x.0)

G(x,x,a),G(,y,9),G(z,2,¢),G(w,wd),

G (x,x,T(x,y,2,w)),G(»,3, T (y,2,w,x)),

N P

w,w, T (w,x,y,2))
b,b,T(b,c,d,a)),
d,d,T(d,a,b,c))
b,b,T(y,z,w,x)),
d,d, T (w,x,y,2))

G(z,2,T(z,w,x,y)
1
)

3 max G(a,a,T(a,b,c,d

Y

)
),G
),G
)
),G
)

IA

G(c,c,T(c,d,a,b)),G

)
G(a,a,T (x,y,2,w)

’

P e

G(c,c,T(z,wx,y)),G

It follows from Corollary (3.3), we conclude that R has a unique fixed point in .

3.2. APPLICATION TO HOMOTOPY.

In this section, we study the existence of an unique solution to Homotopy theory.
Theorem 3.2.1: Let (£, G) be complete G-metric space, U and U be an open and closed subset
of & such that U C U. Suppose H : U x [0,1] = &2 be an operator with following conditions
are satisfying,
T0) x # H(x,y,z,w,K), y # H(y,z,w,x,K), z # H(z,w,x,z, k) and w # H(w,x,y,z, k) for each
x,y,z,w € dU and k € [0, 1] (Here dU is boundary of U in &);
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71) for all x,y,z,w,a,b,c,d € U and k € [0, 1] such that

G(x7x7p) 7G(y7y7q) 7G(Z7Z7r) 7G(W7W7s)7
n(0)G (x,x,H(x,y,z,w,K)) <max{ G (x,x,H(x,y,z,w,x)),G (y,y,H(y,z,w,x, %)), ¢ implies
G(z,2,H(z,w,x,,K)),G (w,w,H(w,x,y,2,K))

( G(x,x,p),G(3,5,9),G(z,2,r),G(w,w,s), \
G (x,x,H(x,y,2,w,k)),G (v, 5, H(y,2,w, X, X)) ,
H(x,y,z,w,K), G (z,2,H(z,w,x,9,K)), G (w,w,H(w,x,y,2,K))
G| H(xy,zwk), | <0maxq G(p,p,H(p,q,1,5,%)),G(q,9,H(q,7,5,p, X)),
H(p,q,,s,K) G(r,r,H(r,s,p,q,%)),G(s,5,H(s,p,q,1,K))
G(p,p,H(x,y,z,w,%)),G(q,9,H(y,2,w, X, K))
G (r,r,H(z,w,x,y,K)),G(s,5,H(w,x,y,2,K))

(13)

where 6 € [0,1) and 0 : [0,1) — [5,1) defined as (6) = HLeis a strictly decreasing function.
7)3IM>0>G(H(x,y,z,w,K),H(x,y,2,w,K),H (a,b,c,d,{)) < M|k — |

for every x,y,z,w,a,b,c,d € Uand k,{ € [0,1].

Then H(.,0) has a quadruple fixed point <= H(.,1) has a quadruple fixed point.

Proof. Let the set

X €[0,1]: H(x,y,z,w, k) = x, H(y,z,w,x, K) =y
H(z,w,x,y,K) =z, H(w,x,y,z,w,K) = w, for some x,y,z,w,€ U

Suppose that H(.,0) has a quadruple fixed point in U, we have that (0,0,0,0) € X*. So that
X is non-empty set. Now we show that X is both closed and open in [0, 1] and hence by the con-
nectedness X = [0,1]. As aresult, H(., 1) has a quadruple fixed point in U*. First we show that
X closed in [0, 1]. To see this, Let {k,},_; € X with k, — k € [0,1] as n — oo. We must show
that k € X. Since k, € X forn =0,1,2,3,---, there exists sequences {x,},{vn},{zn},{wn}
with
Xn = H (Xn, Y, 20, Wn, Kn ), Yn = H (Y, 20 W, Xn, Kn)5 20 = H (Zn, Wiy X, Y, Kn)

and w, = H(Wn,xn,ymzm Kn)
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H(xn,yn,zn,wn, Kn)7H(Xn7yn7ZnaWna Kn)a

Consider
G(xnvxn,xn-i-l)
<
+G
<

+M| K, — Kyt 1]

Letting n — oo, we get

}EEOG(xmxmxn—o—l)

< lim G(H(xna)’naznawna Kn)aH(xna)’mZnan Kn);H(xn—l—laYn—b—l yZn+1,Wn+1, Kn)) +0.

n—soo

Since

n(e)G(menaH(xn,)’naZmWn, K)) S max

from (13), we have that

,}LIEOG(X”’X”’X"JFI)

H(xn+17yn+lazn—|—lawn—|—la Kn)

