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Abstract. A topological index is a numerical descriptor of a molecule, based on a certain topological feature of the
corresponding molecular graph. In this paper some basic mathematical operation for the hyper Zagreb coindices
of graph containing the tensor product G| ® Gy, join G| + G, strong product G| * G, disjunction G V G, and
symmetric difference G| ® G, will be explained. Moreover we studied the expression for the hyper-Zagreb coindex
of titania TiO,[n,m] nanotubes and molecular graph of nanotorus have been derived. These explicit formulae can
correlate the chemical structure of titania nanotubes and molecular graph of nanotorus to information about their

physical structure.
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1. INTRODUCTION

A topological index is a numerical value for correlation of chemical structure with vari-

ous physical properties, chemical reactivity or biological activity. It is well known that many
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graphs of general and in particular of chemical, interests arise from simpler graphs via various
graph operations. Topological indices in isomer discrimination, structure-property relationship,
structure-activity relationship and pharmaceutical drug design have been found to be very use-
ful in chemistry , biochemistry and nanotechnology[9]. Throughout this paper, we consider a
finite connected graph G that has no loops or multiple edges with vertex and edge sets V(G),
and E(G), respectively. For a graph G, the degree of a vertex u is the number of edges incident
to u, denoted by 85(u). The complement of G, denoted by G , is a simple graph on the same
set of vertices V(G) in which two vertices u and v are adjacent, i.e., connected by an edge uv, if
and only if they are not adjacent in G. Hence, uv € E(G), if and only if uv ¢ E(G). Obviously
E(G)UE(G) =E(K,),and m = |E(G)| = (3) — m, the degree of a vertex u in G, is the number
of edges incident to u, denoted by 05(u) =n—1— 0g(u), [16]. The first and second Zagreb
indices have been introduced by Gutman and Trinajestic in 1972 [15]. They are respectively
defined as:
M(G)= Y &)= Y B+, MG = Y &(u)ds),
veV(G) uveE(G) uveE(G)
The first and second Zagreb coindices have been introduced by A.R. Ashrafi, T. Doslic, and A.
Hamzeh in 2010 [5]. They are respectively defined as:
M\(G)= ), [5c(u)+8(v)], MAG)= ), 86(u)dc(v),
wéE(G) wéE(G)
In 2013, G.H. Shirdel, H. Rezapour and A.M. Sayadi [10] iintroduced distance-based of Zagreb
indices named Hyper-Zagreb index which is defined as:
HM(G)= ) [da(u)+ &)’
uveE(G)

In 2016, Maryam Veylaki, et al [16] introduced distance-based of Zagreb indices named

Hyper-Zagreb coindex which is defined as :
HM(G)= Y, [86(u)+ 8(v)]°
wéE(G)
Furtula and Gutman in 2015 introduced forgotten index (F-index) [8] which defined as:

FG)= Y <5G2(u)—|—5c;2(v)>

uveE(G)
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N. De, S.M.A. Nayeem and A. Pal. in 2016 defined forgotten coindex (F-coindex)[9]. which
defined as:

FG)= ¥ (867w +80)

ué¢E(G)
Then, Veylaki et al.[16] and Basavanagoud et al. [7] computed the hyper Zagreb coindices of
the Cartesian product and composition of two graphs. Here we continue this line of research
by exploring the behavior of the hyper Zagreb coindices under several important operations
such as disjunction, symmetric difference, join, tensor product and strong product. The results
are applied to molecular graph of nanotorus and titania nanotubes. In recent years, there has
been considerable interest in general problems of determining topological indices and them

operations [1, 2, 3, 19, 20].

2. PRELIMINARIES

In this section we give some basic and preliminary concepts which we shall use later.

Lemma 2.1:[4] Let G| and G, be two connected graphs with |V (G1)| = ny, |V(G2)| = na,
|E(G1)| =my, and |E(G,)| = my. Then

1. ‘V(Gl X G2)| = |V(G1 \/G2)| = ’V(Gl OGz)l = |V(G1 ®G2)| = |V(G1 *Gz)‘ =
|V(G1 @Gz)’ =niny, |V(G1 + G2)| =n1 +ny,

2. |[E(Gy X Gy)|=mny+nimy, |E(G1*Gy)|=miny+nimy+2mymy ,
|E(G1+Go)| =my +my+niny,  |E(G1oGy)| =mina® +myny,
|E(G1V Ga)| = mina® 4+ myn> — 2mymy, |[E(G| ® Gy)| =2mymy,
|E(G1 @ Ga)| = mino® + myn > — dmymy.

