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Abstract. The partial complement of a graph G with respect to a set S is the graph obtained from G by removing
the edges of induced subgraph (S) and adding edges which are not in (S) of G. In this paper we introduce the
concept of distance energy of connected partial complements of a graph. Few properties on distance eigenvalues
and bounds for distance energy of connected partial complement of a graph are achieved. Further distance energy
of connected partial complement of some families of graphs are computed.
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1. INTRODUCTION

Let G be a graph with n vertices and m edges. Let A = (a;;) be the adjacency matrix of G.
Then |A — AI| = 0 is called characteristic equation of G. The eigenvalues A,A,,...,4, of A,
assumed 1n non increasing order, are called eigenvalues of G. As A is real symmetric matrix,

the eigenvalues of G are real with sum equal to zero. The energy of G [3] is defined to be sum
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of absolute values of the eigenvalues of G. i.e., E(G) = )n: |Ai|. For all terminologies we refer
[1,2,5]. -

Recently Fedor V. Fomin et.al introduced partial complements of graph [4].

Let G = (V,E) be a graph and S C V. The partial complement of a graph G with respect to
S, denoted by G & S, is a graph (V, Es), where for any two vertices u,v € V, uv € Eg if and only

if one of the following conditions hold good:

(HDu¢Sorve¢ Sanduv € E.
(2) u,veSanduv ¢ E.

Definition 1.1. [12] Let GE S be partial complement of a graph G with respect to S. The partial
complement adjacency matrix of G® S is n x n matrix defined by A,(G® S) = (a;j), where

p

1, ifviandv; are adjacent with i # j

aij=431, ifi=jandv;eS

\0’ otherwise.

Definition 1.2. Let G & S be a connected partial complement of a graph G with respect to
S. Then partial complement distance matrix of the graph G & S is n X n matrix defined by
D,(G®S) = (d;j), where

1, ifi=jandv; €S
d,'j:

d(vi,vj), otherwise.
Characteristic polynomial of distance partial complement of a graph G is defined by
0{D,(G®S)} =|Al—D,(G®S)| and distance partial complement energy of G® S is denoted
n
by DE,(G®S), is defined as Y, |A;
i=1
GoDS.

, where Al's are distance partial complement eigenvalues of

The distance matrix has found a considerable use in other areas much less mathematical
than applied mathematics [10], physics or chemistry such as [11] anthropology, archeology,
genetics, geology, history, ornithology, philology, psychology, sociology, etc. The origin of

distance matrix may be traced back to very first paper of Cayley. However, this matrix was first
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introduced in rudimentary form by Brunel in 1895. The distance matrix is used in chemistry in
explicit and implicit forms [11]. The earliest explicit use of the distance matrix in chemistry is
work by Clark and Kettle in 1975, although in biochemistry it was used in disguise somewhat
earlier in 1971. Mihali¢ et al.[9] gave an overview of the use of the distance matrix in chemical
graph theory.

A,(G®S) is adjacency matrix of a partial complement of G by attaching a loop of weight +1
to each of its vertices belonging to the induced set S. Graphs with loops are natural represen-
tations of heteroconjugated molecules, and have been much studied in chemical graph theory.
Loops of weight +1 are just the graph representation of nitrogen atoms. Matrix D,(G & S)
defined in this article may have some applications in chemistry or other subjects in future.

For more information on energy of graph we refer [6, 7, 8, 13]. The paper is organized as
follows. In section 2, properties of distance energy of connected partial complementary graphs
are achieved. In section 3, bounds for distance energy of connected partial complementary
graphs are established. In section 4, distance energy of some families of connected partial
complementary graphs are computed. Partial complements of graphs need not be connected
always. Since distance matrix is defined only for connected graph, throughout the paper we

consider only connected partial complements of graph.

2. PROPERTIES OF DISTANCE ENERGY OF CONNECTED PARTIAL COMPLEMENTARY

GRAPHS
Theorem 2.1. Let G® S = (V,Es) be a connected partial complement of a graph G = (V,E).
Let 9{D,(G®S),A} = apA" +a AV 4 @A a3 A" 4 +ay, be the characteristic poly-
nomial of graph G & S. Then,
(i) ap=1.
(ii) aj = —|S].
(iii) ar = ('g‘) —2n(n—1)+3ms.