H(xn+17yn+lvzn+lvwn+17 Kn),H(Xn_H,yn+1,Zn+1,Wn+1, Kn)a

H(xn+17yn+17zn+17wn+17 KYH—I)

;

G(xnyxnaxn—i—l) 7G(}’n7ynuyn+1) )

G(Znaznazn—i-l)aG(Wn:Wn,Wn+1) )

yn;ZIl?WTlvxna ) Y

G(xnaxnaH(xnaYnamena K)) )
()’na)’na (
H(

)
(Z »Zny 11\ Zny Wy Xny Y, K ))7
K)

)

(Wme (menaynazm

- G(H<xi’l7yn’Znuwi’l7 Kn)aH(xnaymZmWn; Kn)aH(xn+l,}’n+l,Zn+17Wn+17 Kn+1))

G(H(xna)’mzmwna Kn)»H<xn»)’naZn7Wn» Kn)aH(xn+17Yn+lyzn+lawn+17 Kn))

\

< lim G(H(XmYn,Znan Kn);H(xn;YmZmWna Kn)yH(xn—o—l7yn+17Zn+17Wn+17 Kn))

n—soo

1123



1124 B. SRINUVASA RAO, D. RAM PRASAD, R. RAVI SANKAR

G (X, Xn,%n+1) s G (Vs Yy Ynt1) s G (25 20y 2 1) s G Wiy Wiy W 1)
G (Xn, %, H (Xn, Yy 20y Wns Kn)) s G (Vs Yns H (Y, 20y W Xn, Kin) )
G (2020 H (20, Wiy X Yy Kn) ) 3 G (Woas Wiy H (W X Y Zns Kin) )
G (Xt 1,%n 11, H (X041, Y0t 1,20k 1, Wt 15 Kn))
< lim Omax G (Yn+15 Y01, H (Vi 15 2k 1, Wik 1, X1, K ))
G (201,201, H(Zng 1, Wnt 1, Xn 4 1, Y0t 1, Kn))
)

G(Wn+17wn+17H(Wn+l yXn+15Yn+15Zn+1, Kn ) 5

G(er—laxn+17H(xn>ynazn7Wn> Kn)) 7G<)’n+l>)7n+l7H(ynaznywnvxna Kn)) )

\ G(Zn—i—l7Zn+1,H(Zn7WnaXn,yn, Kn))aG(Wn—l—l7wn+17H(Wnaxnayn7Zn7 Kn)) J

< r}groloemax{ G(xmxnaxn—i-l)aG(yna)’nayn—i-l)aG(ZmZnaZn—i—l)7G(Wnawnawn+l) }

Therefore, we have

. G(xnaxn7xl’l+1)aG(yl’layrnyl’l-H); . G(xl’laxn7xl’l+1)aG(yl’layruyl’l-H)a
lim max < lim 6 max

e G(Zn,Zn,Zn+1);G(Wn,Wn,WnJrl) e G(Zn,Zn,Zn+1),G(Wn,wnywn+1)

It follows that lim G (x,,X;,%,+1) = 0, Um G (yu,Yn,Vn+1) = 0, lim G (z,2n,2041) = O
n—oo n—oo n—oo
and lim G (wy,wy,wy+1) = 0. Now, we shall show that {x,},{y.},{z.},{wn} are Cauchy
n—soo
sequences in the G-metric space (£?,G). Assume the contrary, that is, one of the
sequences{x,},{yn},{za},{wn} is not a Cauchy sequence, there exists € > 0 and monotone

increasing sequences of natural numbers {m;} and {n;} such that n; > my,

G(ka,xmk,xnk) 287 G(ymk7ymk7ynk) 28

(14) G(kaazmk7znk) 287 G(ka,ka,Wnk) > €.

and

G (xmpxmk»xnk,l) < 87 G()’mkaymka)’nk,l) < £

(15) G (ka>zmkvznk,1) < 87 G (kavwmkvwnk,l) <E.
By use of the rectangle inequality and (14), (15), we have

€ < G(xmk7xmk7xnk> <G (xmk7xmk7xmk+1) +G (xmk+1 1 Xrmyyy ’x”k)
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Letting kK — oo, we get

€ S ]}gn G (-xmk+1 7xmk+1 7an)

= I}gn G (H(xmk+1 s Yt s Ty s Wiy Kimgey g )’H('xmk+l s Yt s Tmgey s Wingey s Ky Vs H (X s Y > Zng s Wi Knk))
(>}

