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Abstract. This article is concerned with hybrid implicit extragradient methods for variational inequality problems
with constraints of a family of nonexpansive mappings, and a system of variational inequalities. One analyzes the
convergence of the hybrid methods and obtains convergence theorems of solutions without the aid of compactness

in Hilbert spaces.
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1. INTRODUCTION

Throughout this work, one always suppose that H is a real infinite dimensional Hilbert space
and C is anonempty set of in H. Let S : C — H be a nonlinear single-valued mapping and denote
by Fix(S) the fixed-point set of mapping S, that is, Fix(S) = {x € C: x = Sx}. S is said to be
an asymptotically nonexpansive mapping if | 7"x — T"y|| < (14 6,)||x—y||, Vn > 1, x,y € C,
where {6,} C [0,+<0) is a sequence such that lim, . 6, = 0. In particular, 7 is said to be
nonexpansive provided that 68, = 0. S is said to be an averaged mapping if it can written as
S = (1 —a)l+ aR, where o € (0,1) is a real constant, / is the identity mapping of H and
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R : C — C is a nonexpansive mapping. Recall that the classical monotone variational inequality

problem (V1) is to find x* € C such that
(1.1) (Sx*,x—x*) >0, VxeC.

The set of all solutions the inequality is denoted by VI(C,A). From the viewpoint of compu-
tation, lots of authors are concerned with robust iterative algorithms for solving the variational
inequality in infinite dimensional spaces; see, e.g., [1, 2, 3,4, 5, 6, 7]. Among these fast iterative
algorithms, algorithms of extragradient type introduced and studied by Korpelevich [8] are un-
der spotlight of many investigators since they are efficient for non cocoercive mappings. Recall
that S is called monotone if (Sx — Sy,x —y) > 0, Vx,y € C. It is called 1n-strongly monotone if
(Sx — Sy,x —y) > n|jx —y||%, Vx,y € C, where i > 0 is real number. Moreover, it is called -
inverse-strongly monotone (or a-cocoercive) if (Sx —Sy,x —y) > a||Sx — Sy||?, Vx,y € C, where
o > 0 1s a positive number. Obviously, each inverse-strongly monotone mapping is Lipschitzian
monotone, and each strongly monotone and Lipschitzian mapping is inverse-strongly monotone
but the converse is not true. Let By,B; : C — H be two nonlinear single-valued mappings. One

considers the following system of finding (x*,y*) € C x C such that

(1.2) (Biy*+x*—y*,x—x*) >0, VxeC,
(Box*+y* —x*,x—y*) >0, VxeC.
This system include several problems, such as, variational inequality problems, comple-
mentarity problems, convex quadratic programming and fixed-point problems; see, e.g.,
[9, 10, 11, 12, 13, 14]. In particular, if B; = B, = S and x* = y*, then problem (1.2) become
the classical variational inequality (1.1), which solution set is denoted by VI(C,A). Note that,
problem (1.2) can be transformed into a fixed-point problem in the following way.
Recently Cai et al. [12] introduced a viscosity implicit sequence {x,} for solving a hierarchi-

cal variational inequality (HVI) over the common solution set Q = GSVI(C,B,B,) NFix(T)

of the system (1.2) and the fixed-point problem of T
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Un = SpXn + (1= $p)Yn,
zn = Po(un — o Bouy),
Yn = Pc(zn — H1B1zs),
Xn1 = Pelof(xn) + (I — aupF)T"y,]  ¥n >0,

\

where ;€ (0,2a), 1 € (0,2f) and {0, }, {s,} are sequences in (0, 1] such that lim,_. % =
limy e 0 =0, 3, Oy =00, 3,7 | Q1 — Oty | < oo, Yo ||Tn+1)’n —T"yu|| <o0,0<e<s, <1
and Y| |sp+1 — Sp| < oo. They established a solution theorem in norm. Recently, lots of
authors investigated the common solution with the aid of nearest point projections under mild
conditions; see, e.g., [15, 16, 17, 18, 19, 20].