Proof. (i) Directly from the definition of ¢{D,(G& S),A}, it follows that ag = 1.



DISTANCE ENERGY OF PARTIAL COMPLEMENTARY GRAPH 1593

(ii) Sum of diagonal elements of D,(G @ S) is equal to cardinality of the set S.
Hence (—1)a; = trace {D,(G& S)} = |S].

(ii1) We have

aij  ajj
w= ),

1<i<j<n aji ajj

ay) = Z (ai,-ajj — alzj)

1<i<j<n
2
w= ) aaj— ) a
1<i<j<n 1<i<j<n

S
ar = (|2|) —2n(n—1)+3ms.

O

Theorem 2.2. If A{,A;,..., A, represents distance eigenvalues of connected G @ S, then

(i) ¥ A= 8]

=

S

(ii) ¥ A% = k+4n® — 4n — 6mg, where mg is number of edges of G ® S.
=1

i

Proof. (i) Sum of eigenvalues of D,(G @ S) is equal to trace of D,(G® S),

Y ai=Y di=|s].
i=1 i=1

(if) The sum of squares of eigenvalues of D,(G @) is the trace of Di(G@S).

n n o n
i.e, Z)Liz = Z Z dijdji
i=1

i=1j=1

=Y di+ Y dijd;i
i=1 oy

=|S|+2) d;;

i<j

= k+4n®> — 4n — 6mj,

where m; is number of edges of GD S. UJ
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Theorem 2.3. Let G& S| and H & S, be two connected partial complements of graphs G and
H respectively on n vertices. Let mgy,mg, denote number of edges of GBSy and H® S, re-
spectively. If \y > Ay > ... > Ay and A{ > A} > ... > A, are distance eigenvalues of G S} and
H @ S, respectively, then

fl Aid! < \/T1S1] — sy + 4n2 —a4n)([S] — Gimgy + 42 —4n).

i=

Proof. Applying Cauchy Schwarz inequality for (41, 42,...,4,) and (A{,AS,...,A)) we get,

(£) = (£4) ()

n
Y AiA < \J(1S1] — 6ms, +4n? — 4n)(|Ss] — 6msy +4n? — 4n).
i=1

O

3. BOUNDS FOR DISTANCE ENERGY OF CONNECTED PARTIAL COMPLEMENTARY

GRAPHS

Theorem 3.1. Let G @ S be connected partial complement of a graph G with induced set |S| = k.
Then
Vk+2(2n%2 —2n—3mgs) < DE,(G®S) < \/n[k+2(2n% —2n — 3my)).

Proof. Taking a; = 1,b; = |A;| in Cauchy Schwarz inequality we get,

(5 = (£1) (£

(DE,(G®5))* < nlk+2(2n* —2n— 3my))

DE,(G®S) < y/nlk+2(2n> —2n— 3ms)).

Also
2

[ZW > Y |4
i—=1 i=1

IDE,(G®S)]*> > k+2(2n* — 2n— 3my)

DE,(G®S) > \/k+2(2n2 —2n—3mg).
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Theorem 3.2. Let GE& S be a connected partial complement of a graph G on n vertices with

induced set S of order k. Then DE,(G®S) > \/k+2(2n2 —2n— 3mg) +n(n — 1)D¥/" where
D=|D,(G®S)|.

Proof. Using arithmetic mean and geometric mean inequality,

_1

1 i n(n—1)
- 1A > 1A
Tr D MCAEYE wa]

i#] Li#j

- ﬁrzi\2<"1>] o
=1

2

- _ﬁlw]
— [det(D,(G @ S))]*/™

= D",

Hence,

Y 1Ail1Aj| = n(n—1)D*".
i#]j

Now consider

IDE,(G&S)]? Zm

—Z!MerZWIM

=1 i#j
Thus,

DE,(G®S) > \/k—|—2(2n2 —2n—3mg) +n(n—1)D¥/",

O

Theorem 3.3. Let GBS = (V,Es) be a connected graph with induced subgraph < S >. Then

k < DE,(G®S) < \/2ms[k-+2(2n% 20— 3ms)).
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Proof. Let A1, A2,..., A, be the distance eigenvalues of G& S.

