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Abstract. According to the Enestrom-Kakeya theorem “zeros of the polynomial whose coefficients are positive,
real and increasing along with the powers of the variable are lie in the unit circle” see [6, 10]. In [1], Aziz and
Mahammad, showed that zeros of f(z) satisfies |z| > ;7 are simple, under the same conditions. This article
shows that the result of Gulzar, Zargar and Akthar in [8] is simplified in terms of real and imaginary parts of

complex coefficients of the polynomial, also it extends some generalizations by imposing conditions on hypothesis

in different ways.
Keywords: zeros; polynomial; Enestrom-Kakeya theorem; polar derivative.
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1. INTRODUCTION

Let f(z) be the n'" degree polynomial with real coefficients. Let Dy, f(z) denote the polar
derivative of f(z) w.r.t the point & and it is defined by D¢ f(z) = nf(z) + (¢t —2)f (z) . In this

case the degree of Dy f(z) is at most n — 1 and if & tends to oo then it generalize the ordinary
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derivative
D Z
i.e lim (Xf( )

o —>0 (04

= (2)

Regarding the distribution of zeros of f(z), Enestrom Kakeya proved the folowing result.

Theorem 1. Let f(z) =Y ok 7/ be the n'" degree polynomial with real coefficients such that

for some 0<ky < ky < ... < kp_ <ky—1 <k then all zeros of f(z) lies in |z| < 1.

Instead of taking only positive coefficients, A.Joyal, Labelle and Rahman[3] given the fol-

lowing result

Theorem 2. Let f(z) = Yok 7/ be the n'* degree polynomial with real coefficients such that

for some ko < ki < ... <ky 2 <ky1 < ky then all zeros of f(z) lies in |z| < %TV“"

Regarding the multiplicity of zeros of f(z), Aziz and Mahammad [1] proved the folowing

result

Theorem 3. Let f(z) =Y _ok 7/ be the n'" degree polynomial with real coefficients such that

_n_

for some 0<ko < k; < ... < ky, then all zeros of f(z) of modulus greater than or equal to )

are simple.

Gulzar, Zargar and Akthar [8] result by substituting b, with (t — 1)[tak; + (n— (t — 1) )k;—1]
for t=2,3,4,...n

Theorem 4. Let f(z) =Yk 7/ be the n'* degree polynomial with real coefficients, and o be
a real number, such that for some by, > b,_| > ... > by > b3 > by then all zeros of Do f (z) which

.o b, —by+|b .
does not lie in |z| < % are simple.
n

Theorem 5. If f(z) = Yok 7/ is the n'" degree polynomial with real coefficients, and & be a
real number such that for some by, < b,_1 < ... < by < b3 < by then all zeros of Dy f(z) which

by+|by|—b

does not lie in |z| < o are simple.
n

M.H.Gulzar, Zargar and Akthar [8] have extended the above results to the polar derivatives,
there exist some generalizations and extentions of Enestrom and Kakeya theorem in [2, 4, 5, 7,

9]. This paper providing the region about the simple zeros of polar derivative in terms of real
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and imaginary parts by imposing some conditions on hypethesis in different ways by replacing

by with (t — )[tak;+(n—(t —1))k—] for t=2,34, ..n

2. MAIN RESULTS

Theorem 6. Let f(z) = ?:0 k jzj be the n'" degree polynomial, Let o be the real or complex

number, such that for some

Pn=Pn12...2p4s>p3>pr and Gn>Gu12...2 44> q3 > q2

then all zeros of D f (z) which does not lie in

o) < Pt = (P2+492) +|p2| + g2
Vit d;
are simple, where Re(b;) = p;, Im(b;) = qy and by = (t — 1) [taky+ (n— (t —1))k,—1]  for t=
2.3.4,...n

Corollary 1. If f(z) = ;?:0 kaj is the n'" degree polynomial, Let o be the real or complex

number, such that for some
PnZPn-12...2ps=2p3=>2p2>0 and gp>qn-12...2q942>q32>¢2>0

then all zeros of Do f(z) which does not lie in

Vit

are simple, where Re(b;) = p;, Im(b;) = gy and by = (t — 1) [tak;+ (n— (t —1))k,—1]  for t=
2.3,4,...n

