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Abstract. In this paper, we are extending Payne model with stochastic source term. The new model differs
from that of Payne’s in such a way that the traffic pressure and hysteresis are formulate with driver decision. The
traditional traffic pressure and hysteresis depend respectively on the traffic density and drivers decision (aggressive-
timid, acceleration-deceleration). Our traffic is on an inclined road. In the context of a developing country where
the traffic is very heterogeneous and there is a lack of discipline on the highway, the new traffic pressure must take
care of the heterogeneity of the traffic. The road traffic hysteresis must take care of the dispersion of the vehicle
on the highway. Moreover, the anticipation term is a multi-valued function depending on the vehicle class. The
numerical solution of the problem was obtained using a wave analysis. The new model is a hyperbolic one in
which the traffic information travels faster than the traffic and the wave propagate downstream leading to a jam

formation.
Keywords: traffic flow; stochastic traffic pressure; multivalued anticipation term.

2010 AMS Subject Classification: 60K30.

*Corresponding author
E-mail address: ingngolo@ gmail.com

Received February 18, 2020
980



HETEROGENEOUS TRAFFIC FLOW MODELING 981

1. INTRODUCTION

The complexity of traffic nowadays yielded to the irrelevance of the past models. In-
deed many parameters such as the road structure, the traffic heterogeneity, the hysteresis have
changed the traffic flow modeling. But modeling the heterogeneity of traffic raises some chal-
lenges: capture the difference of vehicle in the flow, couple this with driver’s behaviors and take
consideration of the road structure itself. [1] proposed a non-lane based lattice model through
lane separation. The numerical computations and simulation proved that the lane separation
enhances the traffic condition. But in this work, the traffic was considered as homogeneous.
[2] introduces a new definition of area occupancy to take consideration of the heterogeneity of
traffic. His idea of area occupancy is based on the definition of occupancy in [3]. But his area
occupancy is limited by the non-consideration of vehicle length in the flow of traffic. Indeed
the driver behavior changes in front of a vehicle of different lengths and sizes. Then, the area
occupancy impacts the random behavior of drivers. The emergence of high order model such
as the one of Payne had corrected the inconsistency of LWR model but had revealed some in-
consistency such as its stability in a linear approximation of the stationary solution to smaller
perturbation of the traffic result on the formation of a phantom jam or stop and go waves. Thus
The traffic pressure was used to correct this inconsistency. Basically The traffic pressure is the
way the traffic reduces the speed of a driver. It is proportional to the variance in the traffic speed
distribution and is analogous to the gas pressure used in the modeling of gas dynamics.The
first traffic pressure was the one in [4] where it was expressed as the product of flow rate and
density-dependent speed variance. However, the Phillips traffic pressure was not numerically
robust.

The hysteresis is a property of a system to deviate from its original form because of exogenous
factors. It’s is one of the main parts of traffic oscillation. It can be observed that many of the
data points collected are not on the fundamental diagram. Some researchers have explained this
phenomenon by stochastic fluctuations but most of the research undertook was deterministic.
The impact of traffic hysteresis due to drivers behaviors has received little attention. Among
them, the TCI model([6] & [5]) are well known for their capability to explain driver’s decision

using two concepts: Task Demand and Driver Capability. In his conclusion [7] states that rather
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than describes traffic behavior in terms of accelerations and decelerations, like what has been
done by many researchers, aggressive and timid behavior exhibit better hysteresis feature as
conjectured by [8]. Thus traffic hysteresis has at least two branches in which the dispersion is
high in the second part of the diagram. But their relative positions in the fundamental diagram
depend on driver behavior. It can be noticed that although hysteresis has been widely studied
its scatter properties are still not well formulated.

Considering the criticism made by [9] whereby some macroscopic models for vehicular traf-
fic encounter difficulties showing nonphysical effects in certain situations.We bring a new for-
mulation of traffic pressure and traffic hysteresis. In that work, they showed that it’s more
desirable to have a macroscopic traffic model that can replicate the non-linear phenomenon and
their characteristic properties. [11] showed that it’s more desirable to have a macroscopic traffic
model that can replicate the non-linear phenomenon and their characteristic properties. Hence
a new traffic pressure from gas-kinetic will determine.

