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Abstract. In this paper, we introduce the concept of ¢-weakly contractive condition relative to four mappings
A,B,S and T in b—metric space. We also prove the existence and uniqueness of common fixed point for two pairs

of mappings satisfying ¢-weakly contractive condition by providing some examples.
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1. INTRODUCTION AND PRELIMINARIES

Gerald Jungck [1] introduced the concept of compatible mappings by generalizing the con-
cept of commuting mappings. There are various generalizations of compatible mappings and
these can be found in the literature ([2]-[4]). Weakly compatible [5] is also one of the weaker

form of compatible mappings. Following is the definition of weakly compatible mappings.

Definition 1.1. ([5]) A pair of self mappings f and g in a metric space (X,d) are said to be
weakly compatible if ft = gt implies fgt = gft for somet € X.
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Banach contraction principle is one of the most important result for finding fixed point.Let
(X,d) be a metric space and S, T be two self mappings on (X,d). A point z € X is said to be a
common fixed pointof Sand T if Sz =Tz =1z
b—metric space or metric type spaces called by some authors was introduced by Bakhtin [6]
in 1989 and extended by Czerwik [7] in 1993. Since then, several papers have been published
on the fixed point theory in such spaces. The definition of b—metric and some properties are

given below:

Definition 1.2. [7] Let X be a non-empty set and d : X x X — [0,0) be a function satisfying the
following conditions :
(i) d(x,y) =0 if and only if x = y.
(ii) d(x,y) = d(y,x) .
(iii) d(x,y) < s[d(x,z) +d(z,y)],Vx,y,z € X, where s > 1 is a real number.

The function d is called a b—metric and the space (X ,d) is called a b—metric space, in short,

bMS.

Definition 1.3. [8] Let (X,d) be a metric space. Then a sequence (xp)neN in X is said to be

(i) convergent if and only if there exists x € X such that d(x,,x) — 0 as n — oo. In this case,
we write lim x,, = x.
n—yoo

(ii) Cauchy if and only if d(x,,xp) — 0 as m,n — oo.

(iii) complete if every Cauchy sequence in X converges in X.

Rhoades [9] introduced the concept of ¢-weakly contractive mappings by generalising the
Banach fixed point theorem. In this paper, we introduce the concept of ¢-weakly contractive
condition for two pairs of weakly compatible mappings and proved some unique common fixed
point theorems.

Throughout this paper, N denotes the set of all positive integers, Ng = {0} UN,R" = [0,0) and
P = {q) : ¢ : RT — R™ is upper semi continuous, and lim a, = 0 for each sequence {a, },en C

n—roo
R* with a,1 < ¢(a,),Vn € N}.

Lemma 1.1. [10] Let ¢ € ®. Then ¢(0) =0 and ¢(t) <t forallt > 0.
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Zeqing Liu et al. [11] introduced the concept of y-weakly contractive conditions relative to

four mappings A, B, S and 7T in a metric space (X,d) as
(1) d(Tx,Sy) < w(Mi(x,y)), Vx,y € X,

wherei =1,2,3., y € .

(Ax,Sy)d(T'x, By)
1+d(Ax,By)

1 d
Mi(x,y) = maX{d(Ax,By),d(Ax,TX),d(By,Sy),E[d(Ax,Sy)+d(Tx,By)],

d(Ax,Tx)d(By,Sy) 1+d(Ax,Sy)+d(Tx,By)

() I+ d(Ax, By) ,1+d(Ax7Tx)_l_d(By’Sy)d(Ax,Tx)},Vx,yEX,
1
Ms(x,y) = max{d(Ax,By),d(Ax,Tx),d(By,Sy),E[d(Ax’Sy)_|_d(Tx’By)]7
1+d(Ax, Tx) 1+d(By,Sy)
2 1(By, Sy), —— 22 (Ax, T
I +d(Ax, By) (B y)’1+d(Ax,By) (A%, ),
1 +d(Ax,Sy) +d(Tx,By)
3 d(By,Sy)},¥x,y € X
® [ d(Ax, Tx) + d(By,5y) O )b P €
and

1
d(Ax,Sy)+d(Tx,By)|},Vx,y € X

@) Ms(x,y) = max{d(Ax, By),d(Ax,Tx),d(By,Sy), 5|

Now we introduce the following definition of ¢-weakly contractive condition relative to four

mappings A, B,S and T in b-metric space.

