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Abstract. In this work, we study the error estimation of the function g € Hr(n> (r>1), where g is a conjugate

function of a 2z-periodic function g using Matrix-Hausdorff (TAp) product means of its conjugate Fourier series.
Our Theorem 1 generalizes four earlier known results. Several useful results in the form of corollaries have also

deduced from the main theorem.

Keywords: error estimation; generalized Holder class; matrix (7)) means; Hausdorff (Ay) means; matrix-

Hausdorff (T Ap) product means; conjugate Fourier series.

2010 AMS Subject Classification: 41A10, 41A25, 42B05, 42A50, 40G05, 40C05.

1. INTRODUCTION

In the past few decades, several researchers like [2, 4, 6, 8, 9, 10, 11, 14, 15] etc. have been
interested in obtaining the results on degree of approximation of the function belonging to Lipa.
and Lip (o, r) classes of using summability operators of conjugate Fourier series due to their

variety of applications in science and engineering.

In the present work, we obtain an error estimate of function g, conjugate to a function g (27-
periodic) in generalized Holder class H™ (r > 1) by Matrix-Hausdorff (TAy) product means
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of its conjugate Fourier series. In fact, we establish a theorem on the best error approximation
of conjugate function g of a function g (27-periodic) in generalized Holder class Hr(n) (r>1)
using Matrix-Hausdorff (T Ay ) product means of its conjugate Fourier series. Thus, Theorem 1

of the present paper generalizes the results of [4, 6, 14, 15] in view of Remark 6.

Note 1. The conjugate Fourier series is not necessarily a Fourier series for example: The series

cos(lx)

Togl is not a Fourier series [1].

Yo, Slll(l)gf) conjugate to the Fourier series Y ,

In view of the above example, a separate study, of conjugate series of Fourier series in the

present direction of work is very much required.

2. PRELIMINARIES

Let Y, c; be an infinite series having I'" partial sum s; = Y., _, cy.

Let T = (b ;) be an infinite triangular matrix satisfying the conditions of regularity [12], i.e.

(
Zﬁ':obl,j =1 as [— oo

) V j=20, b ;=0 as [—oo;

3 M>0 Y 120, Yol <M.

\

The sequence-to-sequence transformation

l
T ._ .
tl = Zblvjsf
j=0

!
= Y bjsi—
Jj=0

defines the sequence tlT of triangular matrix means of the sequence {s;} generated by the se-
quence of coefficients (b; ;).

If tlT — 5 as [ — oo, then the infinite series ) ;° ;¢; or the sequence {s;} is summable to s by
triangular matrix (7') [1].

A Hausdorff matrix H = (h; ;) is an infinite lower triangular matrix [5] defined by

() ATy, 0<j<t;

]’llJE
0, Jj>1,
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where the operator A is defined Ap; = p; — 1 and AT ;= Al(Ap)).
If tlAH = ):m:() hy mSm as | — oo then the series or the sequence {s;} is summable to the sum s by

the Hausdorff method (A method).

A Hausdorff matrix H is regular, i.e., H preserves the limit of each convergent sequence iff

[ 4@ <o
0

where the mass function & € BV[0, 1], £(0+) = &(0) =0, and (1) = 1. In this case, y; has the

representation

1
w= [ Fag(
[7].
Superimposing 7'- method on Ay method, (TAg) is obtained. TAy mean of the sequence {s; }

is given by

Z bz,] J

J
Z le Z hjysv.
j=0 v=0

If tlT Ay s as [ — oo, then {s;} is summable by the TAy means to the limit s.
Since T and Ay method are regular, then TAy method is also regular. This can be shown as
sp—8s = tlAH — s, as | — oo, since the Ay method is regular,
= T(tlA” )= tlT A _, s, as [ — oo, since the T method is regular,

= TApg method is regular.