In this work, we are considering the road structure through the road inclination. It is in-
corporated in the anticipation term. This is because an incline on a multi-lane road is cap-
ture through the competition between Over Acceleration(OA) and Speed-Adaptation(SA) in-
troduced by [10]. When a faster vehicle catches up with a slower one and cannot overtakes, the
driver decelerates within the synchronization space gap G adapting the speed to the speed of the
preceding vehicle. This phenomenon is known as the SA. The vehicle SA lies in synchronized
flow and is strongly related to the driving condition. This SA within the synchronization gap
is associated with the 2D-region of steady states of synchronized flow. In contrary to the pre-
ceding case, a vehicle that moves in free flow on a multi-lane road approaches a slower moving
preceding vehicle and has the possibility to overtake. He will first adapt his speed to the leader
speed, change lane and accelerate. This phenomenon is known as OA.

The anticipation term is the way a driver adapt his speed to the traffic condition ahead. So we
derive the anticipation term from the process of braking and acceleration illustrate first in [12].
In this work, we are bringing a stochastic source term in which the driver’s decision is taken
care of. The following model is more closed to the real traffic since it expressed the impact of

driver’s random behavior on the whole traffic. The particular driver’s decision is figuring out
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through a poison process. A better understanding of this process can be found in [13]. Indeed
a traffic flow is composed of random variables. Some of them depend on the driver’s behavior,
hence there exist as many behaviors as drivers on the road. However, some other variables can

be classified as relating to their size.

2. PRELIMINARIES

2.1. Payne model. The first attempt using Gradient approach to derive a macroscopic traffic

flow model traced back to Payne [15][14]:

d

P 5001 =0
Where the flow rate Q(x,7) is a function of the density p(x,¢) and the average velocity V (x,t)
or the velocity flow: Q(x,t) = p(x,1)V (x,1).

Payne model is derived from the one of Newell [16]:

vi(t+ T) = vo(di(t))

Where the speed of each vehicle is calibrate with a delay of 7 to some optical speed v,
depending on the distance between the vehicle and his leader formulate as: d; = x;_ (t) — x;(¢).

The corresponding macroscopic model was formulate as:

vilt 4+ 7) &V (x,1) + Vi) | g2V (cd)

Then he define the equilibrium velocity through:
Ve = va(%) or Ve(dli) = v, (di) Where:

1 1 d(x,1)
FU)NP(X,l)Jr% o

Then a first Taylor approximation of the previous equation give us:
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2.2. Properties of Payne model. In Payne’s final model, the density-dependent diffusion
D(p) is:

dav, dav,
D(p) = — Pt — J| 2P| >

D(p)
P

describes the reaction of drivers to the traffic situation in front of them. The relaxation term

The transport term V9V /dx stands for the velocity motion profile. The anticipation term —

[Vo(p) — V] /At describes the driver adaptation to the average velocity V (x,t) to the density-
dependent equilibrium velocity with a delay 7.

One weakness of the gradient expansion approach is that its validity implicitly requires small
gradients. However, it is well-known that many microscopic and macroscopic traffic equations
give rise to emergent traffic jams, which are related with steep gradients. That calls for the con-
sideration of higher-order terms and leads to macroscopic traffic equations that are not anymore

simple and well tractable (even numerically).

3. EXTENDED MODEL

The extended model is different from the preceding in the way the traffic pressure and antic-
ipation are formulated. The road structure, the heterogeneous feature and the driver’s behavior

are better to represent.

3.1. The multi-valued anticipation term. The anticipation term is the way a driver adapt
his speed to the traffic condition ahead. So we derive the anticipation term from the process
of braking and acceleration. To adequately describe the braking and acceleration of cars and
trucks on the multi-lane road, we derive the macroscopic traffic flow model for cars from the
kinetic model of multi-lane traffic flow which uses distribution function. In the remaining of
this paper, we consider a highway with 3lanes denoted by « such that X, =0,1,2,...,N and
Xq = 3 denoted the outer lane.