Definition 1.4. Two pairs of self mappings {A,B} and {S,T} in a b—metric space (X,d) are

said to be ¢-weakly contractive mappings if they satisfy
(5) d(TX,Sy) S(p(Al(x?y))? \V/xa)/GXa

where i =1,2,3. and ¢ € ¢

1 d(Ax,Sy)d(Tx,By
M) = max {d(Ax B). (A% ). d By $Y). 5 [d(Ax,59) + (T )] T3

d(Ax,Tx)d(By,Sy) 1+d(Ax,Sy)+d(Tx,By)
14+d(Ax,By) " 1+s(d(Ax,Tx)+d(By,Sy))

(6) d(Ax,Tx)},Vx,y € X,
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Ar(x,y) = max{d(Ax,By),d(Ax,Tx),d(By,Sy) 21 [d(Ax,Sy) +d(Tx,By)],

s
1+d(Ax,Tx) 1 +d(By,Sy)
1 +d(Ax,By) (B, S5), 1 +d(Ax,By)

1 +d(Ax,Sy)+d(Tx,By)
1+ s(d(Ax,Tx) +d(By,Sy))

d(Ax,Tx),

(7

d(By,Sy)},vx,y € X
and

(8)  As(x,y) = max{d(Ax,By),d(Ax,Tx),d(By,Sy) 21 [d(Ax,Sy)+d(Tx,By)]},Vx,y € X.

L
S
2. MAIN RESULTS

Our main results are as follows.

Theorem 2.1. Let {A,B} and {S,T} be two pairs of self mappings in a b—metric space (X ,d)
such that
(i) {A,T} and {B,S} are weakly compatible;
(i) T(X) C B(X) and S(X) C A(X);
(iii) one of A(X),B(X),S(X) and T (X) is complete;
(iv) d(Tx,Sy) < ¢ (Ai(x,y)),Vx,y € X,
where @ is in ® and s > 1 is a real number. Then, A,B,S and T have a unique common fixed

point in X.

Proof. Let xo € X. It follows from (ii) that there exist two sequences {y, }nen and {x, }eN, in
X such that
) Yant1 = Bxop1 = Txon, Yont2 = Axont2 = Sx2411,Vn € No

Now we prove

(10) lim d, = 0.

n—oo

Using (iv)and (9), we derive

(11) dop = d(Tx2n,S%2n—-1) < ¢ (A1 (X20,%20-1)),Vn €N
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and
Ay (x2n,X2n—1) = max {d(Axz,, Bxon_1),d(Ax2n, Tx2),d(Bxon—1,5%20-1),
1
g[d(Amn,sznq) +d(Tx2n, Bxop—1)],
d(Axz, Sx2n—1)d(Tx2n, Bxon—1) d(Ax2n, Tx2n)d(Bxon—1,SX2n—1)
1 —|—d(Ax2n,Bx2n,1) ’ 1 —I—d(szn,szn,l) ’

1+ d(Ax2n,8x20—1) +d(T X2, Bx2p—1)
1+ s(d(Axzn, Tx2n) + d(Bxon—1,5%20-1))

d(AX2n, Tin) }

1
[d(Y2n,y20) +d(Y2ns1,Y20-1)],

= maX{d(yvayZn—l)7d(y2n7y2n+l)7d(y2n—luyZn)vg

d(y2n,Y20)d(Y2n+1,Y20-1) d(Y2n,Y2041)d(Y2n—1,Y20)
1+d(yon,yom-1) 1+d(yon,yom-1)
1+d(yon,y2n) +d(yoni1,Y20-1)
14 s(d(y2n,y2n+1) +d(Y2n—1,Y2n)

)d(y2n7y2n+l)}

dondon—1 1+d(yan+1,Y2n-1)
"N4dop—1’ 1+s(dan+dan—1)

1
= max {da_1,don,don—1, z—sd(y2n+1 Y2n—1),0 don }

(12) = max{dy_1,do},¥n€N.

Suppose that d,,—1 < day, for some ng € N. It follows from (11), (12), ¢ € ®, and Lemma
1.1 that

dong < @ (A1 (X2ng,X2m0—1)) = ¢ (max{dany—1,d2ny}) = @ (dony) < dony,
which is a contradiction. Hence
(13) don < day—1 = A1(x2,x2n—1),Yn € N.
Similarly we infer

dont1 < dop = A1 (x2p,%0n41),Vn €N,

which together with (13) ensures

dp+1 <d,,Vn €N,

which means that the sequence {d,},en is non-increasing and bounded. Consequently there

exists r > 0 with lgn d, = r. Suppose that r > 0. It follows from (11), (13), ¢ € ¢, and Lemma
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1.1 that

n—oo

r = lim supday < Tim sup (A (tan 53 1)) = lim supé (dan 1) < 9(r) < 1
n—oo n—yoo

which is a contradiction. Hence, r= 0, that is, (10) holds.

