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Abstract. Generalising the concept of 2-metric space and b-metric space. Mustafa et. al. (Z. Mustafa. V, Paraneh,
J. Razaei and Z. Kadulberg: b>-metric spaces and some fixed point theorems, Fixed Point Theory and Applications
2014, 2014:144) introduced b,-metric space. In this paper, we prove a common fixed point theorem for two pairs
of weakly compatible mappings satisfying (¢, ) contractive condition in by-metric space. An example is also
given to illustrate our result.
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1. INTRODUCTION

The study of metric fixed point have been an important research area for the last many years
and many researchers had contributed a lot in this area. In order to strengthen this area various
generalizations of metric space had been introduced. Gdhler [1] introduced a generalization of
metric space. He called it 2-metric. But the claim of Ggdhler that a 2-metric is generalization
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FIXED POINT THEOREMS IN 5,-METRIC SPACE 1151
of usual metric was objected by many authors because there is no relation between these two
functions.

Another generalization of metric space was introduced by Baktin [2] and extensively used
by [3,4]. For more results on generalization of metric space, one can see the research papers
in [5-25] and references therein.

Generalizing the concept of both 2-metric and b-metric spaces. Mustafa et. al. [16] intro-
duced the notion of by-metric space. They also noted that under certain condition b-metric
space reduces to 2-metric space.

In this note, we prove a common fixed point theorem for two pairs of weakly compatible
mappings satisfying (¢, y) contractive condition in b,-metric space.

Following definitions was given by Gdahler.

Definition 1.1. [1] Let X be a nonempty set and let d : X> — R be a map satisfying the following

conditions:

(1) For every pair of distinct points x,y € X, there exists a point z € X such that d(x,y,z) # 0.

(2) If at least two of three points x,y,z are the same, then d(x,y,z) = 0.

(3) The symmetry: d(x,y,z) =d(x,z,y) =d(y,x,2) =d(y,2,x) =d(z,x,y) = d(z,y,x) for all
x,y,z€ X

(4) The rectangle inequality: d(x,y,z) = d(x,y,t) +d(y,z,t) +d(z,x,t) for all x,y,z,t € X

Then d is called a 2-metric on X and (X,d) is called a 2-metric space.

2. PRELIMINARIES

Following definitions was given by Czerwik.

Definition 2.1. [3] Let X be a nonempty set and s > 1 be a given real number. A function

d:X xX — R is a b-metric on X if for all x,y,z € X, the following conditions hold:
(1) d(x,y) =0ifand only if x=Yy

(2) d(x,y) = d(y,x)
(3) d(x,z) < sld(x,y) +d(y,2)]
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In this case, the pair (X,d) is called a b-metric space.
Note that a b-metric is not always a continuous function of its variables (see,e.g., [4],Example

2), whereas an ordinary metric is.

Definition 2.2. [1] Let (X,d) be a 2-metric space a,b € X and r > 0. The set B(a,b,r) = {x €
X :d(a,b,x) < r} is called a 2-ball centered at a and b with radius r.
The topology generated by the collection of all 2-balls as a sub-basis is called a 2-metric topol-

ogyonX.

Remark 2.1. [16]

(1) It is straightforward from Definition 1.2 that every 2-metric is non-negative and every
b-metric space contains atleast three distinct points.

(2) A 2-metric d(x,y,z) is sequentially continuous in each argument. Moreover, if a 2-metric
d(x, y,z) is sequentially continuous in two arguments, then it is sequentially continuous
in all three arguments; see [6].

(3) A convergent sequence in a 2-metric space need not be a Cauchy sequence; see [6].

(4) In a 2-metric space (X,d), every convergent sequence is a Cauchy sequence if d is
continuous, see [6].

(5) There exists a 2-metric space (X,d) such that every convergent sequence in it is a

Cauchy sequence but d is not continuous; see [6]

Following definitions was given by Mustafa et. al. [16]

Definition 2.3. [16] Let X be a nonempty set, s > 1 be a real number and let d : X 3 sRbea
map satisfying the following conditions:

(1) For every pair of distinct points x,y € X, there exists a point z € X such that d(x,y,z) # 0.