On the other hand, common fixed-point problems, which find more applications in signal
processing and image reconstructions, are now under spotlight of researchers. Let {T,}i\; | be
N nonexpansive mappings on H such that the common fixed-point set Q = ﬂf.\[: (Fix(T;) is not

empty. In 2015, Bnouhachem et al. [13] introduced the following iterative algorithm

Vn = Buxn+ (1= B)TNT_| - T{'%n,

Xnt1 = P f(Vn) + YnXn + (1 = Yo)I — 0uuF)y, Vn >0,

where T = (1 — 1)1+ 8iT; and 8} € (0,1) fori=1,2,...,N,0 < p < 2} and 0 < p < ¥, with
v =pu(n— L) limsup, ,..7% < I, liminf, ,e% > 0, lim, |81, — 8| = limy o0 0ty = 0,
Yo g0y =oo, {B,} C[0,1) and lim, .. B, = B < 1. They proved the strong convergence of
sequence {x,}. The limit of {x,} also solve a monotone variational inequality with contractive
mapping f. For the works on the iterative methods for common element problems, one refers
to [21, 22, 23, 24, 25, 26] and the references cited therein.

The purpose of this work is to introduce and analyze hybrid implicit extragradient methods
for solving variational inequality problems with constraints of a family of nonexpansive map-
pings, and a symmetrical system of variational inequalities. One analyzes the convergence of
the hybrid methods and obtains convergence theorems of solutions without the aid of compact-

ness in Hilbert spaces. One also solves common fixed point problems of nonexpansive and

strictly pseudocontractive mappings in Hilbert spaces.
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2. PRELIMINARIES

One lists some essential tools for the proof of our main results.
In this case, we say that 7" is o-averaged. It is easy to see that the averaged mapping 7 is also

nonexpansive and Fix(7T') = Fix(R).

Lemma 2.1. [13] If the self-mappings {T,}f[: | defined on C are averaged and have a common
fixed point, then NY_ | Fix(T;) = Fix(T1 Tz - - Ty).

Lemma 2.2. [27] Let {a,} be a sequence of nonnegative real numbers satisfying the conditions:
anr1 < (1 = Ay)an + XY Vi > 1, where {A,} and {y,} are sequences of real numbers such
that (i) {A,} C [0,1] and ¥, Ay = oo, and (ii) limsup,_,, Y, < 0 or Y=, |A,Ya| < oo. Then

lim, yeoa, = 0.

Lemma 2.3. [28] Let A € (0,1], T : C — H be a nonexpansive mapping, and the mapping

T* : C — H be defined by T*x := Tx — AuF (Tx) Vx € C, where F : H — H is k-Lipschitzian

2
K2’

THx — T’ly|| <

and mn-strongly monotone. Then T* is a contraction provided 0 < U< ie.,

(1=A7)|]x—y| Vx,y €C, where T=1— /1 —pu(2n — ux?) € (0,1].

Lemma 2.4. Let the mappings B1,B; : C — H be a-inverse-strongly monotone and B-inverse-
strongly monotone, respectively. Let the mapping G : C — C be defined as G := Pc(I —
Wi1B1)Pe(I — wBy). If 0 < uy <20 and 0 < pp <2, then G : C — C is nonexpansive.

Proof. Since Bj is a-inverse-strongly monotone and B; is -inverse-strongly monotone, one
has
(7 = 1By )u— (I = uB)V||* < || —v||* =241 (u — v, B, — B1v) + 17 || B, — B1v||*
< llu—v|?* = i (20— 1) ||By — Byv|?
2
< Ju—=vl*.
On finds that I — u1B; is nonexpansive, so is / — UpB;. This shows G : C — C is nonexpansive.

0

Lemma 2.5. [29] Let X be a Banach space which admits a weakly continuous duality mapping,

C be a nonempty closed convex subset of X, and T : C — C be asymptotically nonexpansive such
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that Fix(T) # 0. Then I — T is demiclosed at zero, i.e., if {x,} C C converges weakly to some
x € C, and {(I —T)x,} converges strongly to zero, then (I —T)x = 0, where I is the identity

mapping of X.

