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1. INTRODUCTION

In the recent years the concept of multiplicative metric space (MMS) was introduced by
Bashirove et al.[1]. Ozavsar and cevikel [7] proved some fixed point theorems of multiplicative
contraction mappings in MMS. Also M.R singh and Y.M singh [5] proposed the notion of
compatible mappings of type-E in 2007. Further this mapping is divided into G-compatible of
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type —E and H-compatible of type —E. Moreover weak reciprocally continuous (WRC) mappings
are weaker than reciprocally continuous (RC) mappings and hence weaker than continuity. The
fixed point theorems on  multiplicative contraction mappings and generalizations are seen in
[2], [4] and [8]. In this paper we split WRC mapping into G-WRC and H-WRC mappings and
generate a common fixed point theorem on a multiplicative metric space and also justified our
result with a suitable example.
1.1 Definition:
Let X #¢, a multiplicative metric is a mapping 6: X x X — R+holding the following conditions:
() 8(a,p) =1,Va,peXand 8(a,pB) = 1o0=B;
@iy  8(a,B) =686(B,a),Va,BEX;
(i)  8(a,B) <68(a,v).-8(v,f)Va,pB,yeX
Mapping & together with X, (X, 8) is called (MMS).
1.2 Definition:
Let (X,8)be aMMS, and then a sequence {a,} is assumed as
i. A multiplicative convergent if for any multiplicative open ball B (a) = {8/
8(a,B) <€},e>1, there exists NeN such that apeBc (X) V k =N holds.
Thatis §(a,,,a) — 1as k — oo.
ii. A multiplicative Cauchy sequence if Ve > 1, NeE N such that §(ay, o)) < e Vk,I=
N holds. Thatis 8(ay, o) —1 as k1> oo .
iii.  In MMS, if every multiplicative Cauchy sequence is convergent, then it is called
complete.
1.3 Definition:
Let f be a mapping of MMS and if the existence of a number Ae[0, 1) such that 8(fea, ff)<
8 (a,B) Y o,B e Xholds, then f is known as multiplicative contraction.

1.4. Definition:

We define mappings G and | of a MMS as compatible ifS(Giay . 1Gay) =1 ask — 0, Whenever

{a;} isasequence in X such thatg ey = 1ay = as k — o forsome ue X.
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1.5. Definition:
We define mappings G and | of a MMS in which if Gu = Ip for some upeX such that Glu =
IGpn  holds then G and | are known as weakly compatible mappings.

1.6. Definition:
We mean two mappings G and | of a MMS are G-WRC, if we can find a sequence {ak } in X such
that for some u e X with Gle, =Gu, and I-WRC if IGe, = lu ask — .

Now we give an example to discuss about G-WRC and I-WRC mappings.

a_
Example-1: Let X=[0,1] and §(a,ﬁ):e‘ ﬂ‘ where «, fe X defined as

l-«a ifOSoc<1 05if0§0¢<1
G(a) = 2 and  Ia)=
1. 3 .1
— if —<a<1 — if — <a<1
2 2 4 2
. 1 1
Define a sequence {ak} =———for k>0.
2 n
Then
1 1 1 1, 1
Ga, =G(=--)=1-=+-)== ask > .
’ (2 k) ( 5 k) 5
1 1 1 1. 1
andlg, =1(=—--)=(>--)== ask— w.
K (2 k) (2 k) 5

This gives Ge, = lo, :% ask —> o

also we find
1 1 1 1 11, 1
Glg, =GlI(=-2)=G(=-)=1-(=-)==ask
Q (2 k) (2 k) (2 k) 5 —> 0
1 1 1. 3
and IGg, = IG(==)=1(=)=— ask )
Q (2 k) (2) 2 —> 0

] . 1, 1 1. 3
which gives G(=)== and I(=)=—.
g (2) > (2) 2

1
Glak =G(ak)=5 ask - o

proving the pair (G, 1)as G - WRC.
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IGe = I(ak):z ask —

proving the pair (G, 1) as 1 —WRC.

1.7. Definition:

If {ak} is a sequence in MMS such that Ge, =le, = for some wpeX and if
GGea, =Gla, = lu holds, as k — oo, then Gand 1 are known as G-Compatible of type (E)
and 1-Compatible of type (E) if lle, =1Ga, =Guask — .