(2) If at least two of three points x, y, z are the same, then d(x,y,z) =0

(3) The symmetry: d(x,y,z) =d(x,z,y) =d(y,x,z) =d(y,z,x) =d(z,x,y) =d(z,y,x) for all

x,y,z€X.

(4) The rectangle inequality: d(x,y,z) < s[d(x,y,t)+d(y,z,t)+d(z,x,1)] for all x,y,z,t € X.

Then d is called a by-metric space with parameter s.

Obviously, for s = 1,by-metric reduces to 2—metric space.
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Definition 2.4. [16] Let {x,} be sequence in a by-metric space (X,d).

(1) {xn} is said to be by-convergent to x € X, written as lim,_,.x, = x if for all a € X,
lim,, oo d(xp,x,a) = 0.

(2) {xn} is said to be by- Cauchy sequence in X if for all a € X, limy,_seo d (X, Xpm,a) = 0.

(3) (X,d) is said to by-complete if every by- Cauchy sequence is by-convergent sequence in

X.

Example 2.1. [16] Let X = [0,0) and d(x,y,z) = [xy+yz+ zx|P if x # y # z # xand otherwise
d(x,y,z) =0, where p > 1 is a real number. Evidently, from convexity of function f(x) = xP for

x > 0, then by Jensen inequality, we have
(a+b+c)P <37 aP 4+ bP 4 cP)
So, one can obtain the result that (X,d) is a by-metric space with s < 3P -1
Example 2.2. [16] Let a mapping d : R? — [0,0) be defined by
d(x,y,z) = min{|x—y|, [y —z], [z — x[}
Then d is a 2-metric on R, i.e., the following inequality holds:
d(x,y,z) =d(x,y,t) +d(y,z,t) +d(z,x,1)

for arbitrary real numbers x,y,z,t. Using convexity of the function f(x) = x” on [0,0) for p > 1,

we obtain that
dp(x,y,2) = [min{|]x—y|, [y —z|, [z —x[}]"
is a by-metric on R with s < 3771,
Definition 2.5. [16] Let (X,d) and (X',d’) be two by-metric spaces and let f : X — X' be a
mapping. Then f is said to be by-continuous at a point z € X if for a given € > 0, there exists

6 > 0 such that x € X and d(z,x,a) < & for all a € X imply that d'(fz, fx,a) < €. The mapping

[ is by-continuous on X if it is by-continuous at all 7 € X.
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Proposition 2.1. [16] Let (X,d) and (X',d") be two by-metric spaces. Then a mapping f : X —
X' is by-continuous at a point x € X if and only if it is by-sequentially continuous at x; that is,
whenever {x,} is by-convergent to x, { fx, } is by-convergent to f(x).

We will need the following simple lemma about the by-convergent sequences in the proof of

our main results.

Lemma 2.1. [16] Let (X,d) be a by-metric space and suppose that {x,} and {y,} are b;-

convergent to x and y, respectively. Then we have
1
—d(x,y,a) < lim infd(xy,yn,a) = lim supd(xy,yn,a) = s?d(x,y,a)
s n—oo n—soo
forall a € X. In particular, if y, =y is constant, then
1 .. .
—d(x,y,z) = lim infd(x,,y,a) = lim supd(x,,y,a) = sd(x,y,a)
s n—soo n—soo

forallaeX.

Definition 2.6. [16] A function ¢ : [0,+o0) — [0, +oc0) is called an altering distance function, if
the following properties hold:

(1) ¢ is continuous and nondecreasing

(2) ¢(t) =0 ifand only ift = 0

Let (X,d) be a by-metric space and let f : X — X be a mapping. For x,y,a € X, set

(x,fy,a) +d(y7fx7a)}

d
Ma(x7y) = max {d(x7y7a)ﬂd('x’-’fx?a)?d(y?fy?a)? 2s

and

Na(x7y) = max {d(x,fx,a),d(x,fy,a),d(y,fy,a),d(y,fx,a),d(y,fy,a)}

Definition 2.7. [16] Let (X,d) be a by-metric space. We say that a mapping f : X — X is

generalized (9, W), o-contractive mapping if there exist two altering distance functions Y and

¢ such that w (sd(fx, y,a)) < ¥(Ma(x,y)) = (Ma(x,)) for all x,y,a € X.

