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Abstract: The emphasis of this paper is to establish a common fixed point theorem on a multiplicative metric space
using the conditions weakly compatible mappings and EA-property. Further some examples are discussed to
substantiate our result.
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1. INTRODUCTION

In the recent past, the notion of multiplicative metric space (MMS) was introduced by Bashirove
etal. [1]. Many authors [3], [4], [5], [7], [8] and [9] proved fixed point theorems on
multiplicative metric space. Jungck and Rhoades [10] defined the weaker class of mappings as

weakly compatible mappings. Aamri and Moutawakil [2] developed the notion of E.A
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property .Further Ozavsar et.al. [7] designed the notion of convergence and proved unique
common fixed point results in multiplicative metric space. In this paper we generate a common
fixed point theorem using the concept of weakly compatible mappings with EA property. Our

presentation is also  supported by the provision of a suitable example.

2. PRELIMINARIES

2.1 Definition:

LetX # ¢, an MMS is a mapping 6: X X X - R + holding the conditions below:
(1) 8(a,B) =21,8(a, B) = 1=0= B,
(i)  8(a,p) =8(B )

(i)  8(a,B) <8(a,v).8(v,B8) V a,B,yE X.
Mapping together with X, (X, 38) is called MMS.
2.2 Definition:
In a MMS a sequence {oy} is assumed as
i. a multiplicative convergent if for any multiplicative open ball B¢ (a) = {B/ 8(a,B) <
€},€> 1,then INeN such that aieBe (X) Vk = N holds. Thatisd(oy, o) — 1 as
k — oo,
ii. A multiplicative Cauchy sequence is one if Ve > 1, Ne N such that §(ay, a;) < € Vk,I=
N holds. Thatis &(ay,0q) —1 ask,1—- o .
iii.  An MMS is complete if every multiplicative Cauchy sequence is convergent in it.
2.3 Definition:
Let f be a mapping of MMS and if the existence of a number A€[0, 1) such that 6(Ga, GB)<
8*(a, B) YV a,p € X holds, then G is known as multiplicative contraction.
2.4 Definition:
We define mappings G and | of a MMS as compatible if §(Glay,IGay) =1 ask — oo, when
ever {ay} isasequence in X suchthat Ga, = Ia, =pu as k - oo for some u € X.

2.5 Definition:
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The mappings G and Hof a MMS in which if Gu = Ip for some peX such that Glp = IGu
holds then we say that G and I are weakly compatible mappings.

2.6 Definition:

Mappings G and | of a MMS (X,d) are said to hold EA property if

lim Gx, = lim Ix, = gzsome u € X.
k—o0 k—o0

Now we discuss an example for E.A property.

Example:

Suppose X =[2,4] with 5(a,p) = e\a—B‘ foralla,p € X

2 ifa=2

Define  G(a) = 20
— if 3<a<4

2 if2<a<3
and I(a) =9 4 +3
3

if 3<a<4

Take a sequence {ak} asa, = 3+l for k>0.

k k
1 2(3+|i) 1
Then G, =G(3+EJ:T=2+E=2 ask — oo and
@+1+$
ey ke o8y ol o askow
loy, = k" = 3 3 3k k

This gives Gak = Iak =2eX ask— oo

This gives (G,I) satisfies EA-property.

Then Gla, =G@2+2) =2
K73

and IGak=I(2+%)=2.

Therefore Gle, # 1G¢,, this shows the pair (G, I) is not compatible.
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Also G(2)=1(2)=2,and GI(2)=1G(2),this shows the pair (G,I) is weakly compatible.

3. MAIN RESULTS

Now we prove our main theorem on MMS.

3.1. Theorem

Suppose in a complete MMS (X, 9), there are four mappings G, H, I and J holding the conditions

c1 GX)cI(X)and HX) c1(X)

O0Ga,la)ds(HB,IB) 6(Gea,IB)o(la, HP)

(C2) 5(Gar, HB) <| max 1+8(la, IB) 1+ 538, 1)
5(Ga,IB)S(HB,IB) 8(Ga,la)s(HB, 1a)
1+5(l,3B)  1+6(le,IB)

forall o,feX,where ie(o,%j

(C3) the pairs (G, I) and (H,J) are satisfying the E.A property
(C4) the pair of mappings(G,I) and (H,J) are weakly compatible.
Then the above mappings will be having a common fixed point.