Next we prove that {y, },en is a Cauchy sequence. Because of (10) it is sufficient to verify
that {y2, }nen is a Cauchy sequence. Suppose that {yz, } ,en is not a Cauchy sequence. It follows

that there exist € > 0 and two sub-sequences {yy(x) }xeN and {y2(x) }keN Of {y2n }neN such that
(14) 2n(k) > 2m(k) > 2k, d(Youm(x)sYon(k)) = €,k €N,

where 2n(k) is the smallest index satisfying (14). It follows that

(15) d(Yam(x)» Yan(k)—1) < €, ¥k €N.

From conditions (14),(15) and using the b-metric triangular inequality, we have,

€ < dYoumk)»Yan)

IN

$[d(Vam@e)> Yon)—1) +dVan(e)—1>Y2n(k))]
(16) < s[e+dVan—1>Y2m1)]

By taking the upper limit as k — oo in (14 ) and using (16 ), we get
(7) €< klgl(}osupd(yZm(k)ayZn(k)) < SE

From triangular inequality, we have

(18) d(Vom(k)sYon() < S[AVamiys Yom(e)+1) +dVom()+1:Y2n(k))]
and
(19) d(yZm(k)-H 7y2n(k)) < s[d<y2m(k)+l 7y2m(k)) +d(y2m(k)7y2n(k))]

By taking the upper limit as k — oo in (14) and applying (18), (19), we get

e < ,}E’E‘o Supd<y2m(k)7y2n(k))

< s ( klglolo sup d(yZm(k)+1 » Y2n(k) ))
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Again by taking the upper limit as k — oo in (19), we get

k]glolQ supd (yZm(k)+1 >y2n(k))

IN

s ( lim supd (y2m(k) ayZn(k)))

k—yoo

IN

s(se) = s’¢
Thus

20) &
S

< kll_{Iolo Supd (Yam(k)+15Y2n(k)) < s°e

Note that (6) and (16) yield

lim sup At (xom(t)s¥2n(t-1)

= lim supmax {d(Axyu(k), BXon()-1)> d(Ax2m(k)> TXom(k) ) d(BXon(k)—1,S%2n(k) 1)

k—so0
1
% [d(AXpm(k)> SXon(i)—1) + d(TXpm (k) BXan(r) 1)1
d(Axom(i)> S%on (k)= 1) (TXom(k)s BXon(r)=1)  d(AXom(i)s TXom(k))d(BXop(k)—15SXon(k)—1)
1+ d(Axo(k), BXon(i)—1) ’ 1+ d(Axp k), BXon(k)-1)

1+ d(Axpm (k) Sxon(k)—1) +d(TXom(k)s BXon(k) 1)
o < o < d(Ax (i) TXom(r)) }
1+ 5 (d(Axm(e), TXom(k)) + d (B (i)~ 1, S%on(k)-1))

- kh_r}.}o Sup max {d(yZm(k)ayZn(k)—l )7d(y2m(k)7y2m(k)+l )7d(y2n(k)—l 7y2n(k))7
1
25 402m(k) Yan(k)) + A Gam) 15 Y2n(0) 1))
d(Yom(k)sY2n(6))d V2m(k)+1: Y206 ~1) AV2mk)s Yom()+1)d V2n(k)~15Y2n(k))
1+d(y2m(k)7y2n(k)—l) 7 1+d(y2m(k)7y2n(k)—1)

Y

L+ d(Yam(k) s Yank)) +dV2mk) +1:Yan() - 1)

L5 (d(am@e) s Yam(x)+1) +dVan(i)— 1> Y2n(k))
2

) d(yZm(k) y Y2m(k)+1 ) }

1 £
— max{¢g,0,0, —(e+¢),

2s 1+8’0’O}

20 = gask— oo,
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From condition (20), we have

e < gglgosupd(yzm(k)+1ay2n(k))

= lim supd (szm(k),szn(k)—l)

k—roo

IA

/}g?o ¢ (A (%2m (k) X2n (k)1 )

o(e)<e

IN

which is a contradiction. Hence {y, },en is a Cauchy sequence.