Corollary 2. If f(z) = ;?:0 kaj is the n'" degree polynomial, Let o be the real or complex

number, such that for some
PnZPn-12...2ps=2p3=>p2>0 and gn>qn-12...2942q32q2

then all zeros of Dq f (z) which does not lie in

T Pi+q
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are simple, where Re(b;) = p;, Im(b;) = qy and by = (t — 1) [tok; + (n— (t — 1))k—1|  for t=
2.3.4,..n

Corollary 3. If f(z) = 7:0 kaj is the n'" degree polynomial, Let o be the real or complex

number, such that for some

PnZDPn12..2ps=p3=>pr and G >qp12>...24942>2q3>¢2>0

then all zeros of Do f(z) which does not lie in

VPita;

are simple, where Re(b;) = p;, Im(b;) = qy and by = (t — 1) [totk; + (n— (t = 1))k—1|  for t=
2.3.4....n

Remark 1. (1) Corollary 1 follows from theorem 6 by substituting p; > 0, g; > 0.
(2) Corollary 2 follows from theorem 6 by substituting p; > 0.
(3) Corollary 3 follows from theorem 6 by substituting q; > 0.

Theorem 7. Let f(z) =Y/ _ok 7/ be the n'" degree polynomial, Let a be the real or complex

number, such that for some

PnS<ppn 1< ... S<pa<p3<pr and ¢, <qgu 1< .. <q@u<q@p<q

then all zeros of D f (z) which does not lie in

Pn—qn+ P2+ @+ |p2| + 92|

Vit

are simple, where Re(b;) = p;, Im(b;) = gy and by = (t — 1) [tak;+ (n— (t —1))ki—1]  for t=

2| < —

2,3,4,..n

Corollary 4. If f(z) = ¥ kiz/ is the n'" degree polynomial, Let o be the real or complex

number, such that for some

0<pn <pn-1 <. <pa<p3<pr and 0<qy < @1 <. <q@u<q@p<q
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then all zeros of Do f(z) which does not lie in

Pn—qn+2(p2+q2)
Vit

are simple, where Re(b;) = p;, Im(b,) = q; and by = (t — 1) [tak;+ (n— (t —1))k,—1]  for t=
23,4 ..n

2] < —

Corollary 5. If f(z) = ¥ kiz/ is the n'" degree polynomial, Let o be the real or complex

number, such that for some

0<pn <pp1 X . <pa<p3<pr and ¢G<qG1 <. <@u<@p<qp

then all zeros of Do f(z) which does not lie in

Pn—aqn+2p2+q2+ 92|
vV Pi+ 4>

are simple, where Re(b;) = p;, Im(b;) = qy and by = (t — 1) [tak;+ (n— (t —1))k,—1]  for t=
2.3.4,...n

2| < —

Corollary 6. If f(z) = ¥i_gk;z/ is the n'" degree polynomial, Let o be the real or complex

number, such that for some
Pn<pn1<...<ps<p3<py and 0<q, <qp-1<..5qs<qg3<q

then all zeros of Do f(z) which does not lie in

Pn—qn+p2+2q2+ ‘PZ‘
Vit

are simple, where Re(b;) = p;, Im(b;) = gy and by = (t — 1) [tak;+ (n— (t —1))k,—1]  for t=

2] < —

2,3,4,..n

Remark 2. (1) Corollary 4 follows from theorem 7 by substituting p; > 0, g; > 0.
(2) Corollary 5 follows from theorem 7 by substituting p; > 0.
(3) Corollary 6 follows from theorem 7 by substituting q; > 0.

Theorem 8. Let f(z) = ?:0 k jzj be the n'" degree polynomial, Let o be the real or complex

number, such that for some

Pn>Pn1=..2ps>p3>pr and ¢ <qu 1< ... <q@a<q3<q
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then all zeros of Do f(z) which does not lie in

Pn—qn—DP2+q2+ |p2| + g2
2| < ——
\ Pnt4;

are simple, where Re(b;) = p;, Im(b;) = gy and by = (t — 1) [tak;+ (n— (t —1))k,—1]  for t=
2.3,4,...n