Lemma 2.6. [30] Let T : C — H be a {-strict pseudocontraction. Define S : C — H by Sx =
ATx+(1—A)xVx€C. Thenas A € [£,1), S is a nonexpansive mapping with Fix(S) = Fix(T).

3. MAIN RESULTS

In this section, one always let the feasible set C be a convex and closed, and assume that the
following condition hold.

T : C — C is an asymptotically nonexpansive mapping with {6,} and {7;}}¥ | are N non-
expansive self-mappings on C, and By,B; : C — H are a-inverse-strongly monotone and f3-
inverse-strongly monotone, respectively.

Q=  Fix(T;)NGSVI(C,By,B,) # 0, where Ty := T, GSVI(C, By, B,) := Fix(G) and G :=
Pc(I — uyBy)Pc(I — HpBy) for constants uy € (0,2a) and up € (0,28) and F : C — H is k-

Lipschitzian and n-strongly monotone such that v§ < 7:=1—+/1—p(2n —p«k2) for v >0
and p € (0,%21).

T :=(1—8)I+ 8T where §! € (0,1) Vn>1,i=1,2,...,N.

{sn} € (0,1] and {e, },{Bn}, {7} C (0,1) such that

) o+ <1Vn2>1,

(i) X g O = 00, limy,yeo Oy = 0, Y771 [ Qg1 — O] < 005

(iii) lim,, oo @+ = 0, X5y, |5

11— i <eofori=1,2,..,N;

(V)0 <& <sy <1, X5 [Sns1 — Sn| < oo
V) {Bn} Clo,1), 0 <limy e B =B < 1, X7 | |But1 — Bul < oo
(vi) 0 < liminf, e Y <limsup, % < land ¥ | [Yt1 — Yu| < oo.

Theorem 3.1. labelthl For any given x| € C, let {x,} be a sequence generated by

in = PC(I_HIBI)PC(I_NZBZ)(Snxn+ (1 _Sn)Zn)7
Yn = Buxn + (1 - Bn)Tl\r/LTIG—l T Tan’H
Xn+1 = PC[anvf(xn) + YuXn + ((1 - ')/n)l— Oton)Tnyn] Vn > 1.
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Then x, — x* € Q provided Y°_, | Ty, — T"y,|| < o0, where x* € Q is a unique solution to

(PF—v[f)x",p—x") >0Vp e Q.

Proof. Set u, = sux, + (1 —s,)z, and v, = Pc(I — UpBy)u,. From our conditions on the pa-
rameters, one may assume, without loss of generality, that {y,} C [a,b] C (0,1) and 6, <
M Vn > 1. Hence

ocnv5+yn+(1—yn—anr)(l+9n)gl—an(r—v5)+8n§1—M.

Observe that G : C — C is defined as G := Pc(I — w1 B1)Pc(I — upBs), where u; € (0,2¢) and
U € (0,2f). Lemma 2.4 shows that G is nonexpansive. It can be readily seen that there exists a
unique element u,, € C such that u, = s,x, + (1 — s,)Gu,. So, the hybrid implicit extragradient
method can be rewritten as

up = Spxn+ (1 —s,)Gup,

Yn = Buxn+ (1= B)TNTy_y -+ T{' Gutn,

Xnt1 = Pelanvf(xn) + Yuxn + (1 = y) — 0,pF)T"y,| Vn> 1.

One claims that Po(vf +1 — pF) is a contraction. An application of Lemma 2.3, we have

[Pa(Vf+1—pF)x—Pa(Vf+I—pF)y| <V f(x) = O+ —pF)x—(I—pF)y|
<VO[lx—yl[+ (A=) lx =yl = [1 = (r=vd)]lx—y[| Vx,y € C,
which implies that Po(vf+1— pF) is a contraction. So, x* = Po(vf+1— pF)x*. Thus, there

exists a unique solution x* € Q = NY Fix(T;) NGSVI(C,B;,B,) to
(PF =v)x",p—x") >0 VpeQ.