Assume that A(X) is complete. Observe that {y,},en is a Cauchy sequence in A(X). Con-

sequently there exists (z,v) € A(X) x X with 1211 yon =z = Av. It is easy to see
n—o0
22) z= lim y, = lim Txp, = lim Bxy,11 = lim Sxp,_1 = lim Axy,.
n—soo n—soo n—soo n—so0 n—$o0
Suppose that T'v # z . Note that (6) and(22) imply

Ai(v,x2p41) = max {d(Av, Bxon11),d(Av,Tv),d(Bx2n+1,S%0m+1),
1
% [d(Av, Sxpp41) +d(Tv,Bxani1)],
d(Av, S)Q,H_ 1 )d(TV, sz,l+1 ) d(Av, Tv)d(sznH s Sin_H )
1+ d(Av, Bxy,11 ) ’ 1+ d(Av, Bxy,11 ) ’
1+ d(AV, Sx2p4-1 ) + d(TV, Bxy,41 )
145 (d (Av,Tv) +d(Bx2p+1,SX2n+1 ))

d(Av,Tv)}

—  max{d(Av,z),d(Av,Tv),d(z,z), %S[d(Av, 7) +d(Tv,7)],

d(Av,2)d(Tv,z) d(Av,Tv)d(z,z) 1+d(Av,z)+d(Tv,z)
1+d(Av,z) 7 14+d(Av,z) " 1+s(d(Av,Tv)+d(z,z))

d(Av,Tv)}

1
= max{0,d(z,Tv),0, z—d(Tv,z),0,0,d(z,Tv)}
s
= d(Tv,z)asn— oo
which together with (iv), ¢ € ®, and lemma 1.1 gives

d(Tv,z) = r}ﬂsupd(Tv,yzn+2) = r}ggosupd(Tv, Sx2n41)

< lim sup ¢ (A1 (v, x2041)) < ¢(d(Tv,2)) <d(Tv,z),

n—soo
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which is a contradiction. Hence Tv = z. It follows from(ii) that there exists a point w € X with

7= Bw = Tv. Suppose that Sw # z. In light of (6) and (22), we deduce

1
A1 (x2,,w) = max {d(AxZn,Bw),d(szn, Tx2,),d(Bw,Sw), 2—[a’(Ax2n,Sw) +d(Tx2,,Bw)],
s
d(Ax,SW)d(Tx2,,Bw) d(Axon, Txp,)d(Bw,Sw)
1+d(Axy,,Bw) 1 +d(Axp,,Bw)
1 +d(Axp,, Sw) 4+ d(Tx2,, Bw)
1+s (d(szn, Tx2n) +d(Bw, Sw))

d(szn, szn) }

— max {d(z,Bw),d(z,z),d(Bw,Sw), %s[d(z, Sw)+d(z,Bw)],

d(z,Sw)d(z,Bw) d(z,z)d(Bw,Sw) 1+d(z,Sw)+d(z,Bw) )
1+d(z,Bw)  1+d(zBw) 1+s(d(z.2)+dBwsw)

= max{O,O,d(z,Sw),Zisd(z,Sw),O,O,O}
= d(z,Sw)asn— o
which together with (iv), ¢ € ®, and Lemma 1.1 yields
d(z,Sw) = nh_r>r°10 supd(yans1,Sw) = nh_r>r°10 supd (T x2,,Sw)

< nli_r&supd)(Al(xzn,w)) < ¢(d(z,5w)) <d(z,5w),

which is impossible, and hence Sw = z. Thus (i) means Az = ATv =TAv =Tz and Bz = BSw =
SBw = Sz. Suppose that Tz # Sz. It follows from (6), (iv), ¢ € ® and Lemma 1.1 that

1
, 2—S[d(Az,Sz) +d(Tz,Bz)),
d(Az,S7)d(Tz,Bz) d(Az,Tz)d(Bz,Sz)
1+d(Az,Bz) ~ 1+d(Az,Bz) '’
1+d(Az,Sz) +d(Tz,Bz)
1+ s5(d(Az,Tz)+d(Bz,Sz))

Al(z,z) = max{d(Az,Sz),d(Az,Tz),d(Bz,Sz)

d(Az, Tz)}

d*(Tz,57)

[d(TZ,SZ) —f—d(TZ,SZ)], m, ,O}

1
= d(Tz,87),0,0, —
max {d(T'z,5z),0, 5

= d(Tz,57)

and

d(Tz,52) < ¢(Ai(z,2)) = ¢(d(Tz,8z2)) < d(Tz,5z),
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which is a contradiction, and hence 7z = Sz.