In this paper, we will only focus on the Gain and Loss due to braking and acceleration in
[12]. We will also notice that the anticipation term is based on the one developed in [17] but

differ with the inclusion of multi-lane aspect and road inclination:

(1) Orfo+Voifa=CL(f2 s f3s f1yes fN)
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where:

Co (fEs s S fis e fn) = (Gg = L) (fa1, fo far1) + (G = L) (f&)
+[G1f(fa71,f§) _L;(fafl’fgufwrl)] + [G;er(faafé+1nfa+2) —Lf(fé,faﬂ)]

The gain and loss terms due to braking ie G, L;g are given by:
2)

Gg(fa—hfaafa—i—l)
= Jfiso, Po, 04, fa1 (x+ Hp(v), far1 (X))|9 — Py |0 (v, Py ) fo (x, 9, Hp (D), v )dDdD

3)

Lg(f(x—laf(bf(x-l-l) - f9>\9+ PB<‘97ﬁ+7fOC—1 (x+HB(V)7fa+l (X)))’l’/\— ‘9+‘fé(x; ")7h3(\,})7ﬁ+)d9+

The gain and loss term due to acceleration ie GX, LX are given by:

4) Gy (fo) = [foco, 19 =01 10A(v,94) o (x, 9,0+ Ha (9,94 ) )d b,
®) LX(fOC) = fv<\9+ |V_ﬁ*lfozt(xavax+HA(V)’ﬁ+)dﬁ+

Where:
(6) fozc(xvﬁHB(ﬁ)vﬁ-O—) ~ qB(HB(‘;);ﬁafa(xv ﬁ))FOC(‘;-F;HB(‘?)aﬁvx)fa(x7ﬁ)

Next we determine the closure relation of the distribution function f (x,v,t), as follow:

(7 Ja(x,v,1) = paFo(x,v,t) = paSug(v)

where 0 (v —ug(x,1)) = Sug(v) is the Dirac delta function and equation 7 is when all the vehicle
have the same average velocity u at instantaneous time 7.
We replace f2(x, 9, Hg(¥), 7, ) in 2 and 3 by its approximation in 6, subtract the two preceding

and integrate over [0, w] to get:

(8)
f(;vvk(GB —Lg)(fa—1,fa, fat1)dv = PB(”aa”&_aP&Lq Pa+1)|ta — MMQB(HB(MOC);ua,Pa)

Po f(}/m VEop(v,0)dv — Pg(ug, ug, g1, Pat1)|tte — ug|qs(Hp(ua); ua, Pa) Patt®
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Then
Wk
Jo V'(Gp—Lg)(f)dv

= Pyt 6 Py Pacs )it — 155 (s (1 ): e i) [Pec 3 VA0 (v, 9) v —

€))

]
using the following approximation,from [18]:

O (v, ) = X

Where op(v,u) is a probability distribution denoting the imperfect adaptation of the faster ve-
hicle with speed ug to the speed uf, of the leader and x is the road cross section where the

probability of interactions occurring is high. We obtain:

o VE(Gp—Lp)(f)dv

(10)
=~ Pp(uers s Py 1> Pact1) e — U lgp(Hp (o) s ticr, Por) *Ptx[m f[?u vidv —ut]
Considering that ug, (x) = ug(x+ Hp) a braking occurs if ug > u};, lug —ul| = —(ug —uf)
We obtain:
V(G —L dv
an Jo vV (Gs—Lg)(f)

uk gkt
~ P (it 0 g1 Poct 1) (1, — )4 (s (e ) e, ) * P iy gy — 6

Equation 11 will vanish for k = 0 but not for k = 1. We have define below u{, (x) = uy (x+ Hp)
thus u; (x) = ue (x) + Haiy (x). For the ease of writing Hp is approximate here by A and u, (x) =

Oxtg leading to (ug; — ug) ~ hosuy. We obtain at the end:

(12) (;/Vvk(GB _LB)(f(X*17fa7f(x+l)dV == PB(”a,ué,pa,I,pa+l)
PocC]B(hBaPa)Pa%uaaxua

With the same process we derived the balance equation from equation 4 and 5 to obtain:

(13) ()WVk(GA —Lp) fadv = PaQA(HA(Moc)aPoc)[y%l]uaaxua

The function gx = (Hx (4o, Pe)) denotes the distribution of leading vehicles at distance & for
a vehicle with velocity v under the assumption that the velocities of the vehicles are distributed
according to the distribution function py [18]. Thus the distribution is some increasing function
which is derived from the speed adaptation term in section 1.3. Moreover we use a suitable

ansatz:

a5(H (1a). pa) = 4a(H (e, par) = %102)
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Such that
(14) b(pa) = —In(1—pq)
we obtain:
w Pa%(PB(”ay”éapaflapaJrl)”OCax(”a)’ axl/la <0
| et (nav= "
0 Pa 2 0, (a ) ds (1), Oxttg, > 0

where ¢B(uaauévpa71,pa+l) = PB(uaau&Lapaflvpa+l)¥ua and @4 (uq) = aT_luoc
The impact of road inclination can be introduced through the parameters ¢p and ¢4. We will
introduce the parameter 0 such that if there is no inclination(6 = 0), we have the value C and if

0 # 0, we have D(v,,) > C. Thus a(pq, 0) is the anticipation term describes as:

(15) a(pa’e) :Ceivm(pohe)lfﬁ

The anticipation is a decreasing function depending on the road inclination 6 and density pg.
More explicitly, the more the road inclination, the more the density and the anticipation term

decrease as shown in figure 1

0.8 —
0.75 o
i =
0.65 4

0.6 A

D(vm)

0.55 +

0.5 -

0.45

0.4 -

FIGURE 1. Anticipation curve due to road inclination 0 and velocity of moving bottleneck
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3.2. Heterogeneity of the traffic. Within a congested road section, a driver attempts to fill
the space gap available by moving forward or changing lane. The driver’s decision is modeled
through a binomial function depending on whether the driver will move forward or change lane
to a surrounding one, denoted &;. Furthermore, the area covered by a single vehicle on lane o,

namely A% is an integral function defined by:

where [ is the vehicle width and B is the vehicle i length.

It yields to the following equation:

(16) AO = whr T K1 1A

Where:

A; : The road section on lane o occupied by vehicle i of class u during time ¢; in m? will be
defined later.

ti‘f‘u : The time during which a single section on a lane « is covered by vehicle i of class u.

T : The total observation.

L : The whole road stretch.

In real conditions it has been observed that drivers don’t respect lane when there are some
small width vehicle. so we will first use a multi-lane model numbered @ with o = 1,2,3. g is
defined as the & driver’s decision. The set of drivers is a set of random variables. So €; is a
probabilistic decision determined from the stationary renewal process. To a better understanding
of this process, we refer to [13]. Indeed when a driver is willing to change lane for one of the
adjacent lanes, he will consider the density of the adjacent lane. If at time ¢ = 7y the space gap
between him and his follower after an interaction is acceptable meaning his velocity after an
interaction is sufficiently large, he will initiate the lane change otherwise he will wait and try
again a time ¢ = #y. These operations are assimilated to the renewal process and for modeling,

we will use the Poisson process to approximate this drivers decision function.
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The Poisson process is a random counting process of points used in queuing theory to model

random events. Using the renewal Poisson process we can take its pdf as our &;:
(17) g = e PiCo

Thus the explicit equation of AO becomes:

(18) AO = iz Y0 Y 1] B e PiCo

3.3. Traffic pressure. We use the idea of [19] with our new Area Occupancy developed in
the previous section. We derive our traffic pressure from a gas-kinetic parameter to which we

apply the momentum method to get the macroscopic parameter. That is:

f0+°° gas — kinetic — macroscopic

Instead of using the classical density, we will use A.O for specific lane: Let s(|x, —x|) =
s(x —x) = s(x—x ) a smooth function such that his normalization is [ dxs(x—x) =1 and

we define the local density:
(19) p(x,t) = [TZdx's(x—x )7 T Y rtPA% &,
We differentiate the local density with respect to time and applied the chain-rule:

0J , 0o / dx; /
(20) PE) — i [ dxX T (=50 [ Rt AL s (x—x)