Since,
>4
i=1
and
Y AP =k+2(2n° —2n—3my),
i=1
we have
(1 Z?L?L —( )—2n(n—1)+3m5.

i<j

(£)

Z A2 Y AdlAl

1<i<j<n

Now consider

[DE,(G&S))?

=

22 A2 +2

Y A

i<j

[DE,(G®S)]> > k+2(2n* —2n— 3my) +2 {(g) —2n(n—1)+3mg

by using theorem (2.2) and equation (1).
Hence,

DE,(G®S) > k.

From theorem (3.1), we have DE,(G®S) < \/n[k+2(2n2 —2n — 3my)].

Since n < 2myg,

DE,(G®S) < \/2ms[k+2(2n — 20— 3ms)].

Thus,

k < DE,(G®S) < \/2ms[k+2(2n2 20— 3mg)]
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Theorem 3.4. Let GG S = (V,Es) be a connected partial complement of a graph G = (V,E) of

order n and size mg and p(G& S) = max {|Ai|} be the distance spectral radius of G® S. Then
<i<n

< p(GDS) < \Jk+2(2n2 —2n—3m,).
n

\/k+2(2n2 —2n— 3my)

Proof. Consider

2 _ 12
p (G@S)—lngag{lM }

| N

n
Z F=k+2(2n* —2n—3mj).

p(Gas) < \/k—|—2(2n2 —2n—3my).
Next consider
2 > 12
np (G®S) = max {|A;|}
> k+2(2n> —2n—3my).

We have,

p(GeS) > \/“2(2”2_2”_3’”5).

n

Hence,

<p(GaS) < \/k+2(2n2—2n—3ms).

\/k+2(2n2 —2n— 3my)

n

O

Lemma 3.1. [8] Let a,ay,ay,...,a,,A and b,by,by, ... ,b,,B be real numbers such that a <

ai<Aand b <b; <B,Vi=1,2,...n. Then the following inequality is valid.

2) < a(n)(A—a)(B-b)

=

~.

where a(n) = n[2](1 — 1[2]) and [x] denote the integral part of a real number and equality

holds if and only if a1 = a, = ... = a, and by = by = ... = b,,.
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Theorem 3.5. Let G® S be a connected partial complement of G on n vertices and mg edges.

Let |A1],|A2l, -, |Au| be a non-increasing order of distance eigenvalues of G® S. Then

DE,(G®S) > \/n(k+4n? —4n— 6ms) — () (1] — |22

Proof. Taking a; = b; = |Aj|,a =b = |A,| and A = B = |A;| in Lemma 3.1, we obtain

2
3) nY |A* - (ZM) < a(n)(|M] = Aa])>.
i=1 i=1

But
n
Y |Ai|* = k+4n* —4n— 6ms.
i=1

Inequality (3) becomes n(k + 4n> — 4n — 6ms) — [DE,(G® S)]* < a(n)(|A1| — | Au|)?

DE,(G®S) > \/n(k+4n? —4n— 6ms) — () (1] — |22

O

Lemma 3.2. [8] Let a; # 0, b;,r and R be real numbers satisfying ra; < b; < Ra;, then the

following inequality holds
n n n
Y b7 +rRY ai < (r+R)Y aib;.
i=1 i=1 i=1

Theorem 3.6. Let GBS be connected partial complement of G on n vertices and mg edges
with induced subgraph < S > . Let |Aj| > |A2| > ... > |A&y| > 0 be a non-increasing order of
eigenvalues of D,(G ® S) then

n(k+4n®> —4n — 6mg + | A ||An)
’)l,l|+|2/n| .

DE,(G®S) >

Proof. Taking b; = |A;|, a; = 1,r = |A,| and R = |A;| in Lemma 3.2, we obtain

Y 12+ Al Y U< (1] |Aal) Y LA
i=1 i=1 i=1

n

Y AP + ]| Anln < (| A1) + | 4| )DE,(G & S)
i=1
n(l<—|—4n2 —4n—6mg + | A1 || A))

DE (G S) >
H(GDS) 2 FAENIN
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Theorem 3.7. Let GBS be connected partial complement of a graph G on n vertices and mg

edges. Suppose that Ay > Ay > ... > A, are the distance eigenvalues of G & S, then

DE,(G&S) < A+ (n— 1) (k+4n? —dn —6ms — A2).