3. 86,+G,(u,v) = 8¢, (u) + 66,(v) + 6, (u)6G, (v).-

Corollary 2.2:[15] The first Zagreb index of some well-known graphs: For path graph P,

and cycle graph C,, with n : n > 3 vertices :

Ml(cn) :411, Ml(Pn) =4n—6.
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Corollary 2.3:[10, 6] The Hyper-Zagreb index of some well-known graphs: For path B,

and cycle graphs C,, with n,m > 3 vertices :

HM(C,) =16n, HM(P,)=16n—30, M(P, xCy) = 128nm—150m, HM(C, x Cy,) = 128nm.

Corollary 2.4:[16] The Hyper-Zagreb coindex of path P, and cycle graphs C,,, withn: n >

3 vertices are:

HM(C,) =8n(n—3), HM(P,) = 8n*—38n+46.

Corollary 2.5:[7] The Hyper-Zagreb coindex of some well-known graphs:
For a path graph and a cycle graph with m,n > 3, vertices :
(1) HM(P, x P,,) =
4(2nm —n—m)? + (nm—1)(16nm — 14n — 14m+ 8) — 144nm + 164n+ 164m — 152,
(2) HM(P, x Cy,) = 4(2nm — m)? + (nm — 1)(16nm — 14m) — 144nm + 164m,
(3) HM(C, x Cy,) = 32nm(nm —5.
Proposition 2.6:[5] Let G be a simple graph on n vertices and m edges. Then.

Mi(G) =M(G)+2(n—1)(m—m), M(G)=2m(n—1)—M,(G), M(G)=2(n—1)m—M;(G).

Theorem 2.7:[11] Let G be a simple graph on n vertices and m edges. Then.

HM(G) = 4(n—1)*m—4(n—1)M,(G)+HM(G),
HM(G) = (n—2)M;(G)+4m*—HM(G),
= HM(G)—4(n—1)M,(G)+4m(n—1)?,
= 2M5(G)+ (n— 1)M;(G) — F(G),
HM(G) = 4m(n—1)>—4(n—1)M(G)+HM(G),

= 4w’ + (n—2)M,(G) — HM(G).
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Proposition 2.8:[16] Let Gi,G, be two simple graphs with ny,n, vertices and my,m;

edges, respectively, Then.
H_M(Gl + Gz) = W(Gl) + W(Gz) + 4(1’11M1 (Gz) + I’ZQMI (Gl)) + 4[71%%2 + n%ml] .

Proposition 2.9:[7] Let G, G, be two simple graphs with ny,n; vertices and m;,m; edges,

respectively, Then.

W(GIXGz) = 2[2(n1m2+n2m1)2—4m1m2—n1M2(G2)—nzMz(Gl)
= [Bma+(1/2)n2)M1(G1) + 3m1 + (1/2)n1 )M (G2)]] + (ninz — 1) [mM1(G2)

+ mM(Gy)+8mimy] — [naF (Gy) +n1F(Gy) + 6mayM(Gy) + 6m M (G)],

HM(G10G,) = 2[2m1n%(m1n% +2myny) + 2m%n% —4dmimy(ny +my)
— n%(3m2 +n2/2)M1 (Gl) — (n1/2+2n2m1)M1 (Gz) — (ngMz(Gl) +n1M2(G2))]
+ (n1n2 — 1)[H%M1 (G]) +ni M, (Gz) + 8n2m1m2] — [HE‘F(GO +H1F(G2)

+ 6n%m2M1 (Gl) + 6nom M, (Gz)] .