Definition 2.8. [16] Let (X,d) be a by-metric space. Then the mappings f,g:X — X are
weakly compatible if for every x € X, fgx = gfx holds whenever fx = gx.
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Definition 2.9. Ler (X,d) be a by-metric space.Two mappings f and g are said to be compatible
if

lim d(fgxn,gfxn,a) =0

n—$o0

whenever {x,} is a sequence in X such that

lim fx, = lim gx, = x
n—oo n—yoo

for some points x € X.

3. MAIN RESULTS

Now we prove the following theorem.

Theorem 3.1. Let (X, <) be partially ordered set. Suppose that there exists a by-metric d on X
such that (X,d) is a complete by-metric space. Also let self-mappings f, g, S,T on X satisfying

the following conditions

(1) v (2s*d(fx,gy,a)) < w(M(x,y)) — ¢ (M(x,y))

for all comparable elements x,y,z € X, where ¢,y : [0,00) — [0,00) are two mappings such that
V is a continuous nondecreasing, ¢ is a lower semi-continuous function with y(t) = ¢(t) =0
if and only if t = 0, and

d(fxa Ty7 Cl) +d(gyv SX, Cl) }
2s

M(x,y) = max {d(Sx,Ty,a),d(fx,Sx,a),d(gy,Ty,a),d(fx,gy,a),

If f, g are dominating S, T are dominating with f(X) C T(X) and g(X) C S(X) and for a non-
decreasing sequence {x,} with y, < x, for all n and y,, — u implies that u < x, and

(1) one of f(X) or g(X) is closed subset of X,

(2) the pairs (f,S) and (g,T) are weakly compatible

then f, g, S and T have a common fixed point in X. Moreover, the set of common fixed points of

£ & S, T are well ordered if f, g, S, T have one and only one common fixed point.
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Proof: Let x( be an arbitrary point in X. Since f(X) C T(X) and g(X) C S(X), we can define

the sequences {x,} and {y,} in X by

Yo = fxon=Tx0p41

Vonel = 8Xopy1 = Sxop42

By the given assuption,

Xont1 < Txopgr = fxon < Xop

Xont2 < Txopgo = fxon1 < Xongd

Thus, for all n > 1, we have yy,11 < y2,,. Let yo,11 # y2, for every n. If not then yz,, = y2,,41

for some n, then d(y2,,y24+1,a) = 0 and from (1) we obtain

V(o ymi,a) = W(25 (vanyonr1,a))
= lI/(2S4(f-x2n7ngn-l—l761))

2) < Y(M(x2n,X2n11)) — ¢ (M (x20, X2011))

where

M(x2n,X2m41) = max {d(Sxan, Txons1,a),d(fx2,5%2n,0)

d(gxant1,Txon41,a),d(fx20,8%X20+1,0)

d(fXZm Tx2n+1 y a) + d(gXZn—H ; Sin, a) }
2s

= max {d(yon—1,Y21,4),d (Y20, Y201, )

d(Yon+1,Y20,@),d(Yon, Yon+1,4)

d(y2n,y2n,a) +d(Y2n+1,Y2m—1,a) !
2s

= max {d(y2n—1,Y21,a),d (Y20, Y2m41,0)

d(yan—1,Y2n,@) +d(Yan—1,Y2n,a) +d(Yan—1,Y20+1:Y2n) \
2
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If

max {d(yan—1,Y20,4),d (Y20, Y20+1,4),

d(yan—1,Y2m,a) +d(yani1 ,yzzn,a) +d(Yan—1,Y2n+1,Y2n) Y = d(yam,yans1,4)
then by (2) we have
3) V(d(y2n2011,0)) < W(d (Yo, yons1,a)) — O (d(yan, yont1,a))

which gives a contradiction. If
d(y2n717y2n+17a) =0

then

max {d(yon—1,Y21,a),d (Y20, Y2041, ),

d(yan—1,Y2n,@) +d(Y2n+1,Y2n,@) +d(Y2n—1,Y2n+1,Y2n) V= d(

) y2n7y2n+l7a)

therefore (1) becomes

d(you—1,ym+1,a) < W(d(yam,yomt1.a),

_¢ max {d(yZn—l 7y2n7a)7d(y2n;y2n+17a>7

d(y2n717y2n+17a)
5 })