Proof. Applying Cauchy Schwarz inequality for (n — 1) terms,

n n

% <21)<é&~2>

i=2 i=2

IA

IDE,(G®S) —M)? < (n—1)(k+4n* —dn — 6ms — A})

DE,(G®S) < A+ (n— 1)(k+4n2 — dn— 6ms — A7),

0

Theorem 3.8. If G® S is a connected partial complement of a graph G with n vertices and mg

edges and 2mg > n, then,

k+4n> —4n—6
DE,(G@®S) <~ O 4 (1)
n

n

2
kot dn? — dn— 6mg — (k—|—4n2—4n—6mS) ]

Proof. From theorem 3.7, we have,

DE,(G&S) < A+ (n— 1) (k +4n? —dn —6ms — A2).

Let

fx) =x+ \/(n— 1)(k+4n% — 4n — 6mg — x2).

For decreasing function

2x(n—1) <0
2¢/(n—1)(k+4n2 —4n—6mg —x2) —

2 _ Ay
:>x2\/k+4n 4n 6m5'

n

fx)<0=1-

k+4n* — 4n — 6myg _ k+4n® — 4n — 6myg

Since 2mgs + |S| > n, we have, \/ < < A.
n n
Thus,
k+4n2 —4n—6 ket 4n® — 4n— 6mg \ >
DE,(G®S) < At~ an s (n—1) k+4n2—4n—6m5—< AT o ms) :
n n
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4. DISTANCE PARTIAL COMPLEMENT SPECTRUM OF SOME FAMILIES OF GRAPHS

Theorem 4.1. If K,, is complete graph of order n and K, & S is its connected partial complement,
then

D ,-complement spectrum of K, ® S with |S| = k,k <n is
(n+k—2)+V5k2+n2—2nk (n+k—2)—/5k%+n%—2nk
2 2

n—2 1 1

-1

(20 = Dk Jiex (n—k)

Jn-rxk U =Dw-ryx—i) |
matrix of K,, ®S. The result is proved by showing AZ = AZ for certain vectors Z and by making

Proof. Dp(K, ®S) = is the distance partial complement

use of fact that the geometric multiplicity and algebraic multiplicity of each distance eigenvalue

A is same, as D, (K, @ S) is real and symmetric.

X
LetZ = be an eigenvector of order 2n partitioned conformally with D,(K,, @ S).
Y

Consider
@ DK ©S) - A X\ _|RI- @A+ DX +IY
Y JX+[J—(A+DNY
First,letX =X; =e) —¢;,i=2,3,...,kandY =Y;=e; —¢;, j=2,3,...,n—k.
From equation (4), we have [2J — (A + 1)I|X; +JY; = —(A + 1)X..
So, A =1 is the distance eigenvalue with multiplicity of at least (n — 2) since there are (k— 1)

independent vectors of the form X; and n — k — 1 independent vectors of the form Y;.

A—k+1
LetX=1,andY = (l——k—:) 1,,_x where A is any root of the equation
5) A2+ (2—n—k)A -k +nk—n—k+1=0.

From equation (4),

A—k+1
) | —2k—(7t+1)1k+ (l——H) (I’l—k)lk

= A2+ Q2—n—k)A -k +nk—n—k+1]1;.

A—k+1

[2J—(7L+l)l]1k+J< .
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(n+k—2)+/5k% +n% —2nk

Using equation (5), we obtain A = and A =

2
(n+k—2)—/5k* +n? —2nk
2

are distance eigenvalues both with multiplicity of at least
one.

Thus distance partial complement spectrum of K,, & S is
(n+k—2)+V5k*+n>—2nk (n+k—2)—/5k*>+n*—2nk

2 and  distance
n—?2 1 1

partial complement energy of (K, ®S) is DE, (K, & S) = (n—2) +/5k? + n> — 2nk.

—1

Theorem 4.2. Let SO be the crown graph of order 2n and SO @ S be its connected partial com-

plement with |S| = n, then distance partial complement spectrum of SO @ S is

—2)+V5n2+4n+8 ) —-V2+4n+38
1B 11—y Bno2)tvonitdnt8 (3n-2)- Vet 4dnt8
2 2

J, J+1
Proof. D,(SY®S) = o ( e is the distance partial complement matrix

(J+I)nxn 2(-] _I)nxn X2
of SO @ S. The result is proved by showing AZ = AZ for certain vector Z and by making use of

fact that the geometric multiplicity and algebraic multiplicity of each distance eigenvalue A is

same, as D, (S0 @ ) is real and symmetric.