3. MAIN RESULTS

In this section, we study the Hyper-Zagreb coindex of various graph binary operations such
as Cartesian product G| x G, composition G o G3, disjunction G V G,, symmetric difference
G1 @ Gy, join G| + Gy, tensor product G| ® G, and strong product Gy * G, of graphs. We use
the notation V (G;) for the vertex set, E(G;) for the edge set, n; for the number of vertices and m;

for the number of edges of the graph G; respectively. All graphs here offer are simple graphs.

Tensor product

The tensor product G| ® G, of two simple and connected graphs G| and G, is the graph with

vertex set V(G1) x V(Gy) and E(G| ® Gy) = (uy,uz)(vi,v2)|uivi € E(Gy) and upv; € E(G3) .
Theorem 3.1: Let G1,G; be two simple connected graphs with ny,n; vertices and my,my

edges, respectively, Then.

H_M(G1 & Gz) = 16m%m% + (n1n2 - Z)Ml (Gl)Ml(Gz) —F(Gl)F(Gz) - 2M2(G1)M2(G2).
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Proof. By using Theorem 2.7. we have HM (G| ® G,) = (|[V(G; @ G,)| —2)M;(G; @
Gy) +4|E(G| ® G,)|> — HM (G ® G»), and since M|(G| ® G,) = M(G1)M;(G,), given in
[12]. HM (G| ® G2) = F(G1)F(G2) +2M>(G1)M>(G»), given in [13].
|E(G1 ® Gy)| =2mimy, |V(G®G;)| =niny given in Lemma 2.1. which is complete the

proof.

Proposition 3.2: Let G, G, be two simple connected graphs with ny,n; vertices and my,m;

edges, respectively, Then.

W(Gl Y Gz) = 8m1m2(n1n2 — 1)2 — 4(n1n2 — 1)M1 (Gl )Ml (Gz) —I—F(Gl)F(Gz)
+ 2M2(G1)M2(G2).
Join

The join G| + G3, of two simple and connected graphs G| and G is a graph with vertex set

V(Gl +G2) = V(Gl) UV(Gz) and edge set E(Gl) UE(Gl) U {uv]u € V(Gl),v € V(Gz)}.

Theorem 3.3: Let G, G, be two simple connected graphs with ny,n; vertices and my,m;

edges, respectively, Then.

HM(Gl + GQ) = 4[1’)’11 +my +n1n2]2 + (n1 “+npy — 2)[M1 (Gl) + M, (Gz) +n1n% -I-I’lzn%
+ 4miny +4m2n1] — [HM(GI) —|—HM(G2) + 5(1’11M1 (Gz) + no M, (Gl))

+  8[ntmy +n3my +myma] +nina[(ny +ny)* +4(my +my)]].

Proof. By using Theorem 2.7. we have

I‘W(Gl —I—Gz) = (|V(G1 —I—Gz)’ —2)M1 (G] —I—Gz) —|-4‘E(G1 —I—G2)|2 —HM(Gl —l—Gz),

and since M (G| + G2) = M(Gy) + M, (G3) -l-nln% +n2n% + 4mny 4+ 4myny, given in [12].
HM(Gy + G,) = HM(Gy) + HM(G) +5(niM1 (G2) +naMy (Gy)) + 8[nTma + n3my +mymy) +
niny|(ny+n1)% +4(my +my)], givenin [10]. |E(G +Gs)| =my +my+niny, |V(G1+Gr)| =

ni +ny given in Lemma 2.1. which is complete the proof.
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Proposition 3.4: Let G, G, be two simple connected graphs with ny,n; vertices and my,m,

edges, respectively, Then.

W(Gl—l—Gz) = 4(m1+m2+n1n2)(n1+n2—1)2—4(n1—l—n2—1)[M1(G1)—|—M1(G2)+n1n%
-+ nzn%+4m1n2+4m2n1]—|—HM(G1)—l—HM(Gz)—|—5(n1M1(G2)—|—n2M1(G1))

+ 8[n%m2 +n%m1 + mymy] + nynp[(ny +n1)2 +4(my +my)].

