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Abstract: In This study, we employed the Exp-function method to obtain the exact solutions of two systems of
nonlinear partial differential equations the coupled Hirota-Satsuma-KdV equation and the Hirota—Satsuma coupled
KdV and compare this exact solutions with corresponding numerical solution obtained by the homotopy analysis
method (HAM).
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1. INTRODUCTION
The solutions of linear and non-linear differential equations are of great importance for scientific

disciplines such as engineering, physics and other disciplines. There are many powerful methods
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that have been presented to obtain analytical solutions to differential equations for example, such
as the tanh-function method [1-2] and sine—cosine method [3-4]. On the other hand there are
methods that have been used to find numerical solutions for differential equations such as
homotopy perturbation method [5-6], variational iteration method [7], [8] and Adomian
decomposition method [9]-[11] , etc. The Exp-function method [12]-[14] is one of the most
powerful methods used to find analytical solutions for differential equations, which are
characterized by the ease of solving procedures and any of the mathematical package can be used
to help make these procedures easier.

The present article is motivated by the desire to extend the Exp-function method to the coupled
Hirota-Satsuma-KdV equation [15] and the Hirota—Satsuma coupled KdV System [15]-[19] and
compare the exact solutions that we obtained with the corresponding numerical solution by

homotopy analysis method then calculating the error.

2. EXP-FUNCTION METHOD
Consider the following nonlinear system of partial differential equations:

N;(u, v, Us, Vg, Us, Uy, Upp, Vetr Uprer Viger Userer =) = 0, i=1,2 (D
where N, is a nonlinear function with respect to the indicated variables or some functions which
can be reduced to a polynomial function by using some transformations. Introducing a complex
variation ¢ defined as:

u=u(¢p) , v=v(¢p) , ¢ = kx + wt (2)
where k, o are constants to be determined later. Then Eq. (1) reduces to the ODE:

N;(u, v, wu’, ku', kv', w?u", 0?v", wku", wkv', k*u",..) =0, (3)

And then solution of u(¢) is a form of

d
u(@) = S Y gy = Zhem e @)
g=—p bg 9% j=1Bj eJ®

where ¢,m,p,l,d,n,r and q are arbitrary positive integer, the coefficients as, b, ,A, and

B; are unknown constants that will be determined. By balancing the linear term with nonlinear
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term of highest order in Eq. (3) we can determine the values of ¢,p,m and [. As well, by
balancing the linear term with nonlinear term of lowest order in Eq. (3) we can calculate the values

of d,q,n andr.

3. APPLICATION OF EXP-FUNCTION METHOD
3.1. The coupled Hirota-Satsuma-KdV equation
To illustrate the basic idea of the Exp-function method, we first consider the coupled

Hirota-Satsuma-KdV equation [12] in the form

1

Up — Zuxxx — 3uu, + 6vv, =0, (5)
1

vy + vaxx + 3uv, = 0, (6)

By using Eq. (2), the system of Eq. (5) and (6) reduced to the following system of ordinary

differential equation,
1
wu' — Zk3u”’ — 3kuu' + 6kvv' = 0, (7)

1
wv' + Ek3v”’ + 3kuv' = 0, (8)
where (') denote derivative of u and v with respect to ¢. From eq. (4) that the solutions of u and v

takes the following forms:

a.e® + - +a_se 9 o) = Ape™ 4+ A e®
bpepq) —|— cee + b_qe—qq) ! n - Blelq) + cee + B_re_r(b

u(m) = €)

where ¢,m,p,l,d,n,r and q are arbitrary positive integer, the coefficients as,b,,A, and
B; are unknown constants that will be determined. In order to evaluate the values of parameters
c,m,p,l,d,n,r and q we balance the highest and lowest order of linear terms with the highest
and lowest order of nonlinear terms in Eq. (7) and (8) respectively. From Eq. (8) and (9) we obtain:

cze(cH7P+3Dd 4 ... de2eter+3De 4 ... dse@m+i+8p)d o ...
T e®rre L. W T VY S G e@reaDe 1 . (10)

nr

- d,e®+3Do 4 ...