Now we give an example to discuss about G-compatible of type —E and I-compatible of type-E

mappings.
a—p) .
Example-2: Let X=[2,6] and d(a, B) =€ wherea, € X defined as
a ifa=2 2 if2<a<3
Gla)=42a . and I(a)=ya+21 .
5 if 3<a<6 5 if 3<a<6

1
Define asequence {ak} =3+ E fork > 0.

Now
1
2(3+—)
Gak=(—)=2 as k — ooand
3
1
3+—+21
lo, =(—EK—)=2 as koo
12

This proves Gak =l = 2 as k > oo.

Also

Ga, = 16(3+2) = 13@+2) = 12+-2) =2 as k
a, = +)=1(=@+)=12+—) = -S> o
k K 3 k 3K

B+ l) +21)

Il NE+-)=1 1(2+ L )=2as k-
o = —) = = —) = @,
k k 12k

12
Hence Ilak = IGo;k =Gak =2 as k> o

This proves the pair (I, G) as | - Compatible of type - E.
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Further

GGa, =GG(3 l) 623 l)) G(2 l) 2 l) 2 as k
a, = +—)=G(=(B+-)) = + —)= + —)= —> 0,
k K 37k 3K 3k

(3+1)+21

4

and Gl GI(3+1) G( )=G(2+ L )=2as k-
oy, = —) = = — ) = 0 .
k k 4k

Hence GGak :Glak = Iak =2 as k— oo
This proves the pair (1,G) as G-Compatible of type-E.
Now we prove a theorem on MMS.

2. THEOREM

Suppose in a complete MMS (X,d), there are four mappings G, H, I and J holding the conditions

(C1) G(X)<I(X) and H(X) < J(X)

0(Ga,la)o(HpB,IB) 6(Ga,IB)o(la, HB)

1+5(1e,3B8) 1+5(B 1)
(C2) 6(Ga,Hp) <| max,
0(Ga,IB)o(HB,IB) 6(CGa,la)d(HS, la)
1+5(le,3B)  1+5(la, IB)

1
forall a, f € X,where e [OEJ

(C3) (G, I) will be G-Compatible of type-E and G-WRC
(C4) (H, J) will be H-Comepatible of type-E and H-WRC.
Then the above mappings have a unique common fixed point.

Proof:

Begin with using the condition (C1), there is a point ooeX such that Goco=loc;=f o

For this point o then there exists o«2eX such that Hoc;=Joco= f 1.

Continuing this process it is possible to construct a Sequence { £, } in X

SUCh thatﬂzk = Ga’zk = |0!2k+1,ﬂ2k+1 = HO,’Zk_I_l = Ja2k+2 for k > 0

We now prove {Pk} is a Cauchy sequence.

Consider
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3B Poxs1) =

)

§(Ga2 )5(Ia2k H

o )0y 0 ) 0Gay ey %41

1+5(Ia2k,Ja ) 1+6(Ja

ok +1 ' %ox)

) 5(Ga2k, I(JtZk)ﬁ(HatZk e Ia2k)

)

) <| max, 2k +1

0(Gay Hay 1y 5(Ga,

V% )0y 9%

1+5(|a2k’Ja2k+1

) 1+5(|a2k’Ja2k+l

5('82k"82k)5(ﬁ2k +1"82k—l) 5('32k"82k—1)5('82k"82k +l)

) < | max | 1+6(By Py 1) 1+6(By 1 By)

K+1
" 5(’82k”82k—1)5('32k +1’ﬁ2k—1) 5(ﬂ2k’ﬂ2k)5(’82k +1"82k)

1+6(By By 4 | L+6(By By 4

Oy P

P 1P 0By Py 1) 9By By )Py By ()
14608y Py 1) 14608y 1Py )
) <| max,
2K +1
! By Bo 9B 1P 1) PPy 1P 9By 1Py )
L+ 0(8,, By ) L0, By )

5By P

2k -1

B Poy 1) = [max’ {5('82k"82k 11 0Bo Py 1By 1Py 0By 1Py +1)}}/1

On simplification
8B Pasnt) <16 (Bacrs Pl
5B Pass) <16 (Boscss o) 6By B

51_/1 (ﬂzk ) ﬂ2k+1.) < 5/1 (IBZk—l’ lBZk )