Strong product
The strong product G % G, of two simple and connected graphs G| and G5 is a graph with
vertex set V(G *Gy) =V (G1) x V(G,) and any two vertices ((u1,v;) and ((uz,v;) are adjacent

if and only if{ Uy =upc V(Gl) and vy € E(Gz) } or { Vi =V € V(Gz) and ujuy € E(Gl) }

Proposition 3.5: Let G, G, be two simple connected graphs with ny,n; vertices and m1,m;

edges, respectively, Then.

Ml(Gl * Gz) = (l’lz + 6H12)M1(G1) + 8momy + (6m1 —|—n1)M1 (Gz) +2M, (Gl)Ml (Gz)

Proof. By Definitions of the Zagreb index,strong product G| * G, and by Lemma 2.1.

M1 (G1 k Gz)

= Z [6G1*G2 (a,c) + 6G1*G2 (b’d)]
(a,c)(b,d)€E(G*G>)

= Z Z [6G1 (a) + 6G1 (b) + 6G1 (a) 6G2 (C) + 5G1 (b) 602 (d) + 602 (C) + 6G2 (d)]
abeE(Gy) c=deV(Gy)

+ )Y Y. [36,(a) + 8, (b) + 8g,(a)3c, (c) + 8, (b) 8, (d) + 8, (c) + 86, (d)]
a=beV(G}) cd€E(G,)

+ Z Z 106, (a) + 86, (b) + 66, (a) b6, (c) + 6, (D) G, (d) + 0, (¢) + 66, (d)]
abeE(G)) cd€E(G)

= (np+6my)M,(Gy)+ 8maymy + (6m| +ny )M, (G2) +2M(G1)M,(G>).
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Theorem 3.6: Let G, G, be two simple connected graphs with ny,n; vertices and my,m;

edges, respectively, Then.
HM (G % Gy)
= 4(myny +nymy +2myma)* + (nyng —2)[(n2 + 6my) My (Gy) + 8mym,
+ (6my+n1)Mi(Gy) +2M(G1)M(G3)] — [HM(G) +niHM(G,) + 5n:M 1 (Gy)
+ SmM;(Gy) +4nymy2ny + 1]+ 8my[ny 4+ my| +n1n2(n% +2ny +4my)].

Proof. By using Theorem 2.7. we have HM (G| * G3) = (|V(G1 x G,)| — 2)M1(G1 * G2) +
4|E(G1 % G3)|> —HM (G *G>), and since M| (G * Gy) = (ny +6my)M; (Gy) + 8mymy + (6my +
n1)My(G2)+2M;(G1)M;(G>), given in Proposition 3.7. HM(G,xG2) = HM(G)+n HM(G,) +
5noM1(Gy) + 5niM (Gy) + 4nomy [2np 4 1] + 8ma[ng + my] + niny [n% + 2ny 4+ 4my|, given in
[10]. |[E(G1 % Gr)| = miny+nymy+2mymy, |V(Gy*Gy)| =niny given in Lemma 2.1. which
is complete the proof.

Proposition 3.7: Let G;,G; be two simple connected graphs with ny,n, vertices and my,m;

edges, respectively, Then.

HM(G1 * Gz) = 4(1’1’111’12 +nymp +2m1m2)(n1n2 — 1)2 —4(”11’12 — 1)[(1’12 -|—6m2)M1 (G1>

+ 8momy + (6m1 +n1)M1 (Gz) +2M; (Gl)Ml (Gz)] +HM(G1)
+ anM(Gz) + 5nyM; (G]) + 5n1M; (Gz) +4nomy [21’12 + 1] + sz[l’l] —|—m1]
+ nny [n% + 2ny + 4my).

Cartesian product

The Cartesian product G| x G, of two simple and connected graphs G| and G, has the vertex

setV (G| x G2) =V(G1) xV(Gy) and (a,x)(b,y) is an edge of G| X G, if a=b and xy € E(G>),

orab € E(Gy) and x = y.

Proposition 3.8: Let G;,G; be two simple connected graphs with ny,n, vertices and my,m;

edges, respectively, Then.