From eq. (10) by balancing the highest order of u'"’,uu’ and vv' we get:

c+7p+3l=2c+6p+3lor c+7p+3l=2m+ 1+ 8pwhichleadsto p= corm =1
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In a similar way from eq. (8) we obtain:
c3eMH7LHPIe L dze(ctm+70¢ 4 ... dzelctm+70e 4 ...
"= e B | .. Juv' = d e @D | ... v’ = d,e DS 1 ... 1)
So, we have: m+7l+p=c+m+70l, whichleads to p=c

Likewise, determining the values of d,q,n and r. By equating the linear term of lowermost order
in Eq. (7) we get: d =qorn =r.
values of the constants ¢,d,m and n can be selected arbitrary. We consider the case that all
constants to be equal 1 i.e.

p=c=1ld=q=1m=1l=1landn =r = 1.

Consequently eq. (9) turn into:

¢ -¢ ¢ -¢
a.e® +ay+a_qe Ae® +Ag+A_qe
u@m) = — e v(n) = o— " (12)
bie® + by + b_qe B,e® + By + B_je
In the case b; # 0 and B; # 0 the system (12)can be simplified to
¢ -¢ ¢ -¢
ae® +ay+a_qe Ae® + Ay +A_qe
un) = v(n) = (13)

e? +by+ b_je 4%’ e®+ By+ B_je~?

Substituting (13) into (7) and (8), we have

1

c [Mge®® + Mce5® + Mye*® + Mye3® + M,e?® + M, e® + My + M_,e™® + M_,e™2¢
+M_3e 3%+ M_,e™® + M_ce 5% + M_e7®] =0,

G = (e¢ + BO + B_le_¢)3(e¢ + bo + b_le_d¢)4,

1

= [N e*® + N;e3® + N,e?® + Nje® + Ny + N_je™® + N_,e 2® + N_ze 3¢ + N_,e™**] =0,

H=(e®+By+ B_le_¢)4(e¢ + by + b_le_d"’)1 (14)
M, ,(c =—6,-5,...,5,6) and N,,(t = —4,-3,...,3,4) and are constants to be obtained

By Calculating all coefficients of e™ and equals by zero we obtain system of algebraic
equations as follows:

Mg =0,Ms=0,M,=0,M;=0,M,=0,M; =0,My=0,M_, =0,M_, =0,M_3 =0,
M_,=0M3;=0M_¢=0N,=0,N;=0N,=0N; =0,Ny=0,N_ =0,N_, =0,
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N.;=0N_,=0 (15)

Solutions of system (15) will yield

2 2 2

Casel. Ag=-2-+2,4=2-2"4,=--"5 B =1,B,=7,a0=1,a,=1-k?
11, 1 5 .

azzz—zk 'bO:]-IbZ:Z'w:Ek —3k, (16)

From eq. (16) and (13), we get the exact solution of u (x, t) and v (x, t) as follows:

2 5 2 2 5
(iZ T &) " (2K -3k)t 3 % +2+ (i‘ Ex l) g ~r=(3k*-3k)e

(k) = 4 2716
1 ekx+(%k3—3k)t+ 1+%e—kx—(gk3—3k)t ’
5 5
(1- kz)ekx+(§k3—3k)t 114 (1 _ 1k2) o~ hx= (5K -3kt
_ 4 4
u(x,t) = 5 T 5 . a7
ekx+(§k —3k)t 1 _I_Ze—kx—(zk —3k)t

Case 2

k? 1 1 _1 7, 1 1,
AO _Al +?'A1 - Al;AZ - ZAliBO - 1132 = Z:ao = +EA1 +§k y A1 = +EA1 _gk )

11 1 1,.3

a2=+§A1—3—2k,b0=1,b2=1,w=—§k iEkAl, (18)

From eq. (18) and (13), we get the exact solution of u (x, t) and v (x, t) as follows:

RN (3, 712 1 (L) e i)

D 2 4
VX0 = 1..3 1,3.3 ’
phxt(—ghdgka)t L 4 o %e—kx—(—gk?’iikt‘ll)t
B 13,3 _ 1 1 k4
+%A1 _%kz) ohet (g gy )t + (+%A1 +%k2) + (+§A1 _3_2k2)e le—gh* +5kAy
U,Z(X,t) = 13 3 13 3 (19)
ekx+(—§k iik.‘h)t +1 +%e—kx—(§k iQkAl)mt

Case 3.