Remark 1. TAy means reduces to

(l j+o¢ l)

(i) (C,0t)Ay or CqAp means when by j = <,+a> forall o > —1.
(ii) ( 7l+1)AH 0rH1/1+1AH means if by j = m.
(iii) (N, p1,q1)An or NpgAp means lsz i= TR R =X opja )
(iv) (N,p;)Ag or N,Ag means if by j = where P = ijopj, q=1.
(v) (N, p1)An or NyAy means ifb; ;= 71’ q=1VL
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(vi) (E,q1)Ag or E;Ay means if by j = (1+q), (j) g .
(vii) T(C,a) or TCq means if §(z) =15 lzj a>1.
(viii) T(E,q;) or TE, means if h; j = ( )(1+ T 0<j<l.
In above Remark 1 (iii), (iv) and (v), {p;} and {q;} are two non-negative monotonic non-

decreasing sequence of real constants.

Remark 2.
(i) (C,a)An or Cq Ay means further reduces to
(a) (C,a)(C, ) or CqCq means if §(z) =1 ‘L, a> 1.
(b) (C,a)(E,q;) or CoE, means if hj ; = ( )(1+q)“ 0<j<lI.
(c) (C,1)Ay or CiAg means if @ = 1.
(ii) ( %) Ap or Hy 1Ay means further reduces to
(a) (H 71+1) (C,a) or Hy /i1 \Co means if §(z) = 1= 7, a>1.
(b) (H, 1) (E.q1) or Hyj 1 Eq if b j = (| )(Hq),, 0<j<l
(iii) (N, p1,qi1)Ar or Ny ;Ag means further reduces to
(@) (N, p1,1) (C, @) o Ny oCoe means if €(z) =TI%, 21, > 1.
(b) (N,p1,q1)(E.q1) or Np 4Eq means if by j = (j)m, 0<;<L
(iv) (N, pi1)Au or N,Ay means further reduces to
(a) (N,p;)(C,a) or NyCo means if &(z) = H?‘:lzj, a>1.
. I=j .
(b) (N.pi)(E.q1) or NpEq means if by j = () s, 0< j <.
(v) (IV ,D1)Ag or NPAH means further reduces to
(a) (N,p;)(C,a) or NyCo means if €(z) = ?lej, o>1.
~ ~ . I=j .
(b) (N, p)(Esar) or NpEg means if by = (1) (0, 0< j <1
(vi) (E,qi)Ar or E,Ay means further reduces to
(a) (E,q)(C,a) or E,Cq means if &(z) = H?ZIZJ, o> 1.
. I=J .
(b) (E,q)(E,q1) or EqEq means if hyj = (}) {0 < j < 1.
(vii) T(C, ) or TC* means further reduces to
(a) T(C,1) or TC' means if a = 1.
(viii) T(E,q;) or TE, means further reduces to

(a) T(E,1) or TE, means ifq; =1V L.
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Remark 3.

(i) Above particular case (i)(b) in Remark 2 is further reduced to C1E;, CoE and CiE|
means for o =1,q, =1V 1and a =1, g =1V [ respectively.
(ii) Above particular cases (ii)(a) and (b) in Remark 2 are further reduced to Hy 141G and
Hy 11 E1 means for o =1 and q; = 1V [ respectively.
(iii) Above particular cases (iii)(a) and (b) in Remark 2 are further reduced to
(N,p1,q1)(C,1) and (N, p;,q;)(E, 1) means for & = 1 and q; = 1V [ respectively.
(iv) Above particular cases (iv)(a) and (b) in Remark 2 are further reduced to (N, p;)(C,1)
and (N, p;)(E,1) means for a« = 1 and q; = 1 V [ respectively.
(v) Above particular cases (v)(a) and (b) in Remark 2 are further reduced to (N, p;)(C,1)
and (N, p;)(E,1) means for « = 1 and q; = 1 ¥ [ respectively.
(vi) Above particular cases (vi)(a) in Remark 2 is further reduced to E,Cy, E\Cy and E1C)

means for o =1,q, =1V 1 and qg =1V I, &« = 1 respectively.
The space of the functions L is given by
2
L'0,2x] = {g: [0,27] —» R : / |g(x)|"dx < o, r > 1} :
0

The norm || - [[(,) by

1 [2= 1/r
{E/O |g(x)|rdx} ,r>1.