We reformulate the parameters and applied the partial integration to the R.H.S of the previous

result:

!/

1) S22 dx [8u(x)v(x) = [u(x)v(0)] 2 = [1T u(x)[8yv(x)ldx

In the previous equation [u(x)v(x)] vanishes at the boundary, thus:

(22) Olt) — L g ey, ymyniOAL g s(x— X )dx

,u
We use the symmetry of the smoothing function to obtain:

/

23) () =~ g o XIS A s (X )

,u

(24) 9p(x1) =~ 2[p(x, )V (x.1)]
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We derive the velocity variance from the derivative with respect to time:

(25) Pe.)V (x,1)] = DUl vig 1AL e,

To get:

dl dl‘ia
2p(x, 1)V (x,1)] = Lo X7 7 LA e, 4 Yy Lvi(r) AL £+

(26) m dA ludx
Yo X v gt Gien

d m
Gl (x,0)] = LG X7 7rai(t)i A et
(27) d TL p

Yo X! TLvl< )Azausn‘l‘zmzz TL[v’(t)] (0)z" 3:‘

Thus the velocity variance takes the form:

JE2dx Y i) =V ()28 (x —xi(1))s(x—x )
O(x,1) = ﬁ“’;zx "5 —x(t))s(r—x )

o) = Bty

[t X—x
0(x,1) = Bl o)

At the end, we obtain the traffic pressure as:

(28) P(x,1) = iy T X0 12 1B%e PS8 (x, 1) + L yel?)
Thus
(29) P(x,1) = AO.6 (x,1) + Z2lp)

Scatter properties of the second part of the fundamental diagram illustrated in [20] can be

explained in the context of the new formulation of our traffic pressure as the heterogeneity of

traffic. Indeed the simulation of equation 29 yields to some particles taking random direction

over time as illustrate by figure 2 as predicted in [21].

Conversely, when we are trying to reduce the range value of vehicle size and drivers decision

randomness we obtain a smooth increasing traffic pressure yielding to an ideal traffic like the

one on figure 3



HETEROGENEOUS TRAFFIC FLOW MODELING 991

%107

distance

FIGURE 2. Stochastics traffic pressure

x10°
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1.6

1.4

1.2 19

distance

FIGURE 3. homogeneous traffic pressure

3.4. Hysteresis of the traffic. In this section, we will improve the fundamental diagram based

on the scattered properties. Analyzing the one-minute empirical flow-density relationship of

freeway M25 in England:
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(a) 1 min flow-density diagram at detector 4888A (b) 1 min flow-density diagram at detector 4898A
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FIGURE 4. One-minute empirical flow-density relationships of freeway M25 in England

The graph show that the first part of the curve is parabolic and the second part which consti-

tute scattered point will be modeled with the Brownian motion:

Vimax—Verit ~2 .
Vmaxp_mTitcmpa if P < Pcrit

(30) O(p) =
a(p), if P> Peri

We construct ¢(p) with the Bachelier-Kolmogorov method. We consider a set of finite vehicle
in which each driver has a particular decision to make, depending on the vehicle around. So we
have some Gaussian random variables. At different times 7, =0 <7 <.... <1, ,f; € I and all
the borel sets A1, ...A, € B the finite dimensional distributions. Hence B, ..., P, (Al X ... X A,) =
P(B,, €Ay, ...,B;, € Ay) are mean-zero normal with covariance matrix C = (t; Afx) j k=1...n

Theorem Cf [22] A one-dimensional Brownian motion is a Gaussian process (B;)t > 0. For
10:=0<1t; <...<ty, n>1, thevector I := (By,, ...,B,n)T is a Gaussian random variable with

a strictly positive definite, symmetric covariance matrix C = (tj \ty) j k=1..., and mean vector

m=0¢ecR":
(31) ]Eei<57r> == ef%<§acé>

Moreover, the probability distribution of T is given by:

_ 1 e (Gxia)?
(32) P(T) = (27T)"/2\/H§_1(fjt,-1)fexp( 2 Xt Ty )dx
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From the previous theorem, the hysteresis can be formulate as:

_ 1 Clvn exi)?
(33) Ptl""’tz(Al X X Ap) = (271)"/2\/H_’}:](tj—tj,]) Jexp( 2Zj:1 tj—=tj-1) dx

3.5. The new model. The R.H.S of our model is determined from the one developed in [17].
We will not expose the whole process but for a better understanding, we refer to that work.