X
LetZ = be an eigenvector of order 2z partitioned conformally with D), (0w ).
Y

Consider

©) Dys0as)—an X = | TADXFUEDY
Y (J+DX + 2] — (A +2)1)Y

A—n

First, Let X =1, and Y = I 1,, where A is any root of the equation

n—+

(7 A2+ (2-3n)A+n*>—4n—1=0.
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. A—n A—n
Then from equation (6), (J/ —AI)1 + (J—I—I)mln =n—Al,+(n+1) ) 1,=0
and also
A—n A—n
AN, AT — (A=, = (n4+ 1)1, +(2n—A =2 1,
(=MD + 2= (=D = (1 )1+ (2= A =2) 7
A2+ (Bn-2)A—n’+4n+1 .
- n+1 "

3n—2 5n2 +4n+8 3n—2)—+V5n%+4n+38

(3n—=2)+V5n*+4n+ andl:(n ) —V5n?+4n+
2 2

tance eigenvalues both with multiplicity of at least one.

From equation (7), A = are dis-
LetX; =e; —e;, i=2,3,...,nand ¥; = 1X;, where A is any root of the equation 1> 421 — 1=0.
Observe that JX; = JY; = 0.

From equation (6), (J —ADX;+ (J+)AX; = —AX;+1X; =0

and (J +1)X; + 21 — (A +2)[|]AX; = (=A% =24 + )X,

From equation (7), A = —1++/2 and A = —1 — /2 both distance eigenvalues are of multiplic-
ity at least (n — 1) as there are (n — 1) linearly independent vectors of the form X; .

Distance partial complement spectrum of S @ S is

3n—2 5n2+4n+8 (3n—2)—V5n2+4n+8
_1+\/§_1_\/§(n )+V5n?+4n+8 (3n—2)—+V5n*>+4n+ '
2 2 and distance
n—1 n—1 1 1
partial complement energy is DE,(S)®S) = 2v2(n— 1) +v/5n2 +4n+38. O

Theorem 4.3. Let K, 2 be cocktail party graph with vertex set V. ={v,va,...,Vy,u1,uz,... Uy}
and |S| = {v1,va,...,vn}. Let K,x2® S be its connected partial complement. Then distance

partial complement spectrum of K,;«» B S is

(Bn—2)+V5n2+8n+4 (3n—2)—5n2+8n+4
2 2

n—1 n—1 1 1

0 -2

21—J J+1
Proof. Dy(Kyx2®S) = ( Jwan Jwxn is the distance partial complement ma-

<J+I)n><n (-]_I)nxn XN
trix of K> @ S. The result is proved by showing AZ = AZ for certain vectors Z and by making

use of fact that the geometric multiplicity and algebraic multiplicity of each distance eigenvalue

A is same, as D, (K, x> ®S) is real and symmetric.
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X
LetZ = be an eigenvector of order 2n partitioned conformally with D,(K,x2 ® ).

Note that
X RJ—(A+DX+(J+1)Y
8) D(Kn2®S) AL |~ | =
Y J+DX+[J—(A+1)Y
Casel: LetX =1,andY = %1,1, where A is any root of the equation
n
) A4+ (2=3n)A +n?—5n=0.
Then from equation (8),
20— A+ )1+ g+ =2 {(2n—l—1)+ (”“)(’1_2”“)} 1,=0
+1 n+1
and
A=2n+1_ (n—A—1)(A—-2n+1)
__[lz+(2—3n)l+n2—5n]l

n+1

-2 2 4 —-2)— 2 4
(3n—2)++V5n*+8n+ and)L:Bn ) —V5n%*+8n+
2 2
distance eigenvalues with multiplicity of at least one.

From equation (9), A = are the

Case2: letX =X,=e¢;—¢;,i=2,3,....n—land Y =Y, = (L + 1)X,.

From equation (8), [2J — (A + 1)I|X;+ (J+1)Y; = —-(A+ 1)X;+ (A +1)X; =0

also (J+DX;+[J— A+ DY, =X+ [J— A+ DI(A+ 1)X; = (—A2 —210)X..