4) < yd(yum,ym—1,a)

Thus d(yan,Yont1,a);n € NU{0} is a non-increasing sequence of positive numbers. Hence,

there exists r > 0 such that
lim d(yn, y2n+1,a) = 7.
n—soo

Letting n — o in (3), we get

d(y2n—lay2n+17a) })

W) = W)= o(max {r, lim S22

= y(r)

Therefore,

q)(max{r,r, lim d(Yon—1,Y2n+1,a) }) -0

n—oo 2s
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and hence r = 0. Thus, we have

&) lim d(y2n, y2n+1,a) =0
n—yos

for each a € X. Note that if d(y2,,y2n+1,a) # 0 and

d(Yan—1,Y2041,Y2n) +d(Y2n+1,Y20,a) +d(Yan—1,Y2n, ) !
2

d(Yon—1,Y2n+1,Y20) +d(Yont1,a,y20) +d(a,y2n-1,Y2n)
2

max {d(yZn—l yY2n, a)ad())ZnayZYH-laa)a

Then by (1) and taking a = y,,—1, we have

d(yon—1,Y2n+1,Y2n) +d(Y2nt1,Y20—1,Y2n) +d(Y2n—1,Y2n-1 7y2n))

vd(y,ymst,ym-1) = Y( 2

_(P ((max {d(yanl 7y2na))2n71)a d(yZna))ZnJrl)yanl)

d(yanl yY2n+1 ay2n+l)
2s }))

= ‘I/(d()’2n,)’2n+17)72n71)) = W(d(yanlayZIH»layZn))_(P(d(yZna))ZnJrlayanl))

which gives d(yan,Y2n—1,Y2n+1) = 0, a contradiction. Next, we shall show that {y,} is a b;-
Cauchy sequence in X. For this it is sufficient to show that a subsequence {y,,} is Cauchy in

X. For this purpose we use the following relation

(6) d(yluyj7dk):()

for all i, j,k € N ( Note that this can be obtained as {d(yzn,y2n+1,a) :neNU {0}} is a non-
increasing sequence of positive numbers).

Suppose the contrary, that is, {x,} is not a b,-Cauchy sequence. Then there exists a € X and
€ > 0 for which we can find subsequences {y2,,, } and {y2,, } of {y2,} such that n; is the smallest

index for which

@) 2n; > 2m; > i,d(Yan,Yom,a) > €
This means that

) d(Yom;s Yon—1,a) < €
Using (8) and taking the upper limit as i — oo, we get

(9) }LIEOSUPd()’Zmi;yzni—l,a) <e
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On the other hand, we have

d(Yom;,Yon;,@) < SA(Yom;,Y2n;Yon+1) +5d(Y2n, @, Yom;+1)

+Sd(aay2m,-7)’2m;+1 )
as i — oo, we get

(10)

v | n

S d(y2m5+lay2niaa)

Again, using the rectangular inequality, we have

dyom+1,Y2m-1,a) < SA(Yom+1:Y20—1:Y2m;) + A (Yan,—1, 8, Y2m;)

+sd(a,y2m+1,Y2m;)

and

d(yZmayvaa) < Sd(yZmi7y2n,~7y2n,~—l) +Sd<y2ni7aay2ni—l)

+Sd(a7y2mi7y2ni— l)

Taking the upper limit as i — oo in the first inequality above, we get

(11) lim d(yom+1,Y2m—1,a) < €s

i—o0

Similarly, taking the upper limit as i — oo in the inequality above, we get
(12) lim Supd(yZmiayZni;a) < Es

j—o0
we have

1//(2s4d(y2m,-+1 »Y2n; a))
= y/(2s4d(fom,-+1 s 8X2n; 5 a))