S(Bac: Pon) < 4 (Buca Bar)
5B+ P )< O" (ﬁZH,ﬁZn) whereh = % e(0)——————— @

Now it gives
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k

h2 h
(Bx_0Bx_p)S——-<6 (ﬂolﬁl).

h
[5(ﬁk’ﬂk+1)]g5 (B _1B) <6

Hence for k<I, on using the multiplicative triangle inequality we get
HK hk+1 Hl-1
[5(/3k vlf|)]S 6 (By: B |9 (Bo B |————~ 4 (Bg: B9

1k
ﬁ(h )
[5(ﬂk:ﬂ|)]§ 0 (By: B

Hence { Bk} is obtained as a Cauchy sequence in MMS.

Now, X being complete, there exists a point i € X such that fx—p as k—o0. Consequently, the

sub sequences {Goak},{Iook}, {Jook+1} and {Hook+1} of  {Bx} also converges to the same point

pe X.

Since, on using the condition G-WRC, we haveGla, =Gu as k — «.

Also using the fact that (G,I) is G-Compatible mapping of type -E, we have

GGa, =Gla, = lu ask — owoforue X . Thisgives 1u=Gu.

Now in the inequality (C2), by putting @ =4 and S =ay, 4

S(Gu 1)6(H aok 11 aok +1) (G, I apk Dol H aok 4 1)

1460113 By , 1) ' 1+6(J By 41 14) |

3G, aok +D(H aop 119 aok +1 (G 1)S(H ey 1. 114)
1+801,3 arpp 1) C 1460 I agi 49)

o(Gu, H ﬂ2k+l) <| max,

o(Gu, 1p)o(u, 1) 6(Gu, w)o(lu, p1)
146 ) 1+8(ulp)

o(Gu, 1) (u, 1) (G, \p)o (u, 111)
146w, ) 1+8(lu, p)

O(Gu, 1) <| max,
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o(Gu,Gu)o(u, n) 6(Gu, 1)o(Gu, u)

1+65Gu, ) 1+6(u,Gu)
O (G, 1) <| max, [ Gu=1u]
e o(Gu, p)o(pu, 1) 6(Gu, Gu)o(u,Gu) Sl
1+6Gu, ) 1+6Gu, p)

A
O (G, p) <| max, {; ,0(Gu, ,u),l,l}:|
o(Gu, u)

0(Gu, ) < [5/1 (G, ﬂ)]

this implies that G = u

Therefore Gu=Ilu=pu.

Now using the condition H(X)c J(X) there is we X such that Hgg = Jo letting k—oo

we get
Jo= L.
We claim that Ho = p for this

Substitute a=02k and f=o in the inequality (C2)

5(Ga2k, IaZk)5(Ha),Ja)) 5(Ga2k,Jw)5(la2k, Hw)
1+5(Ia2k,Ja)) 1+6(Jo, IaZk)
5(Ga2k, Hw) <| max,
5(Ga2k,Jw)5(Ha),Ja)) é'(GaZk, Ia2k)5(Ha), Ia2k)
i i 1+5(Ia2k,Ja}) 1+5(Ia2k,Ja)) |

o(u, m)0(Ho, 1) 6(u, 1) (1, How)

S Ho) <| max . TTOUeH) L+ ol p) [ Jo = 4]
o(u, m)0(Ho, 1) 6(u, 1)6(Ho, 1)
146G ) 1+68(u, )
%)
S(u, Ho) < [max, {S(Hw, 1), S(Ha, 1), 5(Ha, 12), S(Heo, 1) }]

5(u, Ho) < [5(u, H) !
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this implies that Ho = 1
Hence Ho=Jo=p
Now by the H-WRC of the pair (H,J) weget HJoz2k =Hu ask — .

Again by the H-Compatible mapping of Type- E, we have HHa2x=HJo2k=Ju as k—co.
This implies that Hu=Jy.