W(Gl X Gz) = 4(m1n2 —|—m2n1)(n1n2 — 1)2 —4(111]12 — 1)(n2M1 (Gl) +n1M1 (Gz)

+ 8m1m2) +n2HM(G1) —}-anM(Gz) + 12m 1M, (Gz) + 12m2M1(G1).
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Composition
The composition Gp o Gy, of two simple and connected graphs G and G, with disjoint vertex
sets V(G1) and V(G,) and edge sets E(G) and E(G>) is the graph with vertex set V(Gy) X
V(G,) and u = (uy,vy) is adjacent with v = (u,v,) whenever (] is adjacent with uy) or {u; = u
and v; is adjacent with v, }.
Proposition 3.9: Let G|, G, be two simple connected graphs with n,n; vertices and my,m»

edges, respectively, Then.

W(Gl o Gz) = 4[1’)111’1% +m2n1](n1n2 — 1)2 — 4(1’11112 — 1)[11%]\/[1 (Gl) +n M (Gz) + 81121’112”11]

+ ngHM(Gl) —l—mHM(Gz) + 12n%m2M1 (G]) + 10nym M, (Gz) + 8mom .

Disjunction

The disjunction G| V G, of graphs G| and G, is the graph with vertex set V(G1) x V(G,) and
(u1,v1) is adjacent with (up,v2), whenever (uy,u) € E(Gy) or (vi,v2) € E(G»).

Theorem 3.10: Let G{,G; be two simple graphs with ny,n, vertices and m,m, edges, re-

spectively, Then.

HM(G1V Gy) = 4[myn3 +mon —2myma)* + (niny — 2)[(nyn3 — 4many )M, (Gy)
+ M (G)M(Gy)+ (nzn% —4mn )M, (G3) + 8mimonn;]
— ([} = 203ma] HM(Gy) + [1n§ — 2n3my HM (G ) 4 5n,M, (G ) F (G»)
+  5nuM(G2)F(Gy) + 10n3man My (Gy) + 10nyn3m My (G»)
+  8ndmomy + 8nimymy — 8nymiMy(Gs) — 8nymsM; (Gy)
— 4t F(Gy) — 4n3maF (Gy) — 8nimi My (Go) — 8namaMy (G
+ 8mMy(G3) 4+ 8maMy(Gy) — 8nan M (G1)M1(Gr) +4noMor (G )M (G))

+ dnMa(Ga)Mi(Gr) — 2F (G1)F (Ga) — 4Ma (G )Mo (Go)].

Proof. By Theorem 2.7. we have HM (G V G3) = (|V(G1V G2)| —2)M1(G1V G,) +4|E(Gy V
G,)|> — HM(Gy V G,), and since My (G V G2) = (nin3 — 4mana)M(Gy) + My (G2)M; (Gy) +
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(nzn% —4mn;)M,(Gy) + 8mymaniny, given in [15]. And by [13] we have:

HM(G] V Gz) =

_|_

[n] — 2n3ma| HM(Gy) + [ — 2n3ma] HM(G1 ) 4 511 M (G1)F (G»)
5nyM; (G2)F(Gy) + 10m3mon My (Gy) + 10nanm My (G5)

8n%m2m1 + Sn%mlmz - 8n2m%M1 (Gp) — 8n1m%M1 (G1)

4n3miF (Gy) — 4ndmaF (G) — 8nim My (G) — 8n3myMy (G)

8m M (G2) + 8maM>(Gy) — 8non My (G1)M(G2) + 4naMa (G )M (Ga)

4 M>(G2)M1 (Gy) — 2F (G1)F (G,) — 4M>(G1 )Mo (G>).

|E(GV G))| = mny?> +mpni> —2mymy,  |V(GyV G,)| = niny given in Lemma 2.1. which is

complete the proof.

Proposition 3.11:

Let G1,G, be two simple connected graphs with ny,n, vertices and

my,my edges, respectively, Then.

HM (G V G>)

= 4[mn3 +man? —2mymy)(niny —1)?