As defined in [1], 7 : [0,27] — R is an arbitrary function with 17(s) > 0 for 0 < s < 27 and
limg o+ n(s) =n(0) =0.

Now, we define

Hr(n) =19 g€L"0,2x] : sup g€, +9) —2()ll- <oo,r>1
s#£0 n(s)
and
() () lg(s4s) —g()llr.
ALY = = ,+su r> 1.
-l &l 2l S#g )

(n)

Clearly, || - ||£n) isanormon H, .
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Note 2. 1n(s) and x/(s) denote moduli of continuity of order two such that % is positive, non-

decreasing and

x(2m)
Thus,
HY cHY 1>
[1].
Remark 4.

(i) Ifn(s) = s* in HM HM implies H® class.
(ii) If n(s) =s%in Hr(n), H™ implies Hgy r class.

(iii) If r — oo in Hr(n), Hr(n) implies H™ class and Hg , implies Hy class.

The ;™ partial sum of conjugate Fourier series is defined as

. _ 1 [ cos (I+1)s
(&) =3 =5 [ R Rl e LN
2

The [-order error estimation of function g is given by

E;(g) = min||g—1]|,,

where ¢; is a trigonometric polynomial of degree / [1].

If E;(g) — 0 as ] — oo, the Ej(g) is said to be the best approximation of g [1].

We write

V(x,s) =g(x+s) —g(x—s);
Abyj=1byj—byjr1;
1 J (a+ %) )

1/ ,
& =gz Y b Y [ (1) ago AR

j=0 a=0
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3. MAIN THEOREMS

Theorem 1. If § € Hr(n) class; r > 1, then the error estimation of § by TAy means of its

conjugate Fourier series is

. log(l+1)+1 (7
|| TAH ~|| ):0 Og( + >+ g(s) ds ,
I[+1 A 52 x(s)

where T = (b ) is an infinite triangular matrix satisfying (1) and n, x are as defined in Note 2
provided

-1 1
@) L Al =0 (H—l)

\17
and
3) (l—{-l)bhl:O(l).
4. LEMMAS

Lemma 1. Under the condition of regularity of a matrix T = (b j),

. 1 1
TA
Kl H(S):O<;)f0r0<S<H_—1.

Proof. For 0 < s < using sin§ > £ and |cos/s| < 1, supy, |E'(z)] = N, we obtain

| (2)z—2yeag eslata)s

S1n bl

l+l’

J

R0 =YY |
a=0

J=0

=]

1 ¢ NN . cos (a+3)s
XY [ (D)en-or g
277:]—0 jagbo a 7%
Ly oy [ (D)0 -greag (a+3)
= — 1 “(1—z z)cos|a+ = |s
2sj:0 Ja:Oo a 2

=)
Q

1
cos (a—i— 5) )

J

C (=) dg ()

1
S ILEDY

0

(&)
srnx [ (J)ea-or e
(o)«

J 1

=]

j=0 a
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<ﬁib~f/1 7 11— 2y
— 2s by 0 a)® ¢ ¢

j=0  a=0

N { L N . ja
:2—S2bl7jsmce Z{)/O . 2 (1—z)/ %dz=1

i=0 a=

Lemma 2. Under the condition of regularity of a matrix T = (b j),

i 1 1
KTAH =0 —— — < s<T.
1) (s2(1+1))’forz+1—s—7r

Proof. For 1< < 7, sin(l+1)s < 1,sins > 2, supy-.-|E'(z)| = N and by Abel’s lemma,
I+1 2Z 7 0<z<1 y

we get
! /ol cos(a+l)s
@) NZb i/l D)1 - 2ydE (2)cos ((at 5
Py l’ja—() . z cosat5 )s

First we solve,

Zz)/ol (i)za(l —2)/79dE (z) cos (a+ %) s
ol [ ()5 o]

)
e[S [ (1) (12 st
() (72 se)

= (1—2z)’Re e? /

=Re {elﬁS/Ol(l—zﬁLze )sz]
= Re [eii‘/)l{lJr(efS—l)}dz]
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&)