Suppose that 7'z # z. It follows from (6) that

1
Ai(z,w) = max{d(Az,Bw),d(Az,Tz),d(Bw,Sw), % [d(Az,Sw)+d(Tz,Bw)],
d(Az,Sw)d(Tz,Bw) d(Az,Tz)d(Bw,Sw)
14+d(Az,Bw) ~  1+d(Az,Bw)
1+d(Az,Sw)+d(Tz,Bw)
1+ s(d(Az,Tz) +d(Bw,Sw))

d(Az, Tz)}

d*(Tz,z)

1
- d(Tz,2),0,0, —[d(T N2 Tz 0
maX{ ( Z;Z); , U, [ ( ZaZ)+ ( Z;Z)]? 1+d<TZ,Z), Y }

2s
= d(Tz,z2),

which together with (iv), ¢ € ®, and Lemma 1.1 implies
d(Tz,z) = d(Tz,5w) < ¢ (A1(z,w)) = ¢ (d(Tz,2)) < d(Tz,2),

which is impossible and hence Tz = z, that is , z is a common fixed point of A,B,S and T.
Suppose A, B, S and T have another common fixed point u € X \ {z}. It follows from (6), (iv),

¢ € @, and Lemma 1.1 that

1
Ai(u,z) = max{d(Au,Bz),d(Au,Tu),d(Bz,Sz),2—[d(Au,Sz)—|—d(Tu,Bz)],
s
d(Au,Sz)d(Tu,Bz) d(Au,Tu)d(Bz,Sz)
1+d(Au,Bz) °~ 1+d(Au,Bz)
1 +d(Au,Sz) +d(Tu,Bz)
1+s(d(Au, Tu) +d(Bz,Sz))

d(Au,Tu)}

2 u
= max {d(u,z),0,0, zls[d(u,z) +d(u,z)], lcj_fi—(’bi)z),o,O}

= d(u,z)

and
d(u,z) =d(Tu,Sz) < ¢(A1(u,z)) = (P(d(u,z)) <d(u,z),

which is a contradiction and hence z is a unique common fixed point of A,B,S and T in X.
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Similarly, we conclude that A,B,S and T have a unique common fixed point in X if one of

B(X),S(X) and T (X) is complete. This completes the proof. O

Theorem 2.2. Let {A,B} and {S,T} be self mappings in a b—metric space (X,d) satisfying
(i)-(iii) and

(23) d(Tany) < ‘P(AZ(x;y))vvxay €X,

where ¢ € ® and A, is defined by (7) and s > 1 be a real number. Then, A,B,S and T have a

unique common fixed point in X.

Proof. Let xo € X. It follows from(ii) that there exist two sequences {y, },eN and {x,}neN, in

X satisfying (9). Putd,, = d(yy,yn+1), Vn € N.

Now, we prove that (10) holds. In view of (7) and (23), we deduce
(24) don = d(Tx2n,S%2n-1) < ¢ (Ao (x20,%20-1)),Vn €N
and

As (X2, x2n—1) = max {d(Axzn, Bxop—1),d(Axo, Tx2y),d(Bxon—1,5%2n-1),
1
% [d(Ax2,,Sx2,—1) +d (T x20, Bx2,-1)],
1+ d(szn, T)Qn)
14 d(Ax2y, Bx2,—1)
1 +d(Axop,Sx2,—1) +d(Tx20,Bx2,—1)
14 s(d(Axp, Tx2n) +d(Bxon—1,5%n-1))

14+ d(Bx2p—1,Sx20-1)
1 4 d(Ax2,, Bx2,—1)

d (BXanl 5 Sxanl ) 5 d(Ain, Tx2n) )

d(Bxyu—1,5%0—1) }

= max {d(yon,y21-1),d (Y20, Y2041),d(Y2n—1,Y2n),

. 1 +d(yan,y2n+1)
_ d 215 V2, +d 2 1,)2n—-1))»
[d(y2n,y20) +d(y2n11,Y2n-1)] 1+d(y2n,y2n-1)

2s
1 +d(y2nay2n) +d(y2n+luy2n71)

1 + d(y2n71>y2n)
1+d(y2n,y20-1) "1+5(d(yan,yons1) +d(Yan—1,y2n)

d(Y2n—1,Y2n),

d(yan;Y2n+1) ) d(Yan—1,y2n) }
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1+ds,

7—d — ad )
1+d2n71 2n—1,U2n

1
= max {d2n717d2n7d2n7172_Sd(y2n+17y2n71)

1 +d<y2n+17y2n71)

doy—
1+S(d2n+d2n—l) o ]}
14+4d
= max {dzn_l,dzn, ﬁdﬂ—l} Vn € N.

Suppose that do,,,—1 < dy, for some ny € N. It follows that
dony (14 dony—1) = dong + dongdany—1 > dong—1 + dangdong—1 = dany—1(1 +day,),
that 1s ,
doy, >
which implies Ag (X2, %249—1) = don,- By means of (24), ¢ € ®, and Lemma 1.1, we conclude
dony < O (A2(x2n0,X2m0-1)) = O (dany) < dony,
which is a contradiction. Consequently, we deduce
(25) don < day—1 = Ay(x24,X2n—1),Yn € N.
Similarly, we have
(26) don+1 < doy = Np(xX2n,X2n+1),Vn € N.