— 4(nny — D)[(n1n3 — 4myny )My (G1) 4+ M (G2)M, (Gy)

+  (non? —4miny )My (Ga) + 8mymayniny] + [[n} — 2n3my) HM(G»)
+  [n§ —2m5my]HM(G1) + 5n1M(G1)F (G2) + 5noM; (G»)F(Gy)

+ 1On%m2n1M1 (G1) + IOnQn%mlMl (Gy) + Sn%mzml + Sn%mlmz

- 8n2m%M1 (Gy) — 8n1m%M1 (G1) —4n%m1F(G2) —4n%m2F(G1)

— Sn%mle(Gz) — 8n%m2M2(G1) +8m M (G7) + 8myM>(G)

— 8maniM(G1)M1(G2) +4ny;Myr (G )M, (Gr) +4n Mo (Go)M, (Gh)

— 2F(G1)F(Gy) —4Ma(G1)M2(Ga)].

Symmetric difference

The symmetric difference G| @ G», of two simple and connected graphs G and G, is the graph

with vertex set V(G1) X V(G2) and E(G1 ®G3) = (u1,uz)(vi,v2)|u1vy € E(G1) orupvy € E(G»)

but not both.
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Theorem 3.12: Let G, G, be two simple connected graphs with ny,n, vertices and my,my

edges, respectively, Then.

HM(G1®Gy) = 4[min3+mon —4mymy)* + (niny — 2)[(nyn3 — 8mayny )M, (Gy)
+  4M1(G1)M1(Gy) + (nan? — 8myni )M (Ga) + 8mymanyn;)]
— [[n} — 4n3my] HM(G>) + [n3 — 4n3my] HM(G) + 201, M, (G )F (G>)
+ 20myM,(G1)F(Gy)+ IOn%mznlMl(Gl) + IOngn%mlMl (Gr)
+  8ndmomy — 16nymIM;(G,) — 16nm3M; (Gy) — 8nim F (G)
—  8m5maF (Gy) — 16n3m Ma(Gy) — 16n3muMy(Gy) +32miMa(G5)
+ 32muyM,(Gy) — 16nn M (G1)M,(G2) + 16n,My (G )M, (G2)

+ 16111M2(G2)M1 (Gl) — 16F(G1)F(G2) — 32M2(G1)M2(G2)].

Proof. Using a similar method, as in Theorem 3.10.
Proposition 3.13: Let G, G, be two simple connected graphs with ny,n; vertices and my,m;

edges, respectively, Then.

HM(G,®G,) = 4[min3+mant —4mimy](niny — 1)? —4(nyny — 1)[(nyn3 — 8many )M, (Gy)
+ 4M,(G)M:(G2) + (mani — 8myny )M (Gz) + 8mymaniny)
+  [n] —4n3ma)HM (G2) + [n3 — 4n3ma) HM (G ) + 20n M, (G1) F(Ga)
+ 20mM,(G1)F(Gy) + IOn%mznlMl (G1)+ 1On2n%m1M1 (Gy)
+ Sn%mzml — 16n2m%M1(G2) — 16n1m%M1(G1) — Sn%mlF(Gz)
— 8m3myF (G)) — 16n7miMy(Gy) — 16n3maMy(Gy) +32mi My (G,)
+ 32myM,(Gy) — 16nn M1 (G1)M 1 (G2) + 16n,M>(G1 )M (G»)

+ 16?11M2(G2)M1 (Gl) — 16F(G1 )F(Gz) — 32M2(G1)M2(G2).
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4. APPLICATION

TiO» is one of the most studied compounds in materials science. Owing to some outstanding
properties it is used for instance in photocatalysis, dye-sensitized solar cells, and biomedical de-
vices [18]. In chemical graph theory, topological indices provide an important tool to quantify
the molecular structure and it is found that there is a strong correlation between the properties
of chemical compounds and their molecular structure [17]. Among different topological in-
dices, degree-based topological indices are most studied and have some important applications.
In this section, hyper—Zagreb coindex have been investigated for titania 770, nanotubes and
molecular graph of nanotorus .

Corollary 4.1: The hyper-Zagreb coindex of TiO;[n, m] nanotube Fig.1. is given by
HM(TiOy[n,m]) = 856m*n? 4 1064mn> + 352n> — 732mn — 380n.