2
Ay = BoAy F - Bo, Ay = Ay, A, = 3 ABo?, By = Bo, By = 1 By, ag = F 5 A1By + 2 k2B,

11, 1, , 1, 1., 3
a1:+EA1_§k , Ay =3_ZBO (+4A1_k )ib0=BO'b2:ZBO ,w=_§k iEkAl’ (20)

From eq. (20) and (13), we get the exact solution of u (x, t) and v (x, t) as follows:
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A1ekx+(_%k3i%kA1)t + (BoA1 + k—230> + (1141302) e_kx_(_%k3i%k'41)t

pa(x ) = 2 4
3V Y 1,.,3 1,5,3 ’
ekx+(—§k3i-§kA1)t + By + %Boze—kx—(—gkh_rik,ql)t
(¢%A1 - %kz) G e %AlB0 + %szo + %Boz(@ml - k?) o k(g azkan)e
us(x, 1) = E 1.3 (21)
plr+(—giaakar)e | By + %BOZe—kX—(—§k3i§kA1)t
Case 4.

1 5 1, 1By (=3k* + 164,%)
AOZO»A1:A1»A2:—ZA1BO ’Bo:Bo»BzzzBo ,ao:—g k2 by = By,
1k* + 1642 1 (k* + 164,%)B,* 1 1—k* + 484,°

=2 T = b, =-B)’,w =c——— (22)
METET ke TR 2 P2 TP @ =TTy
From eq. (22) and (13), we get the exact solution of u(x, t) and v(x, t) as follows:
4 2 4 2
kx+<1—k +484, )t _kx_<1—k +484, >t
Ae 8K + (—%AlBOZ) e 8 K
U4(X, t) = + 2 2 2 ) (23)
kar(1—k +484, )t 1 _kx_<1—k +484, )t
e 8 k + By + ZBOZe 8 k
u4(XI t)
K+ 164,2\ e TR ) By(=3k +164,%) 1 (k*+164,%)By> —wn-(TFHAC )
T skz )¢ N 8k? 32 k2 ¢
- —k4+484,> . (—k*+484,*
ekx+(78k )t + BO + %Boze kx (78k >t
(24)
Case 5.
1 1
Ao = (Bg — bo)Ay, Ay = Ay, Ay = —ZA1b0(—bo + 2B), By = By, B, = Zbo(—bo + 2By),
1bo(—3k* + 164,?) 1k* + 164,° 1 (k* +164,°)b,’
©W=TgT =g 2Ty e b
1, 1—k* + 484,°
bZZZbO ,wzgf (25)

From eq. (25) and (13), we get the exact solution of u(x ,t) and v(x, t) as follows:
kx+(é—k4+:8A12> 1 _kx_<;—k4+:8A12)t
Ale + (BO - bO)Al - ZAlbO(_bO + 2B0)e

1—k4+48A12> (1—k4+48A12> ’
kx+|g——————|t —kx—|g—————|t
Sl Bo+ (3bo(—bo +2Bo))e  \®  F

vs(x, 1) =
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Us (X, t)

—k* 2 4 )
_ 1k +164,%) ) by(=3K" +164,%)  (k* + 164,%)by” e 1iCasA,

8 K 8k’ 32k’ -
- s (LK 484, (12 484, -(26)

1
e 8 k +b0 +Zb026 8 k

LTI o

S
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Fig. (3a) exact solution of u3(x,t) (Bg=1,4;=1,k=1) Fig.(3b) exact solution of v3(x ,t)
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Fig.(5a) exact solution of us(x, t) (By = 2; by = —1; A; = 1;k = —2,) Fig.(5b) exact solution of vs(x, t)
3.2. The Hirota—Satsuma coupled KdV System
We consider the Hirota—Satsuma coupled KdV System [13, 14] in the form

Uy — Euxxx + 3uu, — 3(vw), =0,

Vi + Vyyx — 3UV, = 0,

Wi + Wy — 3uw, = 0, (27)
By using Eq. (2), the system of Eq. (27) reduced to the following system of ordinary differential
equation,

1

wu' — Ek3u”’ + 3kuu’ — 3kvw' — 3kwv' = 0,

wv' + k3" = 3kuv’ =0,

ww' + k3w’ — 3kuw’ = 0, (28)
where (") denote derivative of u, v and w with respect to ¢. From eq. (4) that the solutions of u, v

and w takes the following forms:
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acec¢ + o+ a_de_dd) v( ) _ Amem¢ + -+ A_ne_nd)
bpep¢+...+b_qe_Q¢ g = Blel¢+---+B_re_r¢ ’

u(m) =

Fe9% + .-+ F_ e

_ 9
W) = e T 2 e

(29)

where c¢,m,g,p,l,s,d,e,h,q ,r and j are arbitrary positive integer, the coefficients
ar, bg ,Ap, Bj, F, and Z,are unknown constants that will be determined. In order to evaluate the
values of parameters ¢,m,g,p,l,s,d,e,h,q ,v and j we balance the highest and lowest order
of linear terms with the highest and lowest order of nonlinear terms respectively. From Eq. (28),
we get:

C3e(c+7p+21+s)¢ + . d3e(2c+6p+3l)¢ 4o

nr

= C4e(8p+21+s)¢ + . ’ uu = d4e(8p+3l)¢ + - ’
dzeMmta+s+8p)d 4 ... dseMm+a+i+8p)d 4 ...
vw' = d,e@PHI2)P 1 ... , wv' = PG , (30)
o caeMA714p)d 4 .. , dzelctm+7Deé o ...

= uv
c,e BN 4 ... ’

)

- d,e@HPm 4 ...

AR Ol JE TS dze(c+9+79)0 4 ...

W= C4e(85+p)¢ + - Yuw: = d4e(85+p)¢ + .- ' (31)

By equating the highest order of Exp-function in Eq. (28) using Eq. (30) and (31) we obtain:
p=corm+g=1+s and p = ¢
In the same way, we can obtain the values of d,q,n and r by equating the lowest order in Eq.
(28) using Eq. (30) and (31) we get:
d =qorn+h =r1r+j.
c,m,g,pnl,s,d,eh g ,r and j canbe selected arbitrary. We consider the case that all constants
to be equal 1 1.e.
p=c=1lLd=q=1m=1l=1n=r=1,g=s=1andh=j=1.
Thus, (43) - (45) becomes as:

a,e? + ag + a_,e”® ) Ae® + Ay + A_je ®
, v(n) = )
b,e? + by + b_ e~ %% 7 B,e® + By + B_je~?

u(m) =
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¢ —
w(n) = —. (32)

In the case by # 0 ,B; # Oand y; # 0 the system (32)can be simplified to

ae® +ay+a_e? () = Ae®+ A, +A_je™® w(n) = cie® +cy+c_je®
e? +by+ b_,e 4’ : e?+By+B_je ® "’ :

u(m) = e +y,+y_e”?

(33)
Substituting Eq. (33) into Eq. (28), we obtain system of algebraic equations for a1, ao, a-1, bo,
b-1, A1, Ao, A-1, Bo, B-1, c1, co, c-1, Yo, y-1 by setting the coefficients of all powers of exp(n ¢) to

be zero. After solving this system, we get:

Case 1.
k?co(4a, — k?) k2c,(4a, — k?)
A=_ F 'A=_ T ) =_k3+3k )
0 (co F 2¢5)? 1 (co F 2¢,)2 w a,
k?(+k?c, F 4cya, + 4cpay — kcy) ~
27" (CO — 2C2)2 IBO = iZIBZ = 1; ag = +2k2 i 2a2: a, = a,
az = ag, by = +2,b; = 1,¢c0 = co, ¢ = —c; L co,k =k, yo =2,y, = 1, (34)

From eq. (34) and (33), we get the exact solution of u (x, t) and v (x, t) as follows:

U1
CKo(4a = k) vy Koco(4a, — k) KA(Fe (K F 4ap) + (4, — kD) 4 (Ciarag)
_ (co F 2¢y)* ¢ (co F 2¢5)* (co = 2¢,)* ¢
B k(- 43a2)0) 4 9 4 g—kx—(—k>+3kaz)t
azekx+(—k3+3ka2)t F 2k + 2a, + aze—kx—(—k3+3ka2)t
U = ekx+(—k3+3kaz)t 4 9 4 o—kx—(~k3+3kas)t ’
(—c, + Co)ekx+(—k3+3ka2)t +co+ Cze—kx—(—k3+3ka2)t
W1 = kx+(—k3+3kay)t —kx—(—k3+3kay)t ! (35)
e +24+e
Case2.
_ 8k2(i5k2C2 + 2a0C2 i apCo — 3k2C0) A = Zkz(i7k2(:0 — 12k2C2 $ 4a0C2 + 2a0C0)
(U 2 ya1 T T 2 ’
(co — 2¢3) (co — 2¢7)
Zkz(i7k2C0 — 12k2C2 $ 4a0C2 + 2a0C0) 1 2
A2=— (C —2C2)2 ,Bozi2,32=1,a0=a0,a1=i5a0+2k, (36)
0
1 3
a, =+—ag+2k% by =+2,b, = 1,¢c0 = Cp,¢1 = €3, ¢, = C k =k, y, = +2,y, = 1,0 = 5k* + —kay
2 2 0 0 0 0 0 2 2