To claim Hp =p, substitute a=o02k and B=p in the inequality (C2)

- A
6(Ga,, Na, )6(Hu,Iu) 5(Ga,, Ju)s(le,, ,Hu)
1+5(Ia2k,Jy) 1+5(Jy,la2k)
5(Ga2k,H,u)£ max,
5(Ga2k y Ju)o(Hu, Ip) 5(Ga2k, IaZk)5(Hﬂ, IaZk)
i 1+5(Ia2k,Jy) 1+5(Ia2k,Jy) |
o(u, )o(Hu, Hu)  6(p, Het) 6 (u, Hp)
1+5(u, H " 1+ 5(Hp,
O(u, Hu) <| max, (ut, Har) (Hes, 1) [ Jee = Hu
O(u, Hup)o(Hu, Hu) 6 (u, 1)o(Hu, 1)
1+8(u,Hu) 1+ 6(u Hu)

A
O(u, Hu) <| max, {#,5(;1, H,u),l,l}:|
L S(u, Hy)

S, Hur) < [6% (1, Ho)]

this implies that Hy: = 4.

Therefore J u =H p =G p = p =p.

Proving the existence of common fixed point for the four mappings G,H,l and J.
For Uniqueness

Suppose W and ¢o( u # ¢) are common fixed points of G,H,l and J.

Substitute o= u and B= ¢ in the inequality (C2)
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o(Gu, lu)6(Hp,dg) 5(Gu, Ip)o(1u, He)

1+6(lw, d¢)  1+8(lw,d¢)

| 8(Gu, IP)S(HP, 3p) S(Gu, W)S(Hg, 111)
1+8(u, 3¢)  1+8(lw, Ip)

O(Gu, Hg) <| max

1+6(u, ) 1+6(u¢)
o(u,9)o (o, ¢) o(u,d)o(o, 1)
1+6(u, )  1+6(u, )

o(u,9) <

o(u,9) <
S(u, P)

r# S (B p) S(p, $)S(u, p)

A
O, 9)1, 0 (i, ¢)H

o(u, ) s[{ }]}‘Whlch implies = ¢

where 1 e {0 }
2

This assures the uniqueness of the fixed point.

Now we substantiate our result with an example.

3. EXAMPLE

LetX = (0,1) with  &(a,p) = e‘a_B‘ Ya, B €X

20 +1

if « € (0, %)
Define  G(a)=H(a)=

. 1
a if a>—

and I(a)=J(a)=

11 1 . 1 1
G(X) =H(X) = (Z’E) U (E’l) while I(X) = J(X) = (E 1) v (Z) .
G(X) < I(X) & H(X) < J(X),so that the condition (C1) is satisfied.

1 1
Takea sequence {ak} asa = 5k fork > 0.

Now

1393
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—_— :% as k — o and

11 11 1 1, 1
lg, = 1(Z-2) = 1-(G-2)=E+2)== as k>,
a=1G-0) = -C-)=Cr =3 *

This gives Ge, = la, :% ask — oo.

Also G 1 :1 and | 1 =3 1 _1:l
2) 2 2 2 2

similarly H E :1 and J 1 =3 1 _1=1
2) 2 2 2 2

11 11 1 1. 1 1. 1
Now cla, =al| -2 = ca—d-Hoed i HodiHt skow
%k (2 k) UG- =G+ I=G+=7 askow

2[1—1j +1
Also G, = |G(%—1j 2 kL =|(3—iJ=1—(1—ij=1 as K = o0

k 4 2 2k 2 2k 2
2(1_1]” 2(1_1)”
1 1 2k 1 1 2 2k 1 1 1
GGak=G{G(———H=G - :G(———} _— :(———) =— a koo
2 k 4 2 2k 4 2 2k 2

Therefore Gla, =GGea, =lu as k — o .This establishes G-Compatible mapping of type —E.

Similarly Hlg, =HHea, =Ju as k — «.This establishes H-Compatible mapping of type —E.

11 11 11 11 1
Now “ak:||:|[E—Ejj|=|[1—(E—Ej]=||:E+E:|=3|:E+E:| -125 ask — oo.

Also since 1Geq, = ll, =Gu as k — oo this proves that the pair (G,I) is G-WRC.

Similarly  JHe, = 3Ja, =Hu ask — oo this proves that the pair (H,J) is H-WRC.
. 1

Also since Gg, = la, = ask >

Similarly He, =Je, :% ask —» o



this gives lim 6(Glak, IGak): 5(2,%) = 1similarly l!im 5(HJak,JHak): 5(2,%) #1.
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Showing that the compatibility condition is not fulfilled.

We now establish that the mappings G,H,l and J satisfy the Condition(C2) .