Corollary 7. If f(z) = ;?:0 kaj is the n'" degree polynomial, Let o be the real or complex

number, such that for some
PnZpn-1Z..2pszp3=2p2>0 and 0<qu<gp1<..<q4<q@3<q2

then all zeros of Do f(z) which does not lie in

— g t2
’Z| < Pn 612n 242
VPitd;
are simple, where Re(b;) = p;, Im(b;) = qy and by = (t — 1) [tok; + (n— (t — 1))k—1]|  for t=
23,4 ..n

Corollary 8. If f(z) =¥k 7/ is the n'" degree polynomial, Let o be the real or complex

number, such that for some

Pn>Pn-12>..2psa>p3>p2>0 and g, <qu1<..<qa<qp3<q

then all zeros of Do f(z) which does not lie in

— Gt g+
o] < P 2 9 2 92|

VPt
are simple, where Re(b;) = p;, Im(b;) = gy and by = (t — 1) [taky+ (n— (t —1))ki—1]  for t=
2.3.4,...n

Corollary 9. If f(z) = 7:0 kaj is the n'"" degree polynomial, Let o be the real or complex

number, such that for some

Pn>Pn12>..2ps>p3>pr and 0<g,<qu 1 <..<qa<q3<q

then all zeros of Do f(z) which does not lie in

n—qn— P2+2q2+ | p2|

VPita;

!Z|§p
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are simple, where Re(b;) = p;, Im(b;) = qy and by = (t — 1) [tok; + (n— (t — 1))k—1|  for t=
2.3.4,..n

Remark 3. (1) Corollary 7 follows from theorem 8 by substituting p; > 0, g; > 0.
(2) Corollary 8 follows from theorem 8 by substituting p; > 0.
(3) Corollary 9 follows from theorem 8 by substituting q; > 0.

Theorem 9. Let f(z) =Y/ _ok 7/ be the n' degree polynomial, Let a be the real or complex

number, such that for some

PnS<Pn1<..<ps<p3<py and G,>qy-12..2q4>q93>q

then all zeros of D f (z) which does not lie in

—Pnt+qn+p2—q2+|p2| + 92|
7| <

VPitas

are simple, where Re(b;) = p;, Im(b;) = gy and by = (t — 1) [tak;+ (n— (t —1))ki—1]  for t=
2,3,4,....n

Corollary 10. Let f(z) =Yk 7/ be the n'" degree polynomial, Let o be the real or complex

number, such that for some
O<pn<pn-1<..<ps<p3<pr and qu>qGn-1>..2q942>293>q2>0

then all zeros of D f (z) which does not lie in

are simple, where Re(b;) = p;, Im(b;) = gy and by = (t — 1) [tak;+ (n— (t —1))ki—1]  for t=
2.3,4,...n

Corollary 11. Let f(z) =Yk 7/ be the n'* degree polynomial, Let o be the real or complex

number, such that for some

0<pn <pn1 <X . <pa<p3<pr and qu>qu-12>..2qs>q3>q
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then all zeros of Do f(z) which does not lie in

—Pntdnt+2p2— g2+ g2
2] < —
VPut4;
are simple, where Re(b;) = p;, Im(b;) = qy and by = (t — 1) [totk; + (n— (t — 1))k—1]|  for t=
2.3.4,..n

Corollary 12. Let f(z) = ¥}_ok;z/ be the n'" degree polynomial, Let o be the real or complex

number, such that for some
Pn<Pn1<..<pa<p3<py and Gu>qn-1>..2q4>q93>q2>0

then all zeros of Do f(z) which does not lie in

—Pntqntp2+ ’p2|
< et i
Pt 4n
are simple, where Re(b;) = p;, Im(b;) = qy and by = (t — 1) [tak;+ (n— (t —1))k,—1]  for t=
23,4 ..n

Remark 4. (1) Corollary 10 follows from theorem 9 by substituting p; > 0, g; > 0.
(2) Corollary 11 follows from theorem 9 by substituting p; > 0.
(3) Corollary 12 follows from theorem 9 by substituting g; > 0.