From eq. (36) and (33), we get the exact solution of u (x, t) and v (x, t) as follows:
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V2
2k (£7k%cq — 12k*c, F 4agc, + 2a0¢0) ol (sk75kag )t + 8k (£5k%c, + 2a9¢; F agco — 3k?cq) 2k (+£7k%co — 12k?c, F 4agc, + 2a4¢0) o~k (sk3£5kao )t
(co = 2c5)? (co = 2¢)? (co = 2¢5)?

ekx+(5k3i%kau)t 24 e—kx—(5k3i%kao)t

(ilao n 2k2) ekx+(5k3i%kao)t +ag+ (i‘lao + 2k2) e—kx—(5k3i%ka0)t

2 2
U, = )
2 ekx+(5k3i-%ka0)t +24 e—kx—(5k3i%ka0)t
3 3
o Czekx+(5k3i§kao)t +co+ Cze—kx—(5k3i§ka0)t -
2 ekx+(5k3i%kao)t +24 e—kx—(5k3i%kao)t
Case 3.
4 oA o A8k 3 k'yabo _1bo(y; +b%) o 1 b
O T Uy, + b2 T Ay, + hyD)2c, 0 8y, TR 16y,
1 ) 1, 1¢,by°
ao = 0,a1 = kz,az = Zkzbo ,bo = bo,bz = Zbo 'CO = O,C1 = _Z?:CZ = Cz;k = k:
1 4y2 + b02
Yo = 5————,¥2 = Yo, 0 = 2k?, (38)
2 b
From eq. (36) and (33), we get the exact solution of u (x, t) and v (x, t) as follows:
— 48k43’232 pkx+2k3t +% k43’2b062 o —kx—2k3t
. = (4y, +bo*) ¢, (4y2 + bo*) ¢
3 = 2 4 )
ehkx+2k3t 1M + ibL e —kx—2K3t
8 V2 16 y,
2
K2ekx+2k3t | 1k2b 2 g—kx—2k3¢ _1C2b(2) ekx+2k3t 4 o p—kx=2kt
_ g Do __ %y
Uz = 1 , W3 = > , (39
glx+2k3t 4 po 4+ Zboze‘k"‘Zke't phx+2k3t 4 %43’2;‘ bo” y,e—kx=2k3t
Case 4.
Mo = 0.4y = Ay dy = —AyBo = 2,8, = 1ap = Sk T 4MCL | LMLCHE
0 — Y41 = a,,42 = 1'0—'2—'02 P '14 12 » 20 ’
14A,C, + k* 1-k*+124,c,
G2 =7 k2—1b2=1'CO=O'C1=Cl'Cz:_Cl'kzk'yozz'yZZLw:Z k (40)

From eq. (36) and (33), we get the exact solution of u (x, t) and v (x, t) as follows:

—-k*+1244c —-k*+124,c
kx+(711)t —kx—(ill)t
Aie 4k — Aqe 4k
v4 =
—k*+12A4cC —k*+12A,c ’
s (A2, (),
e 4k +2+e 4k
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1(445¢; + K kx+<%)f 41 —3k" + 44,¢ L[4 + k* —kx—<7" tf“lﬁ)t
4 k2 e 2 kz 4 —k2 e
Uy = " - :
—k*+124 —Kk*+124
ekx+<Tlcl)t +24 e_kx_(Tm>t
k +12A1C1 _ _ k +12A1C1

W, = C1€kx+( )t c1€ fex=( —)t ”

+ —k*+124;1¢4 —k*+124:¢1

I G e L S G
Case 5.
Ao(—cq1 + ¢p) Aoy 3k*cy + Ag(co — 2¢1)?