(13) S II/(M(XZm,-+17x2n[)) - ¢(M<x2m,-+lax2ni))
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where

M(X2mi+1 ,xzni) = max {d(S)C2mi+1 s Txo,, a), d(f)sziJA sSX2p415 a)

d(gx2ni7 TxZni ) a) 5 d(f-me,‘-i-] » 8X2n; 5 (l)

d(f-xzm,'+1 9 szn,' 9 a) + d(gXZmi ) Sme,-+1 9 Cl) }
2s

- max{d(XZm,»aXZn,-fl7a),d(x2mi+1»x2miya)

d<x2niax2ni71 ’ a) ) d(XZm[+1 7x2n,- ) Cl)

d(xzm,'-i-l szrl,'—l 9 a) + d(XZm,- 9 Sme,' 9 Cl) }
2s

Taking the upper limit as i — oo in (13) and using (5),(9), (11) and (12), we get

JEEOM(xmi,xni,l,a) = max{’}iglgosupd(yzmi,yZni,l,a),O,O,d(ygmiﬂ,ygni,a),
Zis [’}g{}o supd (Yom;+1,Y2m—1,a) + lim supd (Yon; Yom;,@)] }
(14) < max{e,0,0,s,%[es—Fes]} <e
So, we have
(15) lim sup M (x2,—1,%29,—1,a) < €

n—oo
Now, taking the upper limit as i — o in (13) and using (10), (15) we have

E .
;) < y( lim supd(yom;»yon,))

n—oo

(s
< l[/( lim SupM(mei,XQmifl)) — l[/( lim infM()szi,XQnifl))

n—oo n—oo

= 1//(8) - I[/(r}gl;loinfM(X2mi,X2ni_1))

which further implies that

¢ ( 1im inf M (X, Xon,—1)) =0

n—soo

SO

lim inf M (xp,,, X2n,—1) =0
n—»oo
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a contradiction to (7).
Thus {y»,} is a bp-Cauchy sequence in X. As X is a bp-complete space,there exists u € X such

that y,, — u as u — oo, that is
lim ys,11 = lim fx, = lim Txy,41 = u
n—oo n—oo n—oo

Since X is complete, there exists y € X such that

lim Yon = lim fx2n = lim 8X2n+1
n—oo n—oo n—oo

= lim Txy,+1 = lim Sxp, 40 =y
n—oo n—oo

Now, we show that y is a common fixed point of f, g, S and T.

Let g(X) be a closed subset of X, since g(X) C S(X), so there exists u € X such that Su =y.
We prove that fu =y since gxo,,+1 < xp,4+1 and gxop+1 — yasn — oo,y < xp,41 and u < Su <

y < X2p41 < X5, so from (1), we obtain

w(d(fu,gxmi1,a)) < y(2s*d(fu,gxmyi1,a))

(16) < Y(M(u,x2041)) — ¢ (M(u,x2041))
where

lim M(u,xop1) = max {d(Su,Txzni1,a),d(fu,Su,a)

n—oo

d(gx2n+1 ) Tx2n+1 ; (l) ) d(f”; 8X2n+1, a)

d(fu, Txop41, a) + d(gX2m+1 ,Su, a) }
2s

g M(u7x2n+1> = maX{d(Su7y7a)ad(fu7Su7a)ad(y7yaa)7d(fu7y>a)7

L d(fuy.a)+d(y,Su,a))}

2s
= max {d(y,y,a),d(fu,y,a),0,
1
d<y7y7a)7 %[d(fuv)@a) +d<y7y7a)]}

= d(fu,ya)
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Therefore

y(d(fuy,a) = w(d(fuya))—9¢(d(fuya)
< l//(d(fu,y,a))
which is a contradiction.
Therefore fu =y.