Proof:
Begin with using the condition (C1), there is a point  ocoeX such that Goco=Joci= % (Say).
For this point ccithen there existsx2eX such that Hoci=locp= p 1 (say).

Continuing this process, it is possible to construct a Sequence { k} in X

Such thatﬁ2k =Gagy =Jagy,g 8 oy g = Hagy g =lag o for k=0

We now prove {P«} is a Cauchy sequence in MMS.

Consider 5(ﬁ2k’52k+1.) =
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0Gay Nay,  JoMHay 3% ) | 0Gay dayy Uy Hay ) |
1+6(la_. ,Ja 1+6(Ja Ja
0(Gay Hayy 4)<| max 5(Ga. ,la | i;(HaZkH)Ja ) 8(Ga Ia( )52(kH+al Zk:a )
2k Yok +1 2k+1' "%k 41 2k’ %ok 2k +1" Y2k
] L+d(lay Ja, ) ' L+d(lay, Ja, ) |
5(ﬂ2k"82k—1)5('82k—1'ﬂ2k—1)’5(’82k’ﬂ2k—1)5(ﬁ2k—1”32k+1)’
1+06 , 1+6 ,
Vg Pa ) =) o 5B, B (ﬂztf;(lﬂ%k_lﬂ) ) 8B, .8 (féz(kﬂ_l ﬂZkﬁ_l) )
2k "ok =17k +1 Pak -1 ok Pak T ok 1 ok —1
146y 1By 1) 146y 1By 1) ]

By Poy 1) = [max’ {J(ﬂZk”BZk 0o 1Py 1Py 1P 0By 1By, +1)}]/1

on simplification

S(Bor Pont) <[6(Boyrs Baei)
S(Bo: Pocr) <10(Brss Boi) 0 Boi B |

51_1 (,sz ) ﬂ2k+1.) < 51 (ﬁZk—l' ﬂZk )

S(Bacs Pon) < 5 (Bacrs Ba)

A
—A

5B o) 8" (Bss o) Whereh = -2 e (0) ——————- ®
Now it gives
b i) 0 B 1m0 B g By D" (Bo.BY

Hence for k<I, on using the multiplicative triangle inequality we get
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L%

s plel " g

This shows in} as a cauchy sequencein MMS.

Since on using (C3),the pair (G, 1) satiesfies EA - property,3 a sequence {ak}eXsuch that

kIi_rT)1ooGock = kIi_r)nOo Iak =u forsome peX.--------- 2)

Since G(X) < J(X) then 3 sequence {Bk} in X such that Gak :J[Sk.

lim J,Bk S (3)
Hence —®0

From (2) and (3) it gives

k"_r>nooGak = kIi_rT)1Oo oy, = kli_rT;ooJﬂk =u forsome peX------- (4)

We now showthat lim Hﬂk =u.
K—0

In the inequality (C2), by putting @ =¢ and /= §, then we have

- A
5Gay 1 )5(HB, IB) 8(Gay I8 )5(ley HB, )

1+5(la, . IB,) ' 1+6(lay , I8, )
5(Ga, . 3B )5(HB, IB) 5Gay . ley )5(HB, e, )
1+5(ley 38, ) ’ 1+6(ley . IB,)

o(uHA ) <im

2
S )S(HB ) S, )6 (i HAB ) 8w, ))S(HB, 1) 6w, 1))S (1, BB, )
1+0(up)  1+6(mp)  1+8(mp) T 1+8(u )

61 i) < xS (HB, 0. 1B, 10,6(HB, 1, 6B, 10 |
This gives 6(u, HB)) < [5(Hﬂk ,y)]/1 = HB = p
This gives kIi_r)nOOGock = k"_r>noo|ak = kIi_r)noo.]Bk = kIi_r)nOo HBk =pn forsome peX--------- (5)

Nowthe pair (G,I) is weakly compatible with Gox=Iak gives Glou=IGak and this inturn



1794
V. SRINIVAS, T. THIRUPATHI, K. MALLIAH

implies Gu=Ip.
Now we show that Gu = .
Putting a=p and 4 - B, in the inequality (C2) we have

_ A4
SGu\SHB, IB,) G IB )5 HB, )