It follows from (25) and (26) that

dy1 <dy,Vn €N,

which means that the sequence {d, },en is non-increasing and bounded. Consequently, there
exists r > 0 with r}grolo d, = r. Suppose that r > 0. It follows from (24) and (25),¢ € &, and

Lemma 1.1 that
r = limsupdy, < nli_r>1f°105up¢(A2(x2n,x2n—1))
= limsup@(do—1) < O(r) <r,
n—oo

which is a contradiction. Hence r=0, that is (10) holds.

In order to prove that {y, },en is a Cauchy sequence,we need to show that {y,, },cN is a Cauchy
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sequence. Suppose that {y,,},eN is not a Cauchy sequence. It follows that there exist € > 0

and two subsequences { Y, fkeN and{ya(k) }neN Of {y2, }nen satisfying (14) -(18) and
Ao (Xom(k)s X2n(k)—1)
= max {d(Axo (1), BXon(k)—1)»d(A%omk) TXom(x)) & (BXon (k)15 SXn(k) 1)

1
% [d(Ax2(k)s SXan(k)—1) + (T Xom(iy BXon()—1)]
1 + d(Ame Tme )

d(BXoy 1) —15 8%k
1+d(Ax2m( )7Bx2n( )—1) ( 2n{k)=1>252n{k)~ 1)

1+ d(Bxgu()—15S%2n(k)—1)
d(Ax2600s T Xomi)) s
1+ d(Ax2m(k) ) Bx2n(k)—1) ( 2m(k) ? (k))

1+ d(Axpm (k) Sxon(k)—1) +d(TXom(k)s BXon(r) 1)
< - < - d(BXg()—1,S%2m(k)-1) }
1+ 5 (d(Axm(e), TXom(k)) + d (B (i)~ 1, S%on(k)—1))

= max {d(Yam(r), Yan(k)-1)dV2m(i)s Yom(k)+1)» A V2n(0)— 1> Yon(k))
1

75 40 2m (k) Yan(k)) + A GamE) 1, Y2n(0)-1));

1+d(yom(k)» yzm(k)+1)
1+ d(Yom(r)sYon(k)—1)
1+d(y2n ~1:Y2n k))
L+ d(Yom(k)s Yan(k)-1)

1+ d(yamk) 7y2n(k)) +d(Yom(k)+15Y2n(k)—1)
1+ S(d(yZm(k) » Yom(k)+1 ) + d(yZn(k)—l 7y2n(k))

d(Yan(k)—1; Yan(k ))

d(yZm Vs Y2m(k)+1 )

) d(Yon(t)—1Yan(k)) }

— max{¢,0,0, 1(8+8 ),0,0,0}

27) = eask— .
By virtue of (14),(23),(27),¢ € ®, and Lemma 1.1, we infer

e = limsupd(Vom(k)+1:Yon(k)) = klglgosupd(Tme(k)7S)C2n(k)fl)

k—>o0

< lim sup@ (Ao (Xom (k) Xon(e)—1)) < 9(€) <

k—boo

which is impossible. Hence,{y, },en is a Cauchy sequence.

Assume that A(X) is complete. Observe that {y,},en € A(X) is a Cauchy sequence. It

follows that there exists (z,v) € A(X) x X with 1i_r>n yon = z = Av. It is easy to show that (22)
n—roco
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Suppose that T'v # z. Note that (7),(22),(23), and ¢ € & imply

Az(v,x2n+1) = max{d(Av,sznH),d(Av,Tv),d(sznH,sznH),
1
% [d(Av,Sx2p41) +d(Tv,Bxan11)],
1+d(Av,Tv)
d(B S
1+d(AV,Bx2n+1) ( X2n+1, x2n+1)v
1+ d(BXZnJrl ) Sx2n+1)
1 +d(Av,Bxpn1)
1+d(Av,S. d(Tv,B
+ ( V, x2n+1)+ ( V, x2}’l+l) d(Bx2n+1,Sx2n+1)}
1+s (d(Av, Tv) +d(Bxoni1,S%m+1 ))

d(Av,Tv),

— maX{d(AV,Z),d(AV,TV),d(Z,Z),%[d(AV,Z)+(TV,Z)],% (z,2),

14d(z,2) 14+ d(Av,z) +d(Tv,z)
1 +d(Av,z)d(Av’ Iv), 1 +s(d(Av, Tv) —|—d(z,z)) 4z Z)}

1
= max {O,d(z, Tv),0, 5 d(Tv,z),0,d(z, Tv),O}

S

= d(Tv,z) asn— oo
which together with (23), ¢ € ®, and Lemma 1.1 gives

d(Tv,z) = r}gn supd(Tv,yoni2) = r}gn supd(Tv,Sx2,+1)

< lim sup@ (Ao (v,x2041)) < ¢ (d(Tv,2)) < d(Tv,z),

n—yoo

which is a contradiction. Hence Tv = z.