3. PROOF OF THE THEOREMS

Proof of the Theorem 6.
Let f(z) = k2" + kp_12" ' + ... + kjz+ ko be the n'" degree polynomial with real coefficients.
Then by the definition of polar derivative, we have Do f(z) = nf(z) + otf (z) — zf (2)
Do f(2) = n(knt" +ky 12"+ .. Fhkiz+ ko) + a(nk,Z" U+ (n— Dk 12" 2+ ...+ k)
—z(nk, "V (n— Dy 1272 4. 4 k)
Do f(z) = [notky + (n— (n—1))ky_1]2" 1+ [(n— 1) 0k, 1 + (n— (n—2))ky_2]2" 2+ ...
+ [2aky + (n—1))ki|z + [otky + nko)
Now,
Dy f(2) = bpz" >+ by 12" 4 by 22"+ ..+ baz? + baz + by
where b, = (t — 1)[tok; + (n— (t — 1))k—1] for t=2,3,4,....n
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Now Consider g(z) = (1 —z)D,, f(z), so that

8(2) = (1 = 2) (b 2+ by12" 2+ by2?" * + ...+ baz? + b3z + b

8(2) = —=bp" 1+ (by— bu1)2" 2 + (buot — bu2)2" >+ (buz — by—3)2" * + ...

+ by 1 — b)) 4 (b — by 1) 2" 2. 4 (by — b3)2% + (b3 — b))z + by
|g(Z)|Ei|anZV1:ZDZI-zig{Ipn-—-pn1|—%P"wdp"2'—+P”2P"3 ot ozl 4 ol

|z[2

1ol gy — gy + mtpl el | bl el el y
Also, if [z]>1 then ;<1

then

> 50l 2|2 = g {1pn = Pt [Pt = ool b i = Pl o= a4
|pa— 3|+ |p3—p2| + P2l + g0 — gn-t| + |gn—1 — gn—2| + ..+ |Gms1 — G| + 1gm — Gm—1| +

ot lgs — g3l + g3 — g2l + |€12\}}

2wﬁwmapd—ﬁﬁhm—pm4+pm4—nhrh~+pwu—pm+pm—pw4+~ﬂﬂm—py+
pi—p2tIp2l +qn =G+ qu1 — G2t ot Gt — Gm+ G — Gm-1 + .+ qa—q3 +
q3 —Q2+\Q2’}

zland”z{kl—-ﬁg{pn-pz+¢pzk+qn-qz+¢qﬂ}
Hence |g(z)| > 0, provided

> Pn+qn— (P2+q2) + P2 + 92|

Vpita;

This implies that all zeros of g(z) whose modulus is greater than 1 are lie in

m<m+%—@ﬂﬂﬁHmHMﬂ

VPita;

Since the zeros of g(z) whose modulus is less than or equal to 1 are already lie in

Pntan—(P2+q2) +|p2| + 92|

Vpita; 7

lz] <

it follows that all the zeros of g(z) lie in

< Pntan—(p2+q2) +|p2| + \612|.

Vpitas
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Since all the zeros of g(z) are also the zeros of D, f(z) lie in

m§m+%—@ﬁﬂﬁHmed

Vit

Thus all the zeros of D, f(z) lie in

o] < Pn+an— (p2+q2) + |p2| + \QZ|_

Vpi+a;

In other words all zeros of Dy f(z) which does not lie in

< Pntaqn—(P2+q2) +|p2| + 2]

VP4

are simple, where Re(b;) = p;, Im(b;) = q, and b, = (t — 1)[rak,+ (n— (t —1))k,—1] for t=
2,3,4,...,n
Proof of the Theorem 7.
Let f(z) = kn?" + kn—12"~ U4 ..+ kiz+ ko be the n'"* degree polynomial with real coefficients.
Then by the definition of polar derivative, we have
Daf(z) =nf(2)+af (2) =z (2)
Do f(z) = nlk,s" +kp 12"+ ...+ kyiz+ ko) + a(nk, 2"+ (n— Dk, 122+ ... 4 k)
—z2(nky "N (n— Dk 12" 2+ ...+ k)
Do f(2) = [naky + (n— (n—1))ky—1]2" '+ [(n— 1) atky—1 + (n— (n—2))kn—2)2" 2 + ...
+ [2aky + (n—1))kq]z + [otky + nko]
Now,