In the original microscopic model equation containing the density p and his inverse 7, we
will approximate the following parameters:

T ~tand deu ~ "

We remain with:

8Tt—8xu:0

(34)
oru—a()u=0

Considering the first equation in the system 34, a variable separation leads to:
(35) 8t7:(8Tt) + 8x‘c(8Tx) — axl/l(axx) — 8tu(8xt) =0

Reducing the equation and multiplying through by —p?, we obtained:

(36) P +udyp +pdu =0

The same process used for the second equation of the system 34 leads to:

(37) [00u+ud,p] + [2pudu+ u?dp] —a(p)du = 0
Combining equations 36 and 37:

(38) op + dx(pu) =0
3 (pu) + du(p2) — a(p, 0)du = 0

Combining the system 38 with the source term constitute of the traffic pressure 29 and the

hysteresis 33 we obtain:

o;p + di(pu) =0

(39) 9 (pu) + dx(pu*) —a(p, 8)dwu
_ v —ve(p) 1 1y (yexen)?
= AOG(X,I) + T + (271‘-)"/2\/1—[;!:1(’]‘—[!-71) fexp( 2 Z]:l tjftj_]) dx
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which can be recast in its quasi-linear form:

o;p + di(pu) =0

(40) 3:(“)+9x(u2—@14) =A0.0(x,1) + L5l ¢
1 1 von (xj—x;— )2
Jexp(=3 Xjoy S dx

(2m)/2, [T (1151
4. NUMERICAL ANALYSIS

The feature of traffic flow model is given by the eigenvalue and eigenvector of the RHS of
the system. Thus we will first focus on the RHS of the system. The system 40 can be expressed

in the following form:

(41) AU + 0 F (u) = S(u)
Where:
U= P
u
and
Fuy-| ™
o)

(42) U, if x<0

Where j(u) = % and

woop

0 u—a(l‘)o)

J(u) =

det|j(u) — Al =0 = Ay =u—“®land A, = u

P
Forklzu—@,
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For A, = u,
1
0

E, =

A1 < A, implies that the macroscopic traffic flow model is hyperbolic. Moreover, the anisotropic
character of the model is preserved because the traffic information travels faster than the traffic.

We determine the nature of the wave through the dot product VA;R'.

pu) (1) _ —3p(“8)) 1
s )\ v )\
o 7[,1 1 a a
aull _ag p
p
and
Ao 0

Thus The 1% characteristic associate to A; is genuinely non-linear and the 2"¢ characteristic
related to A, field is linearly degenerate. Therefore we end up with a hyperbolic system where
the 1st characteristic is shock wave and the 2"? is a contact discontinuity. Let r denotes the

so-called Riemann variable and 6U a variation of U (either 6U /St or U /dx), we define 6r =

M~'8U and U = M&r. Thus we obtain M g; = %ll] and M g’ = %U The define matrix of the
eigenvector € is:
y 1 1
~ o\ lae
p?
with
0o -2
M= a(p)
£
a(p)
We use these matrices in 42 to get:
(43) M'MZP+ M ju)MEE =3

Thus Equation 43 becomes:

(44) Iy



996 N’GOLO KONATE, DAVID MWANGI THEURI, JOHANA K. SIGEY

where § = 1S and

A0 u— 40
0 /12 0 u

If we consider the definition of the Riemann (or characteristic) variables, we obtain:

(45) 8ry = du—“2L5p
and
(46) or, = du

A simple integration give us:

47 ri=u—a(p)in(p) and r,=u

4.2. Stability of the model. The aim of this section is to prove that the model prevents ve-

hicles from moving backwards. For this sake we will use the HLLE scheme. The outline of

the scheme can been found in many literature but we refer to [24]. The HLLE scheme is a

numerical scheme for high order model based on the the approximated Riemann solution and

Godunov scheme.