Next, we divide the rest of the proof into several steps.

Step 1. We show {x, } is bounded. Indeed, taking an arbitrary p € Q,onehasGp=p, Tp=p
and T;p=pfori=1,...,N. Since G : C — C is nonexpansive, one obtains from that ||u, — p|| <
Sn|l%n — p|| + (1 = su)||un — p||. Hence ||u, — p|| < |[x, —p|| Vn> 1. Then, according to the

relationship N, Fix(7;) = N Fix(7") = Fix(T3T%_, -+ T]"), we get from Lemma 2.1 that

yn=pll < Ballxn = pll+ (1= B) I TR Ty -+ T{'Gun — p||
< Bulln = pll + (1 = Ba) | Gutn — |

< lren = pl-
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Since o, + 7%, < 1leads to 0 < 12’341 <1, from Lemma 2.1, we have
X1 = pll - < N0w(Vf () = PFP) + Ya(xn = p) + (1 = ¥a)I = 0 F)T"yn

—((I=m)l = opF)pl|
< 0 V8|0 = pll 4 0wl |(Vf = pF)pll + Yallxn —
(U= )|~ 1% pF )Ty, — (I~ 1% pF)p)
< 0V 8||xn = pll + 0wl|(v.f = pF)pl|
%0 = pll 4+ (1= % — 0 T)(1+ 6,) [va —
<[ VS + Y+ (1 =% — & T) (1 + 6,)][lxn — pll + aul|(v.f — pF)pl|

n(T—VO W (T—VO) 2 —pF
<1 - BTV ) lEv8) 20 pFp|
2 —pF
< max{H0LPERL 5 pll3.

By induction, we get ||x, — p|| < max{w, |x; — p||}- Thus, {x,} is a bounded vector

sequence.

Step 2. We show that x,, — x,..1 — 0 and y, — y,+-1 — O.

Indeed, we estimate

[Ynt1 = yall

= 10 =BT Ty T g = TR T'2)

—(Bus1 = BT T T it + Bt — xn) + (Bakt — Ba) X1 |
< Bulltnsr —xall + (1= BTy Ty T g = TRTR_ g T2
HBurt = Bulllonr = T TN T 2|

< Bl =l + (1= Ba)lllzn1 = zall + 1T Ty T e = TRy T zna ]

‘Hﬁlﬂ—l —ﬁn\l\an - TNn+1T1\r]li—i e T1n+lzn+l H
It follows from the definition of Tl.’1+1 that

| T2n+] T1n+]zn+l —I'T'zZn1 |
<| Tan T1n+]zn+1 - Tan T zn1 || + ||T2n+] I{'zps1 — T 211 |
< ||T1n+]zn+1 —T{'zpt1 ||+ ||T2n+] 'zps1 — I T Zn1 |

< 18101 = Sa (et | + 1 Tazns1 ) + 18711 = G (1T 21 | + I 12T 201 ),
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from which it follows that
n+1on+1pn+1
H T3 Tz T1 Zn+1 — TnTnTnZn+1 H

<N 21 = T Tz || +11(1 - T Zn 11

S )T3
+6;+1T3T2nTan"+1 - (1 o 53)T2nTann+1 - 63 I TznTann+1 H
<181 = &l Uzt 1+ 1Tz D) + 87 — &7 T{'zn1 |
HIBT 2 ) +187 1 = S BT zn1 | + BT T 201 )

By induction on N, we have

||TNn+1Tni_l - T"'Hzn_H — T"Tanl T TnZn—H ”

<18} 1 = 8 ane |+ 1Tzt )+ 182, — ST aner ||+ 1 TaTf i )
ot 180 = AT Tz [ ITNTR Tz ).