From equation (4) and (5), we get

Lemma 3. Let g € Hy

(D) ly(,8)ll- = O(n(s));

ke [ ei(j-i—l)s_l
(j+1) <e%—e_7is>
[ pili+D)s _q
—Re|—
© (j+1)2isin$
Re _cos(j+1)s+isin(j+1)s—1}
2i(j+1)sin3
_osin(j+1)s
C2(j+1)sing’
KTAH sin ]+1)
by,
2( ]—l—l)sm2
N|{ 1
2 ;0 Mo+
Nr| 1
=2V —
N1 -1 J [ 1
=2 X (brj=brjr) Y ——+b ) ——
45| = agba%—l j;)ﬁ—l
Nr|i=] i ' ! '
S5 l,jZ + 01 Z—
4s*| 5 a—0at1 j=0J+1
N [1=] i P
< — Ab; i|+b —
<G | L ailtbu | s |3 75
Nr [1=] i
== | Y |Ab |+ by,
=" ]
Nz |

(m

452 |

,then for0 <s < m:

1859
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o(n(s))
(i) |w(-+2z,5)—w(-,9)|,=
o(n(z)).
(iii) If M(s) and x(s) are as defined in Note 2, then |y(-+ z,5) — W¥(-,s)|, =
o (x() (33))
([13], p. 93).

5. PROOF OF THE MAIN THEOREMS

5.1. Proof of Theorem 1.

Proof. The integral representation of s;(g;x) is given by

™ i+ L)
s e

51(8:x) — 8lx Y sin §

The TAp transform of s;(g : x), denoted by flTAH, we get
TA l
£ oM (x) —g(x) = Y brj (Hi(x) — &(x))
Jj=0

l J ; T 1
ST 3N (A P LAy A Sl e T
]_gobz,]{z (V)A Hy (27: ) V) s

v=0

= [ w5 R (5)ds
Let
i) =77 (0 —8) = [ W) K (5)ds
Then,
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Using generalized Minkowski’s inequality Chui [3], we get

T+ =T < [ I+ 29K 5)ds

(/+/ )nw +2,8) = W) LR (5) ds

I+1

(6) =Ji+ .

Using Lemmas 1 and 3 (iii), we have

I+ .
= [0 = Wl RS 5)ds

) =0<MM)

(8) —0 <L " x(|z!>sn(s))ds> |

Using (6), (7) and (8), we have

1T +2) =Tl (1 (7) L™ n(s)
©)  supt |Z|)l _0< IT 1g(l—|—1)>—|—0<l+1 )ds>.

ALos2x(s

x (747)

Again applying Minkowski’s inequality, Lemmas 1, 2 and 3 (i), we have

z#0 4 (

F ~TA ~
TGl = 11 ™ = &l

< (/*1+/ ) W) 1R (5) s

1+1

sl
(10) :0(n<%)log(l+l)>+0(%:n )

1861
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Now, we have

(11) T OIE = 1Tl r+sup

Using (9), (10) and (11), we get

=

i = a1 ) vo oLy [ 1)

+0 <log(l+ 1)

By the monotonicity of y(s), we have n(s) = @x(s) < )((%)M 0<s<m,we get

x(s) x(s
1
= 100 — 1 (1) L™ n(s)
(12) ()| =0|log(l+1 +0 ds | .
7)1 ( ( %(ﬁ)) (M 0
Since 1 and & as defined in Note 2, therefore
Un(gn) 1, n(mn)
| 2 I | 248z iy
l+1 e 4 +1%(z—1) A s 2% (1)
Then
1 n
X (7) I+1J1 s7x(s)

6. COROLLARIES

Corollary 1. Let § € Hig) ;57> 1and 0 < B < < 1.
Then

0 [1og(l+ De(l+ 1)ﬁ—a]
0 [(log(l+1)e)(log7r(l+l))]

TAy  ~

175 —8ll gy, =

[+1

if 0<B<a<l,

if B=0,00=1.
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Corollary 2. Following the Remark I (i), we obtain

Wby o0 _ o LHlog(l+1) ™ n(s)
[i7% Mr—0< T | ™)

Corollary 3. Following the Remark 1 (ii), we obtain

||,.H1/1+1AH ~||(%) _ O 1+10g(l+ 1) T n(S) ds
" [+1 152y (s) '

Corollary 4. Following the Remark 1 (iii), we obtain

||~NquH ~H£x):0<1+10g(l+1) n(s) ds).