Case 1:

If a,f€e (O,%), then we have 6(Ga, Hp) — gloa-H

} 1
Putting a=—
9 3

B =% in the equality (C2) gives

o0(Ga,la)os(HB,IB) 6(Ga,IB)d(la, HP)

1+6(le, IB)

O(Ga, HPB) <| max,

6(Ga,IB)o(HB,IB) 6(Ga,la)d(Hp, 1)

1+ 5B, 1)

1+6(la, Ip) 1+8(la, IpB)
I 52 74 54 271
di’idiii di,fdfl—
(230G s 109G )
1+d(g,ﬂ) 1+d(g,ﬂ)
5 7 35 -
d(E’E)S max 4 1 L,
di’idi’i diyidiri
250G s 1030 3
2 4 ' 2 4
1+d(=,— 1+d(=,—~
L (3 5) (3 5) |
0.066 (025,045 038031 038045 025031
S 0133 ', 0133 ", 0133 ', 0133
1+e™ 1+e™ l+e™ 14e
[ 0.7 0.69 0.83 056 |1
e e e eV
0086 _| R Sl
l1+e™ 1+e™ l+e™ l+e™
0.066 _[ 0567 0557 0607 0.427 |
e Smax%' gl gP Rl oY ﬂ

0.066 _ ,0.6971
e <e

Thus we have

1395
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000 < o009 — 7 —0.009 wherel e [O, ﬂ

Hence the condition (C2) is satisfied.

Case 2:

-

Ifa, g e {E ,1) , then we have 5(Ga, HB)=e** !

Putting a = % , f =1 inthe equality (C2) gives

o0(Ga,la)o(HB,IB) 6(Ga,IB)d(la, HP)

1+8(le,3B) 1+50B 1)
O(Ga, HPB) <| max,
5(Ga,IB)S(HB,IB) 8(Ga,la)s(HpB, 1a)
1+8(1e,38)  1+5(la, IB)
A
51512 (22501 52502 52 15a1)
37V 3T T 37

ﬂéDSmw , , .
1+6(1,2) 1+6(1,2) 1+6(2)) 1+6(2)

A
e0.33@1 el'3390 e1.33el e0.33eO}
e <| max

1+e ' l+e ' l+e , l+e

e <| max

2
L33 133 233 e0.33}

l+e,l+e,1+e'1+e

033 _ _max{eo.ss, (033 133 e—0.7}r

e0.33 < el.33l .

Therefore e"®*<e'* = 1=0.24 where 1 ¢ {0, ﬂ

Hence the condition (C2) is satisfied.

Case 3:
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! “E(O’ﬂ s E[%’lj"s(Ga’Hﬂ):eG”ﬂ

Putting a==,4 :g in the equality (C2) gives

1
3

o0(Ga,la)o(HB,IB) 6(Ga,IB)d(la, HP)

1+8(1e,3B8) 1+5(B, 1)
5(Ga, Hp) <| max,
8(Ga,IB)S(HB,IB) 5(Ga,la)s(HB, la)
1+8(1e,38) 1+5(la, IB)
5 2.4 7 5 7..2 4 5 7.4 7 52421
5C=,9)5(=,2) (=, )85, 2) 8(=,)8(=,2) S(=,D)8(=,=
5(3 £)< max (12 3) (5 5) (12 5) (3 5) (12 5) (5 5) (12 3) (5 3)
12'5" " 2 7. 2 7. 2 7. 2 7
1+6(5, - 1+6(5, - 1+6(5, = 1+6(5, -
+(35) +(35) +(35) +(35)
- A
038 (025,06 098,013 09806 025013
€ s max 073 ' 073 ' 073 ' 0.73
l+e™ l+e™ l+e™ l+e™
i 05 111 15 038 |1
e’ e e e’
80'383 max

1+e0'73 14 e0.73 1+e0'73 14 e0.73

(038 _ _max{eo.lz, (038 085 -0.35 }]’1

where 1 e [O, ﬂ eo'38 < e0'85’1 =1=044.

1
Hence the condition (C2) is satisfied. It can be observed that 2 is the unique common fixed

point for the four mappings.

4. CONCLUSION
In this paper we established a common fixed point theorem in multiplicative metric space using
the conditions compatible mapping of type —E and weak reciprocally continuous mappings and

an example is given to justify our theorem.
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