Ao =Ag Ay =————— A4y =——,By=2,B; =1,a0=— ,

0 0,11 o 2 c 0 2 0 2k2¢,

—k*co + Ag(co — 2¢1)? —k*co + Ag(co — 2¢4)? oo 1

a; = — y Ay = — , = 4, =1,cy = Cp,

1 4k?c, 2 4k?c, 0 2 0 0

k*co + 3A49(co — 2¢1)?
Cl = Cl’ Cz = _Cl + CO,k = k,yo = 2’y2 = 1,(1) = — 4kC , (42)
0

From eq. (36) and (33), we get the exact solution of u (x, t) and v (x, t) as follows:

k*cy+349(co—2cq)? k*co+3A49(co—2c1)?
Mekx_i—( . 4%C00 : )t _l_ A + AOCl kx—( . 4’%C00 :
0 Co
Vs = k*co+340(co—2c¢1)? k*co+3A40(cog—2c¢1)?
0 o\to 1 _ _ 0 o\to 1
S = T
Us
_ ke + Ag(c —26)” e I LA f,?z(c" —2c)? ke +A(;C(2co —26))? —hx— (- go2e),
_ 4’k CQ CO 4 CO
- oo EERG T, (el ga)),
k4C0+3A0(C0—2C1)2 _ _ k C0+3A0(C0 2C1)

clekx+( 4kco >t + ¢ + (—c1 + ¢pe o ( 4kco ) 43

W5 - kx+( k4C0+3A0(C0—2C1)2)t _kx_( k4C0+3A0(C0—2C1) )t ,( )
e 4kCo + 2 + e 4kC0
Case 6.
4k* 4+ 2A,(cy — 2¢
Ay = 1% 1),A1=A1,A2=A1,B0=2,BZ=1,b0=2,b2=1,c0=co,cl=c1,
Co— 24

Yo=2,Y2=1¢c,=1¢,

2k*(7co —12¢1) + A1 (co — 2¢1)? —2k*(cog — 4cy) + A (co — 2¢1)?
@ = — 0 0 @ = —
0 4k2(cy — 2¢;) ' 8k2(co — 2¢1)

—2k*(cy — 4cy) + A1 (cy — 2¢1)? 34,(co — 2¢1)? + 2k*(co + 4cy)

a, = — w= (44)

8k2(C0 - 2C1) ’ - 8k(C0 - ch)

From eq. (36) and (33), we get the exact solution of u (x, t) and v (x, t) as follows:
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3A1(Co—2C1)2+2k4(60+461) 4 L 3A1(C0—2C1)2+2k4(C0+4C1)
A fext Bk(Co—ZCl) ¢ 2(_2A1C1 + 2k + COA].) A fex Sk(Co—zCl) t
1€ + 2 + 1€
v = Co — 4Cq
6 =
kx+ 3A1(Co—2C1)2+2k4(60+4C1) ¢ —kx— 3A1(C0—2C1)2+2k4(60+4C1) ¢
e 8k(C0—2C1) + 2 + e 8k(C0—2C1)
Us
2k*(cp — 4c1) — A1 (co — 2¢4)? kx+(—%)t _ 2k*(7co —12¢) + Ay (co — 2¢1)* | 2k*(co — 4c1) — Ay (cp — 2¢1)* —kx— %
8k2(cq = 2¢y) e TK2(co = 2¢y) + 8k2(cq = 2¢7) e
0 1 0 1 0 1
= kx+(_3A1(c0—2c1)2+2k“(c0+4cl))t _kx_(_3A1(Co_251)2+2k4(cu+451))t
e 8k(co—2¢1) +2+4e 8k(co—2c1)
kx+( 3A1(C0—2C1)2+2k4(C0+4C1))t —kx—( 3A1(C0—2C1)2+2k4(C0+4C1))t
C1e Sk(Co—ch) + CO + C1€ 8k(C0—2C1)
= 4
W6 kx+( 3A1(C0—2C1)2+2k4(C0+4'C1)) —kx—( 3A1(C0—2C1)2+2k4(C0+4—C1))t ’ ( 5)
e 8k(C0—2C1) + 2 + e 8k(C0—2C1)

e
LT
e
R RILL 2
LLLZ
7 7 AZHE

Casel fig.6a exact solution of ui(x, t) Fig.6 b exact solution of vi(x ,t) Fig.6¢ exact solution of wi(x ,t)

a,=2¢c=1¢c,==1Lk=2

Case? fig.7a exact solution of uz(x ,t) Fig.7 b exact solution of v2(x ,t) Fig.7c exact solution of wa(x ,t)

1
a0=2;C2=1;k=—5;L‘0:1
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4. DISCUSSION

In pervious section we obtain the exact solutions for example 1 and 2 by exp-function method,
and figs. (1)- (5) shows five cases of the exact solution of example 1 and figs. (6)- (11) shows six
cases of the exact solutions of example 2. In this section, we obtain the corresponding numerical
solutions of example 1 and 2 by the homotopy analysis method[20], [21]. In Table 1 and Table 2,
display the absolute errors between the 15-term HAM solutions and the exact solutions for the
coupled Hirota-Satsuma-KdV equation, and table (3-5) , display the absolute errors between the

10-term HAM solutions and the exact solutions for the Hirota—Satsuma coupled KdV system.