The approximation of the traffic variable at each cell i to the mean value of the exact solution

U of system 41:

(48) Ui(k) = 1 [T2U (x,1)dx

And solving the Riemann problem at cell interfaces couple with the theory of divergence gives:

(49) fx,+1/2 U(X,t)dx+ F(U(Xl+l/z,l))A—xF(U(X,—l/Z,l)) — O

x,-fl/2

d
dt

Where F (U (x; + 1/2,t)) is the flux at each time step and each cell interface. The solution of

the Riemann problem is given by:

¢

: )
Ui if x—xip < X1l

o X=Xip1/2\ .
(50) Ui1)a( )= Ui if x§+1/2t<x—xi+l/2<xi’+l/2t

Ul‘+1 lf x—xi+1/2 >X;+1/2t
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Where: " (i+1/2,k) = max(x"*(i+1/2,k), x"*(i+1,k)) and x'(i+1/2,k) = min(x™" (i +
1/2,k), x™"(i,k)) are respectively the maximum and the minimum of the eigenvalue of the
system.

However the average intermediate state of equation 50 must satisfies the following conserva-

tion law:
(51) S O pplx/t)ax = [ 1020 (x/)dx
Hence:

. X120 U (i41,k) — ¢ (i41/2,k)U (i.k)
(52) Ui+1/2,k) = X G120 —x (i +1/2.4)
F(i+1,k)—F (i k)
2 (i41/2,k)— ¢ (i+1/2,k)

And the fluxes are determine by:

. T(i4+1/2,k)F (i,k)—x~ (i+1/2,k)F (i+1,k
F(i+1/2,k)=*% ( )é*(i)—i-l(/Z,)k)Ex(*(i+/1/2,)k)( !

F(i1/200 7 (i+1/2,k . .
;Rﬁ4éxﬂ§fa+bzg(U(“+l/%k)—L“hkﬂ

(53)

Where y(i41/2,k) = max(x"(i+1/2,k),0) and x~ (i + 1/2,k) = min(x' (i +1/2,k),0) are
respectively largest and smallest wave speed.

Applying the above method to the system 41 we obtained:

(54) u(i,k+1) =u(i,k) — ££(p(i+1/2,k) —p(i—1/2,k))

plik-+1) = p(i.k) = Rl(u— P10+ 1/2,8)

(u—“20)(i—1/2, k)] + Hyst(i,k) + TP(i,k)

(55)

Where Hyst(i,k) is the hysteresis and T'P(i, k) is the Traffic pressure.
Analyzing of the scheme in two extreme cases: upstream congested/downstream free flow

and upstream free flow/downstream congested.

e Upstream free flow/downstream congested:

In this case U (i,k) — 0 at r = kA¢:

(56) % — L(p(i+1/2.0) — p(i—1/2,4)
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Where:
—x (i+1/2,K)U (i+1.k a
(57) p(i+1/2,k)= x*()zC—i-l(/Zk/) ) ((H]/z?k) (= (s — (5))] >0
. . T(i+1/2,k)p(i—1,k) T(i—1/2,k)x (i—1,k)U(i—1,k)
8 p(l_l/z’k)_%*)(Cl”rl/lk)—%p*(i+1/2J<)Jr xx*(z+1/213§ X (i+1/2.k) >0

We replace the different parameters by theirs values in the Riemann problem resolution

to end up with:

(59) pli+1/2,k) = (u_a(pa)(/,f))/l,])(iﬂ’k) >0

Thus dU /dt > 0 = at every time ¢ > 1,. Since we are in free flow at cell i, dp /dt
has the same sign as du/dt. Hence dp/dt > 0 = p(x,t) > 0 at every time t > 1,
e Downstream free flow/upstream congested:

For this case, in cell i p(i,k) — Pmax at t, = At

(60)  XPIEKED — Ly — D) (i 1/2,k) — (u— “©0) (i — 1/2,k)] + Hyst (i.k) + TP(i.k)
Where
(u— a(p (i+1/2,k) = £ (i+1/2,)U2(i+1,k) [W2(i+1,k)+