Since Yoo | YN |87 — 6. ,| < oo, one asserts that

S‘i‘f{z (T Tz | + I BT Tz )} < Mo for some Mo > 0,
n i=

with Ty := 1, and hence
b ° N . .
YA T T i =TTy Tz (| <Y Y 18041 — 81 1Mo < oo,
n=1 n=1i=1

On the other hand, since a, + 7%, < e deduce that

42 =1l < @1V (1) = @V f () + (1= Y1) = O 1 pE)T g
—((L =9I = 0up F)T"yn + Yot 1 %41 — Yo
= [0t V(f (1) = () + (L= e [(I = 1255 pF) T sy
~(I = {2 pF)T"yy] + (Gt — ) (V. (xn) — PFT"yy)
+ (Y1 — ?’n)(xn = T"n) + Y1 (Xng1 — ) |
< 01 V81X 1 = Xnll 4 (1= Y1 = 01 T) (14 B 1) Va1 =yl
HINT" oy = Tl + (|01 = Ol + Va1 = DM+ Vst [ 1 — 250

where sup,1{||Vf(x:) = PFT"y,|| + |[x, — T"ya||} < M for some M; > 0. Also, we observe

that

”Zn—H _ZHH < ||sn+1xn+1 + (1 _Sn—i-l)zn—i-l — SnXn — (1 _sn)ZnH

< Snttlntr =2l + (1= sns 1) [zn1 = zall + Isnt1 = sl [l = 2all,



1058 CIAN S. FONG

which immediately yields ||z,+1 — za|| < [|xne1 — Xnl| + w |lx» — z4||. From thees estima-

tions, one has

[¥n+1 = yall

< Ballxast = %all + (1= Ba) a1 — ]| + Bl ey — 2 || 4+ | TR T T
—TNTY 1 Tz ]+ | Brer = Bl IXn1 — TIGHTN"J:% e TI"Han I

< oen1 = xall + (ISt = Snl =+ [ Bav1 — Bal)M2 + ||TNnHT1\r;ﬂ “'TlnHZnH

—INTY 1 Tz s
where suanI{w + |Jon = TRTE -+ T{*zn||} < M, for some M, > 0. Further, one also has

Hxn+2 —xn+1||

< [@n1VO + Va1 + (1= Yot — 01 T) (1 + Ot 1)] X1 — X

(1= Yar1 — Ot 1 T) (1 + O 1) [(ISnr1 — S| + [Bus1 — Bul) M2

HTH T T 2 = TRTR - Tz ]

HNT 1y =Tyl 4 (|01 — Gl + [Vt — Y )M

< 1= 2=yt — x|+ Mo (51 = 5ul + |Bust — Bal) + (st — a1

+|7n+1 - Yn|)Ml + ||T1</l+]TNni_1l "'T1n+lzn+l - T]GT]G,l : "TanrH—l H + HTn—HYn - TnynH'
Since {M} c[0,1], o, M = o0, and
Z [Mo(Isn1 = sn| 4 [Bat1 = Bal) + (|Qas1 — 0| + [Yar1 — 1l ) M1
n=1
+||T](/1+1TNnj% e T1n+12n+1 —TNTy_ T1n2n+1|| + ||Tn+1yn —T"yull] < oo

and the assumptions (ii), (iv), (v), (vi)), applying Lemma 2.2, we conclude that ||x,; —x,|| — 0

as n — oo. S0, ||ynr1 —ya|| = 0asn — oo.

Step 3. We show that x,, — Gx,, — 0.
Indeed, we denote g := Pc(p — U2Bap), and note that v,, = Po(u,, — U Bouy,) and z, = Pc (v, —

H1B1vy). Then 2y = Gun, [[va — g1 < llun — plI* — 12(2B — 12) | Boun — Bap|* and ||za — p|* <

Ve —¢ql|*> — 1 (2t — 1) ||B1vn — B14||*. These two inequalities lead to

lzn = P11 < llx = pII* — 12(2B — w2) | Battn — Bop||* — 1 (20 — )| Brva — Brg .
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Let w,, := 04,V (%) + YuXn + (1 = )] — 0, F)T"™y,,. From the convexity of || - ||?, we obtain

41 = PI* < la(Vf (in) = PFT"yn) + Y (xn — p) + (1= %) (T — p)|I?