Since T (X) C B(X), it follows that there exists a point w € X such that z = Bw = T'v.
Suppose that Sw # z. In light of (7) and (22), we obtain

1
Ax(x2n,w) = max {d(szn,Bw),d(szn, Txon),d(Bw,Sw), 35 [d(Axo,, Sw) + (Txp,, Bw)],
s
1+ d(szn, TX2n> 1+ d(BW, SW)
1 +d(Axp,, BW) "1+ d(Axa,, Bw)
1 4+ d(Ax2n, SW) +d(Tx2,,Bw)

1+ s(d(Axon, Tx2n) + (Bw,Sw))

d(Bw,Sw)

d(Ain, TXZn) ,

d(Bw,Sw)}
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> max {d(z,2),d(2,2),d(z, $w), 5 [d(z,$w) +d(z, Bw)],
1+d(z,z2) 1+d(z,Sw)
1 +d(z,z)d(z’sw)’ 1+d(z,2)

1+d(z,8w) +d(z,7)
1+s(d(z,2) +d(z,5w)) d(z5w)}

d(z,2),

1
= max {0, 0,d(z,Sw), 2—sd(z, Sw),d(z,8w),0,d(z, Sw)}

= d(z,Sw)asn— oo
which together with (23), ¢ € ®, and Lemma 1.1 yields

d(z,Sw) = nlggj supd (yant1,Sw) = I}Egosupd(szn,Sw)

< limsup¢ (A2 (x20,w)) < ¢ (d(z,8w)) < d(z,5w),

which is impossible, and hence Sw = z. Clearly, (i) yields Az = ATv = TAv = Tz and Bz =
BSw = SBw = Sz. Suppose that Tz # Sz. It follows from (7) that

1
Ax(z,z) = max {d(Az,Bz),d(Az, Tz),d(Bz,Sz), % [d(Az,Sz) +d(Tz,Bz)],
1+d(Az,Tz) 1+d(Bz,Sz)
1+d(Az,Bz) "1+d(Az,Bz)
1+d(Az,S7)+ (Tz,Bz)
1+4s(d(Az,Tz) +d(Bz,Sz))

d(Bz,S87) d(Az,Tz),

d(Bz,8z2) }

1
= max {d(Tz5z),0,0, 7 [d(Tz,8z)+d(Tz,S2)],0,0,0] }

= d(Tz,Sz2).
Taking account of (23), ¢ € ®, and Lemma 1.1 , we conclude

d(Tz,52) < ¢ (Aa(z,2)) = ¢(d(Tz,Sz)) <d(Tz,Sz),
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which is a contradiction, and hence 7z = Sz.

Suppose that 7'z # z.It follows from (7) that

1
Ar(z,w) = max{d(Az,Bw),d(Az,Tz),d(Bw,Sw), 5 [d(Az,Sw)+d(Tz,Bw)],
s
1+d(Az,Tz) 1 +d(Bw,Sw)
1+d(Az,Bw) "1+d(Az,Bw)
1+d(Az,Sw)+d(Tz,Bw)
14 s(d(Az,Tz) +d(Bw,Sw))

d(Bw,Sw) d(Az,Tz),

d(Bw,Sw)}

|
= max{d(7z2),0,0,-[d(Tz,2) +d(T72)],0,0,0}

= d(Tz,z2),
which together with (23), ¢ € ®, and Lemma 1.1 means
d(Tz,z) =d(Tz,Sw) < ¢ (Az(z,w)) = ¢(d(Tz,z)) <d(Tz,z),
which is impossible, and hence Tz = z, that is, z is a common fixed point of A, B, S and T.
Suppose that A, B, S and T have another common fixed point u € X \ {z}. It follows from (7)
that
1
Ar(u,z) = max{d(Au,Bz),d(Au,Tu),d(Bz,5z), % [d(Au,Sz) +d(Tu,Bz)],
s
1 +d(Au, Tu) (B2,52) 1 +d(Bz,Sz)
1 +d(Au,Bz) " " 11 d(Au, Bz)

1 +d(Au,Sz) +d(Tu,Bz)
1+ s(d(Au, Tu)+d(Bz, SZ))

d(Au,Tu),

d(Bz,5z) }

1
= max {d(u,z),0,0, g[a’(u,z) —|—d(u,z)],0,0,0}

= d(u,z)
which together with (23), ¢ € @, and Lemma 1.1 ensures

d(u,z) =d(Tu,Sz) < ¢(A2(u,z)) = (P(d(u,z)) <d(u,z),
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which is a contradiction, and hence z is a unique common fixed point of A, B, S and T in X.
Similarly we conclude that A, B, S and T have a unique common fixed point in X if one of

B(X),S(X), and T(X) is complete. This completes the proof. O

Similar to the proofs of Theorems 2.1 and 2.2, we have the following result and omit its proof.