Table 1. Absolute error of HAM for example 1 of u (x, t)

t |u,,, — u HAM| |, — u, HAM| |Upy — usHAM| | |upy — uyHAM| | |u,, — usHAM|
0.1 | 3.408x 10732 1.502 x 10735 1.690 x 1073¢ | 9.590 x 10727 | 1.051 x 10™*!
02 | 2252x107%7 9.853 x 10731 1.037x 10731 | 6.081x 10722 | 6.816x 10737
0.3 1.501 x 10724 6.417 x 10728 6.757 x 1072° | 3.868x 1071° | 4.4260 x 10734
0.4 1.519 x 10722 6.349 x 1072° 6.689 x 10727 3.741 x 107Y 4,366 x 10732
05 | 5478x107%t 22363 x 1072% | 2357 x 10725 1.289 x 10715 1.533 x 1073
0.6 1.027 x 10719 4101 x 10723 4325x107%* | 23146 x 107* | 2.804 x 1072°
0.7 | 1.229x10718 4.791 x 10722 5.056 x 10723 2.649 x 10713 | 3.267 x 10728
0.8 1.057 x 10717 4.025 x 10721 4.250 x 10722 2.182 x 10712 2.737 x 10727
0.9 | 7.0667 x 1077 2.628 x 10720 2.776 x 10721 1.397 x 10711 1.782 x 10726
1.0 | 3.873x1071° 1.407 x 1071° 1.487 x 1072° | 7.346x 10~'* | 9.519 x 10726
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Table 2. Absolute error of HAM for example 1 of v (X, t)

t |Vey — viHAM| | v, — voHAM| | |Voy — voHAM| | Vo — v4HAM| | |v,, — vsHAM|
0.1 | 1.730x 10732 7.280 x 1073¢ 1.010 x 10736 1.918 x 10726 5.240 x 10742
0.2 | 1.126x107%7 4.926 x 10731 5.185 x 10732 1.216 x 10721 3.408 x 10737
0.3 | 7.505x1072> | 3.2086x 10728 | 3.378 x 107%° 7.736 x 10719 2.213 x 10734
04 | 7597 x1072% | 3.1745x1072¢ | 3.344 x 10?7 7.481x 107V 2.183 x 10732
0.5 | 2.739x 1072 1.118 x 10724 1.178 x 1072° 2.578 x 10715 7.669 x 10731
0.6 | 5139x1072° 2.050 x 10723 2.162 x 10724 4.629 x 10714 1.402 x 1072°
0.7 | 6.146x107%° 2.395 x 10722 2.528 x 10723 5.298 x 10713 1.633 x 10728
0.8 | 5.285x 10718 2.012x 10721 2.125x 10722 436 x 10712 1.368 x 10727
0.9 | 3.533x 10717 1.314 x 10720 1.388 x 10721 2.795 x 10711 8.914 x 10727
1.0 | 1.936x 10716 7.035 x 10720 7.435x 10721 1.469 x 10710 4,759 x 10726

Table 3. Absolute error of HAM for example 2 of u (x, t)