Since the pairs (f,S) is weakly compatible we have, fSu = Sfu. Hence fy = Sy. We prove that
fy =y, if fy # y, then from (1), we have

w(d(fy.geamer ) < w(2sd(fy,gxm1,u))
< Y(M©yx2m41)) — 0 (M(y,x2041))
= vd(fy,y,a)— ¢d(fy,y,a)
a contradiction to fy # y. Therefore fy = Sy =y and hence y is a common fixed point of f and

S. Since y = fy € f(X) C T(X), hence there exists v € X such that r7v =y. Now we have to

show that gv =y. Since v < Tv =y < x2,11, hence from (1), we have

v(d(v,gva)) = w(d(fy.gva)) <y (2s*d(fy,gva))

< W(M(ya V)) - ¢ (M(y7 V))

where

M(y,v) = max{d(Sy,Tv,a),d(fy,Sy,a)

d(gv,Tv,a),d(fy,gv,a),

d(fy,Tv,a)+d(gv,Sy,a) )
2s

= max {d(y,y,a),d(y,y,a),d(gv,y,a),d(y,gv,a),

J-1d0ny.a) +d(gr,y.a)]}

1
= max {070751(8"7% a)7d<y7 8V a)7 %d(gvaya a)}

= d(gv,y,a)
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Therefore
lll(d(ya 8V, Cl)) < lll(d(gv7ya Cl)) - ¢ (d(gv7y7 Cl))
which is a contradiction. Therefore

(d(y,gv, a)) =0

:}gv:y

By the weakly compatibility of the pairs (g, 7). we have Tgv = gTv. Hence Ty = gy. We prove
that gy =, if gy # y, then from (1) we have

w(d(fy.ena)) < y(2s*d(fy.gy.a))

< y(M(y,y)—o(M(y,y))

where

M(y,y) = max{d(Sy,Ty,a),d(fy,Sy,a),

d(gv,Ty,a),d(fy,gy,a),

d(fy,Ty,a)+d(gy,Sy,a) |
2s

= max{d(y,y,a),d(y,y,a),d(gy,y,a),d(y,gy,a),

1

5 ld(v.gy.a)+d (gv,y,0)]}

1
= max {d(y,gy,a),0,0,d(gy,y,a), 5408, a)}

2s
= d(y,gy,a)

Therefore
w(d(y,8y,a)) < w(d(ygy,a)) — ¢ (d(y gy.a))

which is a contradiction. Thus gy = Ty = y and hence y is a common fixed point of g and 7.
Hence fy =Sy =Ty =y, thus y is a common fixed point of f,g,S and 7. similarly if f(X) be a
closed subset of X we can get the same result.

Here we give an example to illustrate Theorem 3.1.
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Example 3.1. Let X = [0,2] be endowed with a by—metric d(x,y,z) = [xy + yz + zx]>,x #

y # z,d(x,y,z2) = 0 otherwise. Also, let self-mappings f,g,S,T on X defined by f(x) =
0, if x=0;

5 +1, otherwise.

0, if x=0;
g =19,

T +1, otherwise.

0, if x=0;
() = d

% + 1, otherwise.

0, if x=0;
() = ¢

%x + 1, otherwise.
where x,y,z € X. f(X)=1[0,1],g(X)=1[0,2],5(X) = [0, 4],7(X) = [0,2]. Here f(X) C
T(X),g(X) CS(X)and (f,S) and (g,T) are weakly compatible at x = 0. Also, f(X) or g(X)
is closed subset of X.
Take y(t) =t and

650 If t greater than 0;

o) =¢ "
0, ift=0.
Now,
vOstd(frgna) = yEsta(G+1), 2 +1),0)
= yeHG )2 0P
254
= A+ )P
and

T
M(x,y) = maX{d(Sx,Ty,a),d(fx,Sx,a),d(g%Tyja)jd(fx,gy,a),d(fx’ y’a)+d(gy’sx’a)}

2s
= mac {(Z+)E 2G0T+ (E e E )2 G rnE 2,
(G+HDE+HD+H(F+DE+ 1))2}
2s

Then

y(25'd(fx,gy,0)) < w(M(x,y)) — ¢ (M(x,y))
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Hence all the conditions of Theorem 2.1 hold and f,g,S,T have the common fixed point at x =0
inX.

4. CONCLUSION

We prove a common fixed point theorem for two pairs of weakly compatible mappings sat-
isfying (¢, y) contractive condition in by-metric space. Our results generalise the concept of

2-metric space and b-metric space.
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