(61) AT 1/2.0)—x (i+1/2,k)
( )\2

(S22 +1/2,k) = x* (i +1/2,k)@(i+1,k)]
(62) (u_%)( 1/2,k) = %*(l+1/2(kl) 1/2(/? 1/2k)( «p )(i—1,k)+

i—1/2,k) (i-1/2,k
x*(i+1/2/7k)7)xfgi71§2,k% (P)(i—1,k) =0

We use of equation to get:

a . —u(i 2(j . a
@ R/ = SRR L+ (R

(i+1/2,6) —u(i+1/2,6) 4L (i+1,6)] <0

Thus dp(i,k+1)/dt >0 = p(x,t) > 0 at every time ¢ > 1,. Since traffic in cell
is congested dp/dt has the opposite sign, meaning du/dt <0 = p(x,t) < Ppax at

every time t > t,

In conclusion, it was found that the vehicles do not move backward and the traffic is
anisotropic(from downstream to upstream). Moreover it has been proven in [23] that the HLLE

scheme is stable and accurate over time.
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4.3. Propagation of disturbance. We decoupled including the eigenvalues to get:

8r1 8r1 _ &
gL 9 =8,
(64) .

FHhGE=5%

Regarding the system, the Riemann variable propagates along the corresponding characteristic
curve with speed A1, ;. The corresponding characteristics curves are C* : dx = Apdt and C™ :
dx = Aidt. Let P(x,t) be a point in the space, we determine the speed and the density from

r,r transported with speed A», A along the curve C~,C™:
(65)

The maximal wave speed corresponding to A, travel faster than the traffic itself. Thus propa-

gates downstream leading to the formation of the jam

5. SIMULATION

The data used for the simulation have been collected on Autoroute du nord, axe Adjame-

Yopougon
Model parameters
Max speed(km/h) 108
critical speed(km/h) 86.4
jam density(km/h) 0.14veh/m

critical density(km/h) 0.019veh/m

Maximum vehicle length(m) 30
Simulation duration(s) 1800
Cfl number 0.999

Highway characteristics

Length(m) 7600

Width 33

Inclination 0.3
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We will apply the above parameters to the Godunov method to confirm what has been found
numerically. The simulation will give us the flow, density and speed. For the ease of simula-
tion the heterogeneity of the traffic is fixed and extended to fundamental diagram whereby the

vehicles are taking a value between the shortest vehicle and the longest one.

flows (veh/s)

2000 |

=
o
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o
=]
=
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o
o

|

|

|

0 500 1000 1500
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FIGURE 5. Vehicle flow
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FIGURE 6. vehicle-speed

The figures 5 & 6 shows the evolution of traffic on the highway. We brought a model de-
scribing Kerner’s features of traffic name F — S — J. Then the stop and go waves are also well
represented. The figure 7 show up one of the principle in traffic flow which states that the traffic

jam is alway an inverse function of the flow.

6. RESULT AND DISCUSSION

In this paper, we have shown the road inclination decrease drastically the speed of trucks.

Since the velocity of the flow is more relate to the speed of the trucks all the traffic slow down
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densities (veh/m)
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1000 0.02
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FIGURE 7. jam-density

depending on the average of trucks on the highway so the anticipation term decrease. The
stochasticity of the traffic heterogeneity is an improvement of the former one. The traffic pres-
sure has shown that the drivers decision depend on the size of the vehicle around. The more the
traffic becomes homogeneous the more the speed of the speed of the and the drivers decision
become less random. The new model yields to the three-phase theory traffic as it is an extension
of Payne model. Among the usual traffic properties, the new model is hyperbolic, stable and we
observe the shock and rarefaction. The rarefaction describe the discontinuity on the highway
leading to stop and go waves in real condition

But the lack of microscopic data for this particular traffic prevented us to well calibrate the
source term accurately. Also the correlation between the heterogeneity and the drivers decision
must be deeply investigate to prescribe better recommendation on the road management. More-
over he calibration can give us better recommendation about the percentage of trucks which

must be allowed to avoid huge jam through the traffic pressure.
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