< Yalben — I + (1= %) I T"yn = pII* + 200 (v f (X1) = PFT" Y, W — p)

< Yallen =PI + (1 =3 [Bulbn — I + (1 = Bu) lzn — P11 + 0u(2+ 64) |y — pII’]

+20,(Vf(xn) — pFT"yp,wy — p)

< Jln = pIIP = (1= %) (1 = Ba) [12(2B — p12) | Boun — Bop||* + 1 (200 — 1) | Bivn — Brg|?]

+62(2+ 64) lyn — P> + 200 V.f () = pPET"yull[[wn — p|

< Jln = pIIP = (1= %) (1 = Bu) [12(2B — p12) | Boun — Bop||* + 1 (200 — 1) || Bivn — Brg|?]

+6,(2+ 6,)M3 +20,Ms3,

where sup,~  {[[ys» — pl|* + [V (xn) — PFT"yn|[wn — p||} < M5 for some M3 > 0. This imme-
diately yields

(1=%)(1 = B)[2(2B — t2)[|B2ttn — Bapl|* + p1 (20t — 1) | By — Big||?]
< = plI* = [[xas1 = plI* + 62(2+ 6,)M3 + 20,M5
< (Ien = pll + 101 = PID X0 = Xng1[| 4 6n(2 4 6) M3 +204,Ms3.
Since u; € (0,2a), wp € (0,2B), limy, e &, = 0, lim,_,00 6, = 0 and liminf, (1 —%,)(1 —

Bn) > (1=5b)(1— ) > 0, we obtain from x,, — x,+; — O that
lim [|Bauy, —Bapl| = lim [[Biv, —Big|| = 0.
On the other hand, one has
2llzn = pI? < 2p111B1g = Buvallllzn = pll +11va = qll* + llzn = pI* = [[va — 20+ p = qll?,

which implies that

lzn = P11 < 201 1B1g = Buvallllza = pll + [[va = ql1> = Ve — 20+ p — >
Similarly, we obtain

1vn = qll* < 2u2l|B2p — Bown[[|vn = gl + llun = plI* = |t — va+ 4 — p|>

and
lza—pII* <%0 —plI* = lltn — v +q— Pl = |va —2u+ p — q?

+201(|Brg = Bivallllzn = pll + 202 B2p — Bautn||[[ve — 4l
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These lead to

X011 = PlI* < Yl =PI+ (1= 1) [Ballxn — pII* + (1 = Ba) llza — pII?
+62(2+6,) lyn — P17+ 206 (V. (xn) = PFT"yn, W — p)

<|lxn = plI* = (1= %) (1 = B) ltn — va+ g — plI> + v — 20+ P — qI*]

+2p1[|Big — Bival|llzn — pll + 2142(|B2p — Bauy||[|ve — 4|

+60,(2+ 6,y — pII* + 20|V (x2) = pF Ty W — p

<|lxn = plI* = (1= %) (1 = B) lltn — va+ g — plI* + v — 20+ P — qI*]

+2u1[|B1g — Bivallllza — pll + 22(|B2p — Boun|||[ve — gl| + 64(2 + 6,) M3 + 206, M.

This yields that

(1 =) (1= Bu)[llun —va ‘i‘q_sz“‘ Vi — 2n +p—qH2]
< ([}xn = pll + l[xn41 = PID%n — X1 || + 2011 [ B1g — Byval|l|lza — p|
—|—2[,L2”sz—BzI/th an —qH + 9,,(2—}— 9,,)M3 —|—2(XnM3.