Proof. By using Theorem 2.7. we have
HM(TiO[n,m]) = (|V(Ti05)| —2)M; (TiOz[n,m]) +4|E(TiO5)|> — HM(TiO,[n,m]), and since
M, (TiOz[n,m]) = 76mn +48n, given in [14]. HM(TiO;[n,m]) = 580mn + 284n, given in [17].
and The partitions of the vertex set and edge set V (Ti0,), E(TiO,), of TiO[n,m| nanotubes are

given in Table 1. and Table 2., respectively. We have

Top image

Across image

FIGURE 1. The molecular graph of TiO;[n, m| nanotube.
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TABLE 1. The vertex partition of 7i0;[n, m] nanotubes.

Vertex partition 1)

V3 V4 1%

Cardinality

2mn +4n

2mn | 2n | 2mn

TABLE 2. The edge partition of TiO;[n, m] nanotubes.

Edge partition

E¢=E}

E7 =EjUE,

Eg = Ej;

*
E12

*
ElO

Cardinality

6n

dmn +4n

6mn—2n | 4dmn+2n

2n

HM(TiOz[n,m])

(JV(Tios[n,m]) — 2)M\(TiO[n,m))

4(JE(TiOs[n,m])* — HM(TiO[n,m))

(X IV (TiO2[n,m))| = 2)M\ (TiO2[n,m])

4(Y |E(TiOs[n,m))|* — HM(TiO[n, m))

(6mn +6n —2)(76mn +48n) + 4[|[EZ| + |Ejo UED| + |E;s|)?

580mn — 284n

856m*n* + 1064mn? + 352n* — 732mn — 380n.
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Corollary 4.2: Let P, and C,, be path and cycle graphs with n, m vertices, respectively, such

that m,n > 3. Then

1. HM(C,*Cp) = 133n’m?> — 14m*n — nm* — 214nm — 16n.

2. HM(P,+Cp,,) = 4m*(4n —3)? +2m(nm —2)(48n — 61) — [16n — 30+ 72nm — 38m +

4m(n—1)(2m+1) +nm*(m* +6)].

3. HM(P,+Cp) =4[(n—1)+m+nm|*+ (nm—2)[4n — 6 + nm* + mn® + 8nm) — [16n —

38+ 44nm — 22m + 12n°m + 12m*n + nm(m +n)?).

4. HM(C,+Cp) =4[(n—1)+m+nm)?> + (nm—2)[4n — 6 + nm?* + mn* + 8nm] — [16n —

38+ 4dnm — 22m + 12n%m + 12m*n + nm(m +n)?).
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Corollary 4.3: Let T = T|p, g| be the molecular graph of a nanotorus such that |V (T)| = pq,
|E(T)| = 3pq, Fig. 2. Then:

a. HM(T[p,q)) = 18p*q> —72pq.

b. HM(P, x T) = 50n’p*q* — 38np>q* +4p*q* — 300npg — 150pq.
Proof. To proof (a), by using Theorem 2.7. we have

HM(T[p.q)) = (IV(T[p.q))| — 2)M1(T[p,q)) +4|E(T [p,q])|> — HM(T[p, q))

And since HM (T [p,q]) = 54pq by [13]. M;(T) = 9pq by [12]. Then

3
HM(T[p,q]) = 9pq(pq —2) +4[Zpal” — 54pq = 18p’q" —T2pq.
To proof (b), by [13] HM (P, X T) = 250npq — 186pq, and by [12] M| (P, x T) = pq(25n—18),
and by using Lemma 2.1. |E(P, X T)| = (n—1)pq+ %npq = pq(%n— 1), |V(B, xT)| = npq,
and by using Theorem 2.7. we get
HM (P, xT)
= ([V(PyxT)|=2)M(P, X T)+4|E(P, x T)|* —HM(P, x T)
5
= palnpq—2)(25n—18) +4[pq(5n—1)* — 250npq — 186pg

= 50nzp2c]2 — 38np2q2 + 4p2q2 —300npg — 150pq.

FIGURE 2. molecular graph of a nanotorus
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5. CONCLUSION

The present study has investigated some of the basic mathematical properties of the Hyper-
Zagreb coindex and obtained explicit formula for their values under several graph operations.
and we studied the Hyper-Zagreb coindex of molecular graph of nanotorus and titania nanotubes

TiOz[n,m.
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