Dy f(2) = bud" 2+ bp_12" 3 + byod" 4 ...+ by + b3z + by
where b, = (t — 1)[tak,+ (n— (t — 1))k—1] for t=2,3,4,...n
Now Consider g(z) = (1 —z)D,, f(z), so that
8(2) = (1 =2)[bn" 2+ bp12" 3 + by + ... + bsz? + b3z + b
8(z2) = —bp?" V- (by —by—1)7" 2+ (by—1 — by2)7" 3 + (byp — by—3)7" " + ...
+ (b1 — b))V (b — by 1)Z" 2+ o4 (bg — b3)2? + (b3 — by)z+ by
18(2)] > [ballz 22| - \bl_n|{|pn — put| + |Pn— 1| |pn 2| + |Pn— 2| Pn3| +oot |pa—p3] + |p3—p2 +

? |zjn=4 |23

P2 dn—1—4n-2 4n—2—4n-3 q44—43 93—92 q2
| ‘2+|qn Gn— 1|+‘n |n‘+‘n n‘_|_ +||z|n4|+| |_|_‘J}

|2[ |z[2 |z[r=3 1 zn=2

Also, if |z]>1 then H<1
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then
Zlbdszhd-fg{Um-—pn1|+¢pn1-—pnz|+.n+¢pm+1—1%4+ﬂpm-—pmﬂ-+~-+
|4 — p3l + [p3 — p2| + P2l + g0 — qn-1l + |gn—1 — gn2| + -+ |Gmi1 — G|+ |gm — qm—1| +
ot lga —q3| + 193 — q2| + |612|}}

> ‘anZ|n_2 {‘Zl - ﬁ{pn—l —Pn+ Pn—2—Pn-1+ ..+ DPn— Pmt1+ Pmt1 — Pm+2 + ... +
P3—pa+p2—p3+Ip2l+gn-1—Gn+Gn-—2—Gn-1+ ..+ Gm — Gut1 + Gut1 — gmi2 + ... +
%—%+@—%+m§}

> b2 [l = g { =t 2 ol a2+ ol

Hence |g(z)| > 0, provided

Pn—aqn+ D2+ q+|p2|+ 92|

VPita;

This implies that all zeros of g(z) whose modulus is greater than 1 are lie in

2| > —

Pn—an+ D2+ 92+ |p2| + g2

Vpita;

2| < —

Since the zeros of g(z) whose modulus is less than or equal to 1 are already lie in

Pn—qn+ P2+ q2+ |p2| + 92|

VPita; ’

2] < —

it follows that all the zeros of g(z) lie in

Pn—qn+ P2+ a2+ 2|+ g2

VPita;

Since all the zeros of g(z) are also the zero of D, f(z) lie in

2] < —

Pn—qn+ P2+ q2+ |p2| + 92|

Vita;

2] < —

Thus all the zeros of D, f(z) lie in

Pn—qn+p2+q+ 2|+ g

Vpitas

2| < —
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In other words all zeros of Dy f(z) which does not lie in

—Pn—qn+p2+q2+|p2| + 92|

Vit

are simple, where Re(b,) = p;, Im(b,) = q, and b, = (t — 1)[tok;+ (n— (t — 1))ks—1]  for t=
2.3.4,...n

| <

Proof of the Theorem 8.
Let f(z) = k2" + ky_ 12" ' + ... + k12 + ko be the n'" degree polynomial with real coefficients.
Then by the definition of polar derivative, we have Do f(z) = nf(z) + oof (z) —zf (2)
Do f(z) = n(k,s +kp 12"+ ...+ kiz+ ko) + a(nk, 2"+ (n— Dk, 1272+ ... 4 k)
—z2(nkn 2 4 (n— Dky12" 2+ ..+ k)
Do f(z) = [notky + (n— (n— 1)k, 1]2" P+ [(n — 1) otky_1 + (n — (n—2))k,_2]2" 2 + ...
+ [2aky + (n— 1))k |z + [ak) + nko)
Now,
Dy f(2) = baZ" 2+ by 12" 3 4 by 22"+ ..+ ba + b3z + by
where b, = (t — )[tak,+ (n— (t —1))k—1] for t=2,3,4,...n
Now Consider g(z) = (1 —z)D, f(z), so that
8(2) = (1 =2)[baz" 2+ by 12" + byo?" ™+ ... + baz? + b3z + b))
8(z) = —bu" 4 (bp—by1)Z" 4 (bu1 —bn-2)7" > + (a2 —by3)2" * + ...
+ (Bt = bm) "+ (b — b 1)2" 4.+ (ba— b3)2* + (b3 — b2)z+ by
(2)] > |ballz" 2 [IZI — {1 = pur |+ Pmigpel y Deaopusl o bl Inatil

|z||l:‘2"2 + gn — gn1| + |9n— 1| lqn 2l lan- 2‘2‘% sly 4 |Q|;|;fl43| + Iqlz‘;gzl |Z\|qnz|2}