Since lim,,c 0, = 0, lim, e 6, = 0 and liminf,, (1 —7%,)(1 —B,) > (1 =b)(1 —B) > 0, we

infer x, — x,+1 — 0 that lim, e ||t — vy, +¢ — p|| = 0 and lim, o ||V — 2, + P —¢|| = 0. So it

follows that ||u, — Guy,|| = ||un — zn|| < ||t =V +q— Pl + [[va — 20+ P —¢q|| = 0 as n — ).
Since ||up — zn|| = ||$Snxn + (1 = $p)zn — zn|| = Sul|xXn — zn|| implies
%0 — zn|| = L] < ] =0 (n— o),
Sn €
we have |[u, — X,|| = [|snxn + (1 = sn)zn — x| = (1 = sp) ||z — xn|] = 0 (n — oo), which attains

Hxn_Gan < Hxn_”n”+||”n_G”n||+”G”n_Gxn|| < 2Hxn_un||+””n_G”n” —0 (”_>°°)

Step 4. We show that x, — TyTy_, -+ T{'x, — 0 and x,, — Tx, — 0.

Observe that

yn =PI = 1Bu(n = p) + (1= Ba)(THTR_ -~ T{'zn — P)|?
< Bullxa = pII* + (1= B llutn = pII* = Bu(1 = Bu)lln — THTH_y -+~ T{'zu
< Jn = pIIP = Ba(1 = Bu) loew = TH TR+~ T'za?,
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which yields

X1 =PI < Yalln = pIP + (1= %) [lyn — PII* + 62(2+ 6a) [lyn — pII*]
+204, (V£ (x) — PET"Yn, Wy — p)

< ||xn _p||2 - (1 - Yn>ﬁn(1 - Bn) Hxn - T]GT]G—l U TannHz + 9,,(2-1— Qn)M3 +2anM3-
This immediately implies that
(1= %) Ba(1 = Ba) lxn — TRTH_y -+ T{'zn|?
< ([lxn = Pl + |01 — Pl |20 — Xnpe1 || + 62(2 + 6) M3 +206,M5.

Since limy, 0 04, = 0, limy, 00 6, = 0 and liminf, (1 —7,) B, (1 —B,) > (1 =b)B(1—B) >0,

we infer from x, — x,4+1 — O that lim,_e ||x, — TYT_; - - T{"z4|| = 0. We observe that ||y, —
Xnll = (L= B)ITNTY 1 -+ T'zn — Xn| and

[ben =TTy T

< = INTR 1 Tl TRTR g - T2 = TNy Tl

< ben =TTy - Tzl + 120 — %l

Hence, limy,—seo |[yn — Xu || = im0 || X0 — TH T - - - T{"xp|| = 0. We also note that ||x, — 7"y, <

[en = X1 |+ Gl V.S (6n) = PET "yl + Yalln — T"yn |, which yields

b = T"yull - < 125 11n = Xn |+ Gl VI () = pFT"yull] 0 (= o0).

Consequently, we obtain from the above two inequalities that

[y = T"yull < llyn = xall + [0 = T"yal| = 0 (1 = o).

In view of this and Y |77+, — T"y,|| < oo, we get

yn = Tyall < lyn—=T"all + | T = Ty || + [Ty — Ty

< (2400 lyn = T"yull + 1T 0 = Ty = 0

(n — o).
which implies that as n — oo,

10 = Txnll < ot = nll - [1yn = Tyall + 1 Tyn = Txull < (2+ 61)lxn — yull + llyn = Tyul| = 0.
Step 5. We show that

limsup(vf(x") — pF (x"),x, —x*) <0,

n—oo
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where x* = Po(Vf+1—pF)x*.

Indeed, there exists a subsequence {x,, } of {x,} such that

limsup(vf(x*) — pF(x*),x, —x") = lim (vf(x*) — pF (x"),x,, —x").

n—yoo k—soo
Since {x,} is a bounded sequence in C, one assumes that x,, — X € C. Also, since G:C — C is
nonexpansive and T : C — C is asymptotically nonexpansive, utilizing Lemma 2.5 and x,, — X
that X € Fix(G) NFix(T) = Fix(T) NGSVI(C, B}, B). Now, let the mapping W : C — C be de-
fined as Wx := Bx+ (1 - B)TTy_, --- T{'x, with 6 < B < 1. It follows that W is a nonexpansive

mapping and Fix(W) = NY_ Fix(T;). Noticing [|[Wx, —x,|| = (1= B)||TRTE -+ T{'xn — xp |, we