I+1 1 s2x(s)

Corollary 5. Following the Remark 1 (iv), we obtain

NoAy i) _ o LHlog(l+1) ™ n(s)
7, gllr —0( o Lszx(s)ds .

Corollary 6. Following the Remark 1 (v), we obtain

~NAH i) L+log(I+1) [* n(s)
H — 8|l —0< I+1 Lszx(s)ds :

T

Corollary 7. Following the Remark 1 (vi), we obtain

[
g% = 0 (1“"%(”1) n(s) ds) |

I+1 1s2x(s)
Corollary 8. Following the Remark 1 (vii), we obtain

TCo () _ 1+log(l+1) (™ mn(s)
I~ —&l» —0( s M7 B

1+1

Corollary 9. Following the Remark 1 (viii), we obtain

~TEq 10 1+10g(l+1) T TI(S)
17, Mr—0< e ik

Remark 5.

1863

(i) Corollary 2 can be further reduced as Co E4 and Ci Ay means in view of Remark 2 (i)(b)

and (c) respectively.

(ii) Corollary 3 can be further reduced as Hy 1, 1Cq and Hy 1, 1 E4 means in view of Remark

2 (ii) (a) and (b) respectively.
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(iii) Corollary 4 can be further reduced as N 4Co and N, 4E, in view of Remark 2 (iii) (a)
and (b) respectively.

(iv) Corollary 5 can be further reduced as N,Cy and N,E, means in view of Remark 2 (iv)
(a) and (b) respectively.

(v) Corollary 6 can be further reduced as NpCa and Nqu means in view of Remark 2 (v)

(a) and (b) respectively.

(vi) Corollary 7 can be further reduced as E,Cq means in view of Remark 2 (vi) (a).

(vii) Corollaries 8 can be further reduced as TC means in view of Remark 2 (vii) (a).

(viii) Corollaries 9 can be further reduced as TE| means in view of Remark 2 (viii) (a).

Remark 6.

(i) If r — oo in H,(n) class, then H,(n) class turns down to HM class. Also putting 1(s) = s*
and x(s) = sB in Theorem 1, HM) class turns down to Hy, class. Then, by putting B =0
in Hy, class, Hy class turns down to Lipa. class.

(ii) In our Theorem 1, by putting (s) = s%, x(s) = sP in Hr(n) class, Hr(n) class turns down
to Hy , class. Then, by putting B =0 in Hy,, class, Hy , class turns down to Lip(a.,r)

class.

Remark 7.

(i) Using Remark 6 (i), putting b; ; = (lqu)l(j)ql_j and &(z) = H?ZIZ]., a > 1 in our

Theorem 1, then the result of Tiwari and Sharma [4] follows.

(ii) Using Remark 6 (i), putting b; ; = m(j)ql_j and h; j = HLI’ 0 < j<l!landin our

Theorem 1, then the result of Nigam [6] follows.

(iii) Using Remark 6 (ii), putting by ;= %,(i) and h; j = l%, 0 < j <l in our Theorem I,

then the result of Lal and Singh [14] follows.

(iv) Using Remark 6 (ii), putting b; ; = ~~,0< j<land b i = —— ! q' 7, in our The-

orem 1, then the result of Sonker and Singh [15] follows.

7. CONCLUSION

In this paper, we obtain the error estimation of the function g, the conjugate of a function g

in the Holder space Hr(n) (r > 1) by Matrix-Hausdorff (TAg) product means of its conjugate
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Fourier series. Since, in view of Remark 1, the product summability means Co Ay, H; /l+1AH’
Np.¢An, NpAg, NPAH, E,Ap, TCy and TE, are the particular cases of TAy product means.
Some useful results are also deduced in the form of corollaries from our theorem.

Some other studies regarding modulus of continuity (smoothness) of functions using more gen-
eralized functional spaces may be the future interest of a few investigators in the direction of

this work.
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