1+5(14, 38, ) ’ 1+5(14, 38, )
5(Gu, 3B VS (HB, V) 6(Gu, 1B, )6(HB, 1)
1+6(1. 38, ) ’ 1+6(14, 35, )

o(Gu, H,Bk) <| max,

A
5Gu 1) < {max,{ﬂGu, 11)6(u, 1) | (G, 1)S (1, 1) | O (G, 11)o (1, 1) | O (G, L))o (u, lu)H
1+6(lu, 1) 1+6(1u, 1) 1+6(lp, 1) 1+6(lu, 1)

S(Gu, Gu)o(u, 1) (G, )5 (G, 1)

14+6Guu) " 1+5Gup)
o(Gu, u) < , v Gu=1
(Gpeo ) =) max O(Gu, pu)o(p, 1) 6(Gu,Gu)s(u, Gu) L Gp=lud

1+5Gu, u)  1+5(Gu, )

_ A
o(Gu, 1) <| max ,0(Gu, ﬂ)ﬁ(Gﬂ,ﬂ),lH

1
either §(Gp, 1) < [5’1 Gy, ,u):| or 6(Gu, 1) <1,
thisgives Gu = u,whichimplies Gu=ly=py——————- (6)
Since (H,J) is weakly compatible mapping with  HB«=JBk and HIBk=JHp« and this
inturnimplies Hu=Ju.
Now, we show that Hu = .

Putting o=p and = p in the inequality (C2) we have

S(Gu, \w)o(Hu, Ip) 6(Gu, Jp)o (1, Hy)
1460, ) 1+, du)

| 8(Gu, )5 (He, Ju) 5(Gu, 1) S(Hpe, M)
1+80w,du) 1+, du)

o(Gu, Hu) <| max
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A
O(u, )0 (Hut, Jpt) 0, Ju)o(u, Haa) 6, Ju)d(Hpa, Ju) 0w, p2)o(Hus, 1)
46 du)  146(wd) 48w dn)  1+6(u du)
A

o(u,Hu) {max,{

O(p, )0 (Hu, Hyr) 6(p, Hpr) o (e, Ht)

1+6(u,Hu) " 1+6(u,Hu)
S, Hu) < , cHu=1J
(s ) | max O(u, Hp)o(Hu, Hy) 6w, 1r)o(Hu, 1) ML

1+6(u,Hy) " 1+6(u, Hu)

Olas ) = | max {5@1, )

V= (e Hu) <| 67t Ha) | = Hu =

A
6 (1, Hu) JJH

S(u, Ha) <[5 (u, Hy)
HenceHu=Jp=p————————— (7)

From (6)and (7)we have lu=Hu=Ju=Gu=p.----- 8) .
This shows that p is a common fixed point of G, H, I and J.

For uniqueness:

considerg (1 # ¢) as an another commonfixed point of four mappings G, H, | and J.

Substitute o = u & = ¢in the inequality(C2) then we have

(G, 111)5(Hg, Ip) 6(Gu,I)s(1u, He)

5(Gu. He) <| max 1+ 51w, Ig) 1+ 51w, Ig)
0(Gu,dg)5(He, Ig) o(Gu,Iv)o(Hg, 1u)
1+, g) 1+6(lw, Ig)

B A
5, 4) <| max {5(#,ﬂ)5(¢,¢) S, 9)5(t,9) (1, $)5(¢.9) 5(ﬂ,¢)5(¢,#)H
T 1+8(ug) T 1+8(wg) T 1+5(uwg) T 1+5(u.9)

1
S(u, @)’

_ )
o(u,P) < max,{ (1, )L, 6(u, ¢)H

5(y,¢)§[{5(y,¢)}]kwhich implies 1 = @, where ze(o.%)
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This assures the uniqueness of the common fixed point.

Now we substantiate our result with an example.

3.2 Example:

Suppose X =[0.1] with 3(e. B) = e T forall @, 5 e X

. 2

3a3—+—1 if o [0, %) l-«a ifae [0,5)
Define G(a)=H(x) = and 1(a) =J(a) = ,
2a +2 if « ZE o if a>—
5 3 3

Then G(X) = H(X) = [%,1]u(§) while 1(X) = J(X) = [1,%) u(%)

the condition G(X) < J(X) and H(X) < I(X), (C1) is satisfied.