get limy,_ye ||x, — Wi, || = 0. Utilizing Lemma 2.5 again, we deduce from (I —W)x, — 0 and
Xn, — X that X € Fix(W) = n¥_, Fix(7;). Consequently, X € NY_Fix(7;) N\GSVI(C,B;,B;) = Q.
Therefore

limsup(vf(x*) — pF(x*),x, —x*) = Hm(vf(x*) — pF(x*),x,, —x*)

n—oo k—so0
= (Vf(x") =pF(x"),x—x") 0.
So it follows from x,, — x,4+1 — 0 that limsup,_, . (Vf(x*) — pF (x*),x,41 —x*) <O0.
Step 6. We show that x,, — x*.

0, (T—V§)
2

Indeed, since 0, vé + %+ (1 — % — 0, 7)(1 +6,) < 1 — Vn > 1, it follows from

Xn+1 = Pcwy, that

1 = X2 = (o1 = Wiy X1 = %) + (Wi = X%, X041 — x%)

< (W= X" gy —X)

< [0V |xn — ||+ Yalxw — x| + 1((1 = %)] — Cup F) Ty,

(1= ) — P F )" |1 — 27|+ 0 (V. — PF)X* g1 — x°)

[0V 8w — |+ Yol — 2%+ (1= %) (1 = 1%-2) (1 + 6) [y — 2 )41 — 7
+06{(VF — PF)x* g1 — x°)

(1= YOy — x|t — x|+ (VI — PF)X* 21 — )

3

n(T—VE
< 31— YOy — |24 Eflws = X2 (V= P X1 — ),

IN

IN

which hence yields

* n\l1— 0 * * *
i1 =212 < (1= S gy — |+ 20 { (v = pF )X g1 =)

n(T—V n(T—V3) 4 —PF)x* Xy —x"
:[1_w]|‘xn_x*”2+a(fzv ) Hvf pfzxvsxﬂ X
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Applying Lemma 2.2, we conclude that ||x,, —x*|| — 0 as n — 0. This completes the proof. [

Remark 3.1. Compared with the corresponding results in Cai et al. [12], Bnouhachem et al.
[13] and Ceng and Wen [14], our results improve and extend them in the following aspects. The
mappings are extended from nonexpansive mappings to asymptotically nonexpansive mappings.
The signal variational inequality is extended to the system of variational inequalities. Our
algorithm, which more robust and efficient, is based on a viscosity descent method, which link
our problem with another monotone variational inequality with mapping f. In addition, there

is no compact assumptions and the restrictions are much mild.

Under the conditions of Theorem 1, one can show that the sequence {x,} generated by

r
Uy = SpXp + (1 - Sn)Zna

zn = Po(I — 1 B1) Pc(un — PoBauy),
Yn = BuXn + (1 - Bn)TNnTA’ilfl T Tanm
Xnt1 = P[0V f(xn) 4 YnXn + (1 = Y)I — 0upF)(ETyn 4+ (1= C)yn)] Vn2>1,

converges to x* € Q = NY Fix(T;) NGSVI(C,B;,B,), where x* € Q is a unique solution to the
((pF —vf)x*,p—x*) >0Vp € Qinnorm.

Let the mapping S : C — C be defined by Sx := {Tx+ (1 —{)xVx e C. Then A = € [{,1)
and T : C — C'is a {-strict pseudocontraction. By virtue of Lemma 2.6, we know that S : C —
C is a nonexpansive mapping with 6, = 0 and Fix(S) = Fix(T). In this situation, the above

iterative scheme can be rewritten as

.
Up = SpXn + (1 _Sn)zna

zn = Pc(I— 1 By1)vy = Pe(uy — WaBouy),
Yn = ﬁnxn + (1 _Bn)TﬁT]G_l te Tlnzru

[ A+l = Pcl0nV f (xn) + YaXn + (1 = V)l — 0upF)Sy,]  Vn > 1.

By the similar arguments to those in the proof of Theorem 3.1, we can obtain the desired result.
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