Also, if |z|>1 then m<1

then

> |by||o|"? {\Z\ = o Upn = puct |+ 1put = pual + o+ [Pmet = Pl + o — P |+
|pa—p3l +[p3—p2| + P2l + lgn — gn—1] + |gn—1 — gn—2| + - + |Gmt1 — G| + |gm — gm—1| +

...+rq4—q3|+rq3—qz|+rq2\}]

> |bn||z|n72 |:|Z| - |bl_n|{pn_pn71 +Pn1—Pn2t..F+Pumt1—PmtPm—Pm-1+t..+ps—p3+
=2+ P2t -1 — G+ G2 — Gua1 o G — Gt T Gt — G2+ T3 —qa+
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Q2—613+\612|}}
> Il 1= gy pa+ el 00 2+ e}
Hence |g(z)| > 0, provided

Pn—Gn — pz%—qz+¢pzk+\Qﬂ
|z > 5
vV Pr+q?

This implies that all zeros of g(z) whose modulus is greater than 1 are lie in

Pn—Gn— pz%—qz+%pzk+lqﬂ
lz] < >
NIZRRr:

Since the zeros of g(z) whose modulus is less than or equal to 1 are already lie in

Pn—qn—P2+q2+|pa| + |qz|
lz] <

VPita;

it follows that all the zeros of g(z) lie in

Pn—qn— pz%—qz+¢pzk+lqﬂ
lz] <

VPita;

Since all the zeros of g(z) are also the zeros of Dy, f(z) lie in

Pn—Gn — pz%—qz+ﬂpzﬁ+\Qﬂ
2| < >
vV Pr+q?

Thus all the zeros of D, f(z) lie in

Pn—qn— pz%—qz+ﬂpzk+|qﬂ
lz] < >
NIZERT:

In other words all zeros of D¢ f(z) which does not lie in

2] < Pn—qn— P2+ @2+ |p2| + a2
VPt

are simple. where Re(b;) = p;, Im(b;) = q; and b, = (t — 1) [tak,+ (n— (t —1))k,—1]  for t=
2,3,4,...,n
Proof of the Theorem 9.
Let f(z) = k2" + kp_12" ' + ... + kjz+ ko be the n'" degree polynomial with real coefficients.
Then by the definition of polar derivative, we have
Daf(z) =nf(z) +af (&) —zf (2)
Do f(2) = n(knt" +ky 12" .. Fhkiz+ ko) + a(nk,Z" U+ (n— Dk, 12" 2+ ...+ k)
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—z2(nky "V (n— Dk 12" 2+ ...+ k)
Do f(2) = [naky + (n— (n—1))k,—1]z" '+ [(n— 1) atky—1 + (n— (n—2))kn—2)2" 2 + ...
+ [2aky + (n—1))kq]z + [otky + nko]
Now,
Do f(z) = bpz" 2+ by 12" + by 22"+
+baz>+b3z+ by
where by = (t — 1)[toks + (n—(t — 1))ke—1] for t=2,3.4,....n
Now Consider g(z) = (1 —z)D,,f(z), so that
8(z) = (1=2)[bp" 2+ bp12" > + by 22" + . 4 baz? + b3z + b
8(2) = =bu?" '+ (by — by—1)T" 2+ (by—t — bp—2)2" 2+ (bu—z — bu—3)2" 4 + ...
+ (b1 = b)) 2" 4 (b — b 1)Z" 24 ...+ (bg — b3) 22+ (b3 — b))z 4+ bo
8] > [ballci" [\z\ — o {Ipn = paa| + 1migpetl g sl Rl lriel

|z|2

|Z||1227|2+|51n Gn1| + |91 |qn 2l lan- 2‘2‘% sly 4 |q|;|nj13| + |qlz3‘;g32| |Z\|qnz|2}