G (xmk+l 7ka+1 7x”k) ) G (ymk+1 ’ymk+1 ’y"k) ’
G (ka+1 1 Ximyy | 7an) 7G (ka+1 s Wiy 7W"k) ’
G (xmk-H ’xmk+| 7H(xmk+1 7ymk+| 7ka+1 ’ ka+1 ’ Kmk-H ) )
G (ymk+l » Yy ’H(ymk+l 2 gy s Wingey 15 Xy 15 Kmk+1 ) ’
1 )7
)

G (ka+1 ’ ka+| 7H(ka+| 7xmk+1 7ymk+1 ?ka+1 ’ K-mk+1 )

G (ka+1 » Sy ’H(ka+l s Wiy s Ximy iy s Yy iy s Ky

. G(xnkyxan(xnkaYnkaanawnkaKnk))a

<  lim 6 max
—00

" G(yl’lk7yi’lk7H(ynkazl’lkawl’lkvxnkvKl’lk))u

G(an,an,H(an, Wnpxnk’)’nk, Knk)) )
G (wnk7WnkaH(Wnpxnk)ynkaan7 Knk)) s
('x”lk’xnk7 ‘xmk+1 y Ymp 15 Tmg 1 Wiy 15 K'mk+1 ) )

(y"k’ynw ymk+1 yZmyey 1> Wingep 1 Xy 5 Kmk+l ) )

G
G
G (ananv ka+1 s Wi 1 s Xt Y1 > Ky ) )
G

L (W"k ) Wnk ) ka+1 Xy 1y Yies1 s Tmger s Ky ))

S }}grolo 0 maX{ G (-xmk+1 7xmk+1 7xnk) 7G (ykarl 7)’mk+1 J’nk) 7G (ka+1 7ka+| 7an) JG (ka+1 9 ka+1 7Wl’lk) } N

Therefore,

G (X, X Xn, ), Gy y y
. k4+-10"YMfe1 9N ) Mpy 19 My 1910 )
€ S hm max ( + + ) ( +1 +1 )

ke G (ka+1 > TMjeqe1 7an) G (ka+1 yWingy 1 Wnk)

(-xmk_H 7xmk+1 7x}’lk) 7G ()’mk+1 7ymk+] 7ynk) )

G
< 0 lim max
k—yo0 G

(ka+1 2 Xy s Z”k) ;G (ka+| yWingy 15 W”k)

It follows that 1im G (X n) = 0, M G (v Y. 9m) =0,

glm G (Zmg,y+Zmys1»7n,) = 0 and ]}im G (Wmg.,»Wmg.,»Wn,) = 0. Therefore, € = 0. which is
—o0 o0
a contradiction. Hence {x,},{vn},{zn},{wn} are Cauchy sequences in the G-metric space

(Z,G) and by the completeness of (£, G), there exist a,b,c,d € & with

lim x =a lim =pH limz =c¢ limw =d.
n—oo }’H—l n%ooy’H—l n—o0 n+1 n—yoo I’H—l
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Since

G(a7a7-xi’l> 7G(b7b7yn) ,G(C,C,Zn) 7G(d7dawi’l)7
G(a,a,H(a,b,c,d,x)),G(b,b,H(b,c,d,a,x)),

G(c,c,H(c,d,a,b,x)),G(d,d,H(d,a,b,c,K))

n(0)G(a,a,H(a,b,c,d,x)) < max

we have

G(Cl,Cl,H(Cl,b,C,d, K)) S hm G<H(-xn7ynazn7wn7 K)aH(-xnayi’HZn7wn> K)aH(aab7C7d7 K))

n—o0
( )
G<xnaxn7a)7G(}’n7)’n7b)aG(ZnaZn7C)7G(Wn’Wn»d)a
G(a,a,H(a,b,c,d,x)),G(b,b,H(b,c,d,a,x)),
G(c,c,H(c,d,a,b,x)),G(d,d,H(d,a,b,c,x))
S },}gl;loemax G(xnaxnaH(xnayn»Zme ))7G(yn7yi’l7 (yn»Zmexn»K))» >
(Z}’hznu (ZnanXmYna ))7G(Wnawi’l7H(Wn7xn7yn7Zn7K))
(Cl a H(-xnayi’lvznvwna ))7G(b7b7H(yi’l7Zn7Wna-xi’l7K))7
L (C c H(Znywnuxnayi’la ))7G(d7d7H(wn7xn7yi’lazn7K)) )
G(a,a,H(a,b,c,d,x)),G(b,b,H(b,c,d,a,K)),
< O max
G(c,c,H(c,d,a,b,x)),G(d,d,H(d,a,b,c,K))
Therefore,

(a7a (a7b7c’d7 K))?
G(a,a,H(a,b,c,d,x)),G(b,b,H(b,c,d,a,x)), G(b,b,H(b,c,d,a,x)),

max < 6O max
G(c,c,H(c,d,a,b,x)),G(d,d,H(d,a,b,c,x)) G(c,c,H(c,d,a,b,x)),
G(d,d,H(d,a,b,c,x))