From equation(9), A = 0 and A = —2 are the distance eigenvalues with multiplicity of at least
n—1.

Distance partial complement spectrum of K, & S is
0 o (B3n—2)+V5n2+8n+4 (Bn—2)—+V5n2+8n+4
2 2
n—1 n—1 1 1

and DE, (K2 ®S) =2(n—1)+v/5n> +8n+4.

0

Theorem 4.4. Let Ky, ® S be the connected partial complement of a star graph of order n

with
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S| = k, k is the number of pendant vertices. Then characteristic poynomial of D, (K; ,—1 ®S)

is ARV A +2)" 2003 + (k—2n+4)A% + (2k> —2nk —n+ DA + k> —kn — k).

0 J1xk Jix(n—k-1)
Proof. D,(Kjp—1®S) = Jexc1 Jesck 2k (n—k—1) is the distance

Jnk-1)x1 2nk-)xk 2Bark—1)x(n-t-1)]
partial complement matrix of Ky ,_| @S, where B is the adjacency matrix of complete subgraph.

Characteristic polynomial of Ky ,_1 ® S is

A —J —J
(10) ‘)L]_Dp(Kl.,n—l @S)| =|-J AI—J —2J
—J -2J AI-2B
n

Xn

On applying row operation R; = R; — Rj11,i =2,3,...;k—1,k+1,...,n—k —2 and col-
umn operations C; = C;+Cip1 +... +Cr,i =2,3,...,k—1,C; =C;j +Cjy1,...,Coj—1,] =
k+1,...,n—k—2 in equation(10) and further simplifying the determinant, it reduces to order

3.
Ak —(n—k—1)

ie, Al =Dp(Kipo1 ®S)| =AF 1A 4+2)"*2 |1 A—k —2(n—k—1)

-1 -2k A-2(n—k-2)
The result is obtained on further expansion of determinant.

Theorem 4.5. Let K, , © S be connected partial complement of complete bipartite graph of
order n = p+q such that p=a+b,q = c+d and k = a+ ¢ with b,d # 0. Then characteristic
polynomial of D,(K, ,®S) is A"~ *{A* + (k—2n+4)A> + (ad — 2ab — 8ac — 4n+ bc + 3bd —
2cd +4)A? + (2ad — dab — 32ac — 4k + 2bc — 4cd + 9abe + 3abd + 9acd + 3bed) A — 32ac +
18abc + 18acd — 9abced}.
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Proof. Distance partial complement matrix of K, , & S is
Jaxa  2Jaxp 3Jaxe  Jaxd
2Jpxa 2Bbxb  Jpxe  JIbxad

D,(Ky,®S) = , where B is the matrix of complete sub-
3Jexa  Jexb Jexe  2Jexa

_Jd><a Jd><b 2Jaf><c 2Bd><d_

nxn
graph.
Characteristic polynomial of K, ;, & § is
AMl—J  =2J -3J —J

—-2J AI-2B —J —J
(an Al —=Dp(Kpq®S)| =

-3J —J  Al-J =2

—J —J —-2J AI-2B

nxn
On applying row operation R; = R; —R;;1,i=1,2,...,.a—1l,a+1,....b—1,b+1,...;c—1,
c+1...,d—1 and column operations C; = C; + Ciy1,...,C,C; =Cj +Cjyyq,...,Cp,C = C +
Cryty-- -5 Ce,
Cn=Cun+Cpst,...,C4,wherei=1,2,...;a—1,j=a+1,....0—-1,l=b+1,...,c—1,

m=c+1,...,d—11nequation (11) and further simplifying the determinant, it reduces to order
4.

A—a —2b —3c —d

—2a A-2b+2 —c —d
ie, |Al—Dy(Kp,®8)| = Ak-2pn—k=2

—3a —b A—c —2d

—a —b —2c 7L—2d+24 A
X

The result is obtained by further expansion of determinant. 0

5. CONCLUSION

The distance partial complement energy depends on the chosen induced set of graph such
that resultant partial complement is connected. It is quite interesting to find the distance energy
of connected partial complement graph for various induced subgraph in a graph. We found few
bounds for distance energy of connected partial complements of graph and derived the spectrum

for class of graphs.
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