Theorem 2.3. Let {A,B} and {S,T} be self mappings in a b—metric (X,d) satisfying (i)-(iii)

and
(28) d(Tx,Sy) < ¢(As(x,y)),Vx,y €X,

where ¢ € ® and Az is defined by (8) and s > 1 is a real number. Then A,B,S and T have a

unique common fixed point in X.

Example 2.1. Let X = [0, 1] be endowed with the Euclidean metric d(x,y) = |x —y|?,Vx,y € X
and s =2. Let A,B,S,T : X — X and ¢ : RT — R™" be defined by

2 1 2 07 VXE [071)7
Ax=x", Bx=—x",5x=0,VxeX, Tx= 1
2 -, x=1
4
) 1
161-, Vt € [O’Z)’
¢(1) =

1
8t—1, Vit [Z’+°°)’
It is easy to see that (i) -(iii) hold, ¢ € ® and ¢(R") C [0,7). Let x,y € X. In order to verify

(iv), we have to consider two possible cases as follows:

Case 1: x € X\ {1}. It is clear that

d(Tx,Sy) =0< ¢(Ar(x,y));

Case 2: x = 1. It follows that

G572 I+145-%P g} 9
1—1—\1—%2]2 1+2((%)2+(y72)2) 16J — 16
and
1 9
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That is (iv) holds. It follows from Theorem 2.1 that the mappings A,B,S and T have a unique

common fixed point 0 € X.

Example 2.2. Let X = [—1, 1] be endowed with the Euclidean metric d(x,y) = ‘x y‘ Vx,yeX
Let A,B,S,T : X — X and ¢ : Rt — R be defined by

x2 0, Vx € [—1,1), 0, Vx € [—1,1),
Ax=—,Tx=0,VxeX, Bx= ,Sx
2 Lx=1, bx=1,

and

6413, vt € [0,3),

32121, Vt € [}, ),

Clearly, (i) -(iii) holds and ¢ € ®. In order to verify (23), we have to consider two possible
cases as follows:

Case 1:y € X\ {1}.Obviously
d(Tx,Sy) =d(0,Sy) =0 < ¢(A2(x,)):

Case 2: y=1. It follows that

Aax 1) = maX{‘l_zx‘ s 64 2s(}___} )

45 9 g L —aP 9,
) ‘ ) 2 . ) . =
LR S T (g ) @

and
1. 1 9
d(Tx,81)=d(0, ) = = <
9 9
d(Tx,51) < ¢ (As(x,1)) = 0(c,) = 64(@)3

That is, (23) holds. Consequently, Theorem 2.2 guarantees that the mappings A,B,S and T

have a unique common fixed point 0 € X.

Example 2.3. Let X = R™ be endowed with the Euclidean metric d(x,y) ‘x y‘ Vx,y € X.
Let A,B,S,T : X — X be defined by

Ax=x3, Sx=1, V¥x e X.
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1, Vx e RT — {1,
Bx=x*,VYxeX and Tx = {z
I
16 32

161, Vt € [0, 1)
51262 — 1, Vit € [, 00)
Clearly, (i) - (iii) holds and ¢ € ®. In order to verify (28), we have to consider two possible

cases as follows :
Case (1) : x€ X\ {3%}
d(Tx,Sy) =d(1,1) =0 < ¢ (A3(x,y)).

Case (2) : x= 3% It follows that

1 1 2, 1 152 1 1 2 15 2
As(3509) = max{‘S?—yz‘ ”ﬁ_ﬁ 2 =1 ’2?“3?_1‘ E—yzl]}
15 1 » 1.2 1
= i~ anl > Gg) = 556
Vv B ety U
d(T 3. =d(3g. D) =g~ 1= ({5)" = 55

and

1 1 1 { .
d(T3—2,S)’) < ¢(A3(3—27)’)) = ¢<25_6) =16 x 356~ 16

That is, (28) holds. Thus, the conditions of Theorem 2.3 are satisfied. It follows from Theorem

2.3 that the mappings A,B,S and T have a unique common fixed point 1 € X.
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