Also, if [z[>1 then <1

then
zland”ZDZI—-ﬁ;{hh-—zm1M+|pn1-1%2L+n.+¢pm+1—-pm|+|pm-pmﬂ-+~-+
\pa = p3| + |p3 — p2| + p2| + |gn — qu-1] + [gn—1 — Gn—2| + - + |Gm+1 — G| + [gm — Gm—1] +

ot lqa—aq3| + g3 — q2| + |612|}]

ZIand”‘ZPZI—-ﬁﬂ{pn_l—-pn%—pn_z—-pn_l+—~.+-pm-—pm+1#—pm+1—-pm+z+-~.+
D3 — P4 +p2_p3 + |P2| +Qn — gn—1 +Qn—l —qn-2 + ... +C[m+l —dm +C[m —qdm—1 + ...+
q4—q3 +Q3—Q2+|42|}}

> |byl|z|" 2 [!Z! - \bl—|{ —put P2+ P2+ an— a2+ a2l }
Hence |g(z)| > 0, provided

—Pnt+qn+p2— @2+ |p2| + 92|

vV pita;

This implies that all zeros of g(z) whose modulus is greater than 1 are lie in

|lz] <

—Pnt+qn+p2— @2+ |p2| + 92|
7| < :

Vpitas
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Since the zeros of g(z) whose modulus is less than or equal to 1 are already lie in

M<-m+%+m-%+@ﬂﬂ%|
B Vit

it follows that all the zeros of g(z) lie in

—Pnt+qn+p2— @2+ |p2| + 92|

Since all the zeros of g(z) are also the zeros of D, f(z) lie in

lz| <

< —Pnt+qn+p2— @2+ |p2| + 92|
B VpPita;

Thus all the zeros of D, f(z) lie in

m<—m+%+m—@+mﬂﬂwl
B Vit a3

In other words all zeros of Dy f(z) which does not lie in

o] < —Pn+qn+p22—Q2+|P2|+|CI2|
Patds
are simple, where Re(b,) = p;, Im(b,) = q, and b, = (t — 1)[tok,+ (n— (t — 1))ks—1]  for t=
2.3.4,...n.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] Abdul Aziz, Q.G. Mahammad, On the zeros of certain class of polynomials and related analytic functions, J.
Math. Anal. Appl. 75 (1980), 495-502.

[2] Abdul Aziz, Q.G. Mahammad, Zero free regions for polynomials and some generalizations of Enestrom
Kakeya theorem, Can. Math. Bull. 27 (3) (1984), 265-272.

[3] A.Joyal, G. Labelle and Q. I. Rahman, On the location of zeros of polynomials, Can. Math. Bull. 10 (1967),
53-63.

[4] Bairagi, Vinay Kumar, Saha, T.K. Mishra, On the location of zeros of certain polynomials, Publ. Inst. Math.,
Nouv. Sér. tome 99 (113) (2016), 287-294.

[5] C. Gangadhar, P. Ramulu and G.L. Reddy, Zero-free regions for polar derivative of polynomials with re-

stricted coefficients, Int. J. Pure Engg. Math. 4 (2016), 67-74.



ZEROS OF POLAR DERIVATIVE OF A POLYNOMIAL WITH COMPLEX COEFFICIENTS 1019

[6] G.Enestrom, Remarquee sur un théoréeme relatif aux racines de 1’equation a, + ... +ag = 0 oii tous les coef-
ficient sont et positifs, Tohoku Math. J. 18 (1920), 34-36.

[7] G.L Reddy, PRamulu and C.Gangadhar, On the zeros of polar derivatives of polynomial, J. Res. Appl. Math.
2 (4) (2015), 7-10.

[8] M.H.Gulzar, B.A.Zargar, R.Akhter, On the zeros of the polar derivative of polynomial, Commun. Nonlinear
Anal. 6 (1) (2019), 32-39.

[9] P.Ramulu and G.L Reddy, On the zeros of polar derivatives, Int. J. Recent Res. Math. Comput. Sci. Inform.
Technol. 2 (1) (2015), 143-145.

[10] S.KAKEYA, On the limits of the roots of an algebraic equation with positive coefficients, Tohoku Math. J. 2

(1912), 140-142.