Take a sequence {ak| as o L lsor ko

3 k

Now

3 k 3

Ga, ZG(LEL 3@—i)+1_ [1_

11

(==

loy = (3 k)
. 2

This gives Gak = Iak =3 ask — oo,

Similarly Hak = Jak =§ ask — oo.

3 k

=— ask —- o and
3 3

ij”_(z 1) 2

11 2 1. 2
-5 H-2 skow
_ -G =Gr=g ko

Hence the pairs (G,1),(H,J) satisfy EA- property.

Also
2
2() +2
G[gj A3 [Ej “Zand | (gj 2 which implies (2 ) = 1(%).
3 5 15) 3 3)73 3’73

and J (EJ = 2 , Which gives that H (gj =J (Zj
3) 3 3 3
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2
2(2)+2
2 g2y 80 10 2
GI(B)_G(B) c 1 3and
2
2(2)+2
N Y N N
'G(s)_l 5 _|(15) '(3) 3

Hence Gl (g) = IG(%) and HJ (g) =JH (g) which gives (G, 1), (H, J) are weakly compatible mappings.

2(2+1)+2
11 11 2 1. GTy 0 2. 2
But Gle, = GlI| ——— GA-(==-DN=G(=EF+2D)Y=—2_ "~  _—(==+ )= ask .
k (3 ka I-G-P=6G+Y 5 Bred~3 Bk
11 3@_3” 2 1 2 1) 1
and 1Ga, = IG[———) =|[—]=|(___j=1_(—__j=_ ask — o,
3 K 3 3 K 3 k) 3

Therefore
. 2 1 _ . 21
lim 5(Gla,,1Ga, )= 5(5,5) #1, similarly lim S(Hle,, JHe, )= 5(5,5) =1.

Showing that the compatibility condition is not fulfilled.

We now establish that the mappings G,H,l and J satisfy the Condition(C2) .
Case (i):

If a,fBe [O'g) then we have 6(Ga,Hp) = oG+

Putting o :% and g :%, then the inequality (C2) gives

A
22 51 21 25 21 51 22 52
12 5 < max) 319 2) g5 rg) Algp)%e 1) 8y g g
e 1+d(§é> 1+d(§é) 1+d(§é) 1+d(§,%)

eoe0'33 e0'16eo'16 e0'3890'33 e0e0.16

1+e0.16 1+e0.16 1+e0'16 1+eO.16
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- A
0.6 e0.33 e0.32 e0.71 e0.16

¢ = | max 0.16° 0.16 ' 0.16 0.16
l+e 1 l+e -1 1+e'1 l+e -1

- A
0.16 max%o.ﬂ , e0'16,e0'55 , eOﬂ

0.16 . ,0.551

Thus we have e0'16 < e0'55/I = A =0.3,where 1 € (0, %) .

Hence the condition (C2) is satisfied.
Case (ii):

Ifa,p e [%,1] then we have 5(Ga, H B) = e "

putting o :g and £ =1,in the inequality (C- 2)gives

18 4 4 4 18 18 4. _4 4
o( - )5( 1) 5(* Do(=,2) o 1)5( 1) 6( .22, 0)
18 4
5(2—i,g)smax 25'5 | 55, 25 25'5"'5'5
1+6(=1 1+6(=1 1+6(=1 1+6(=1
+(5) +(5) +(5) +(5)
0.08 008,02 0280 02802 0080
R 02 ', 02 02 ', 02
l1+e™ l1+e™ 1+e™ 1+e™
[ 028 028 048  0.08
e e e e
o0 < 02, 02', 02, 02
1+e™" 1+e 1+e " 1l+e™
,0.08 Smax{eoos 008 ,0-28 —012}]'1

e0'08 < e0.28/1'

Therefore e0'08 < e0'28}L = 1=0.28,where 1 € (0, %) :

Hence the condition (C2) is satisfied.

Similarly we can prove other cases.

A
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2. i . .
It can be observed that 3 IS the common unique fixed point for the four

self mappings H, G, I and J.

CONCLUSION

In this paper we established a result in multiplicative metric space using the set of conditions

weakly compatible mappings and EA-property and also an example is given to justify our

theorem.
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