It follows that H(a,b,c,d, k) =

a,H(b,c,d,a,x)

=b,H(c,d,a,b,x) = c and

H(d,a,b,c,x) =d. Thus k € X. Hence X is closed in [0,1]. Let ky € X, then there exist

X0,Y0,20,wo € U with xo = H (x0,Y0,20, W0, K0), Yo = H (0,20, W0, %0, K0),

20 = H(z0,wo,X0,Y0, ko) and wo = H(wo,X0,Y0,20,Ko)- Since U is open, then there exist r > 0

such that Bg(xo,x0,7) C U. Choose k € (kyp — €, kKo + €) such that
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|x — Kp| < M" < £, then for x € Bg(xo,x0,7) =

n(0)G (x,x,H (xo,y0,20, w0, K)) < max

1127

{x € X/G(x,x,x0) < r+ G(x0,x0,%0)}. Also

G(xvanO) 7G(yay>y0) 7G(Z727Z0) 7G(W7W7W0) )
G(X7X7H(x07y07Z07W07 K)) 7G(y7y7H(y07Z07W07x07 K)) )

G(Z7Z7H(Z07W07x07y07 K)) ,G(W, W7H(W07x07y07207 K))

Now we have

IN

IN

IN

G (H(x,y,z,w,K),H(x,y,2,w,K),x0)

G (H(x,y,z,w, k), H (x,y,2,w,K),H (x0, 0,20, W0, K0))

G (H(x,y,z,w,K),H (x,y,z,w,K),H (x,y,2,w,Kp))

+G (H(x,y,2,w, K0), H (x,y,2,w, K0), H (X0, Y0, 20, W0, K0))

M‘K_ KO‘ +G<H(x7yaszv KO)7H(X7)’727W; KO)vH
1
Mnr— Vn—1

(X07YOaZO7W07 KO))

+ G(H(X,y,Z,W, KO)aH(x7y7Z7 w, K'O)>H(x07y0,ZO;W07 KO)) .

Letting n — oo, we obtain

G (H(x,y,z,w,K),H (x,y,2,w,K),X0)

< G(H(X,y,Z,W, KO)aH(-x7yaz7W7 KO)aH(x()?yOvZOaWO? KO)) .

[ Gr). Gl Gz) G, ]
G (x,x, H(x,,2,w,X)), G (%5, H(y,2,w,X, K)),
G (z,z,H(z,w,x,y, )),G(wwH(wxy,Z, K))
< Omax{ G (xo,x0,H (x0,0,20,w0,K)),G (0,50, H (¥0, 20, W0, %0, K)) ,
G (20,20, H (20, w0, X0, Y0, K)) , G (wo, wo, H (wo, %0, Y0, 20, X))
G (x0,x0,H (x,y,z,w, %)), G (yo,y0,H(y,2, W, x,K))
G (z0,20,H(z,w,x,y,K)) , G (wo,wo, H(w,x,y,7,K)) )
< Qmax{ G (x,x,x0),G (y,¥,50),G(z,2,20) , G (W, w, wp), }
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Therefore, we have

( )
G(H(x7y,z,w,K),H(x,y,z,w,l(),xo)
G(H(y7Z7W7x7K)aH(y7Z7W7-x7K)ay()) G(X7X,x0)aG()’ay7)’0)7
max < 6 max
G(H(Z,w,x,y, K),H(aw,x,y, K),Z()) G(Z,Z,ZO) ,G(W,W,W())
| G(H(w,x,y,2,K),H(w,x,y,2,K),wo) |
r+ G (x0,X0,%0) , 7+ G (¥0,50,Y0) »
< 6O max

r+G (20,20,20) , ¥ + G (wo, wo, wo)

Thus for each fixed k € (ko — €, k0 + €), H(., k) : Bg(x0,X0,7) — Bg(x0,x0,7),

H(.,x) : BG(y0,0,7) = Bg(y0,¥0,7), H(., ) : BG(20,20,7) = Bc(20,20,7)

and H(.,x) : Bg(wo,wo,r) — Bg(wo,wo,r). Then all conditions of Theorem (3.2.1) are satis-
fied. Thus we conclude that H(., k) has a quadruple fixed point in U". But this must be in U*.
Since (79) holds. Thus, x € X for any k € (ko — €, ko + €). Hence (ko — €, kp+€) C X. Clearly

X is open in [0, 1]. For the reverse implication, we use the same strategy.

4. CONCLUSION

We ensured the existence and uniqueness of a common Quadruple fixed point for two map-
pings in the class of G-metric spaces via suzuki-type contractions. Two illustrated applications

have been provided.
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