t |Upy — U HAM| | |Upy — Uy HAM| | |Upy — UsHAM| | |Upy — U HAM| | |Upy — UsHAM| | |Upy — ugHAM|
0.1 | 4.892x1071° | 6.026 x 107** | 1.550 x 1071 | 1.845x 1071% | 4.892 x 1071° | 1.309 x 1071
0.2 | 4.892x 10710 | 7760 x 10™** | 1.560 x 107! | 1.845 x 1071° | 4.892 x 1071° | 1.309 x 10710
0.3 | 4.892x1071% | 9.595x 1071* | 1.540 x 1071 | 1.845x 1071° | 4.892 x 1071° | 1.309 x 1071
0.4 | 4892x 10710 | 1.155%x 107 | 1.520 x 10711 | 1.845 x 1071% | 4.892 x 1071° | 1.309 x 10710
0.5 | 4.892x1071° | 1.379x 1072 | 1.370 x 1071 | 1.845x 1071° | 4.892 x 1071° | 1.306 x 1071
0.6 | 4.892x 1071 | 1,719 x 1073 | 2.700 x 10712 | 1.845x 1071% | 4.892 x 1071° | 1.283 x 10710
0.7 | 4.892x 10719 | 2581 x 10713 | 5310 x 10711 | 1.844 x 10719 | 4892 x 1071° | 1.167 x 1071°
0.8 | 4893 x 1071 | 5419 x 107 | 2791 x 1071% | 1.844 x 1071° | 4.892 x 1071% | 6.987 x 1071
0.9 | 48971 x 0710 | 1.466 x 10712 1.046 x 1077 | 1.844 x 1071° | 4892 x 1071° | 9.004 x 10~?
1.0 | 4919 x1071% | 4.216 x 10712 3.328x107° | 1.844 x 10710 | 4892 x 10710 | 5,663 x 10710
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Table 4. Absolute error of HAM for example 2 of v (X, t)

1941

t |Voy — Vi HAM| | v, — v,HAM| | |V, — v, HAM| | |V, — v4HAM| | |v,, — vsHAM| | |v,, — VeHAM|
0.1 1.784 x 107° 7.007 x 10710 3.018 x 10710 4,625 x 10710 1.834 x 10710 7.69 x 10710
0.2 1.784 x 107° 7.008 x 10710 3.012 x 10710 4,626 x 10710 1.834 x 10710 7.69 x 10710
0.3 1.784 x 107° 7.008 x 10710 3.015 x 10710 4,626 x 10710 1.834 x 10710 7.69 x 10710
0.4 1.784 x 107° 7.008 x 10710 3.015 x 10710 4,626 x 10710 1.834 x 10710 7.69 x 10710
0.5 1.784 x 107° 7.007 x 10710 3.008 x 10710 4,626 x 10710 1.834 x 10710 7.693 x 10710
0.6 1.784 x 107° 7.007 x 10710 2.964 x 10710 4,626 x 10710 1.834 x 10710 7.715 x 10710
0.7 1.784 x 10~° 7.006 x 10710 2.732 x 10710 4,626 x 10710 1.834 x 10710 7.831 x 10710
0.8 1.784 x 107° 7.006 x 10710 1.804 x 10710 4,626 x 10710 1.834 x 10710 8.299 x 10710
0.9 1.784 x 10~° 7.003 x 10710 1.357 x 10710 4,626 x 10710 1.834 x 10710 9.898 x 10710
1.0 1.783 x 107° 6.993 x 10710 1.073 x 10710 4,626 x 10710 1.834 x 10710 1.466 x 107°

Table 5. Absolute error of HAM for example 2 of w (x, t)

t [Wey —wWiHAM| | |Wey — WoHAM| | |Woy — WoHAM| | |Woy — WaHAM| | Wy — WsHAM| | |We, — WgHAM|
0.1 1.816 x 10~° 4.232x 10710 4.74x 10710 6.564x 10711 | 2.165x10°1° | 8.922 x 10710
0.2 1.816 x 107° 4.234x 10710 4.73 x 10710 6.565 x 10~11 2.165 x 10710 8.922 x 10710
0.3 1.816 x 10~° 4.233x 10710 4.77 x 1010 6.565x 10711 | 2.165x 10710 | 8.922 x 10710
0.4 1.816 x 107° 4.232x 10710 4.76 x 10710 6.565 x 10~11 2.165 x 10710 8.922 x 10710
0.5 1.816 x 10~° 4.233x 10710 4.70x10°1° | 6.5651x 10" | 2.165x1071° | 8.923 x 1010
0.6 1.816 x 107° 4.232 x 10710 4.46x1071° | 6.5652x 10711 | 2.165x 1071 | 8,929 x 10710
0.7 1.816 x 107° 4.234 x 10710 3.25x 10710 6.5652 x 10711 | 2.165x 10710 8.958 x 10710
0.8 1.816 x 107° 4.235x 10710 1.72 x 10710 6.5653 x 10711 | 2.165x 10710 9.075 x 10710
0.9 1.816 x 107° 4.242 x 10710 1.857x107° | 6.5653 x 10711 | 2,165 x 10710 9.475 x 10710
1.0 1.815x107° 4.263 x 10710 6.854x107° | 6.5654x 10711 | 2.165x 10710 1.066 x 10~°
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And figures (12)-(16) shows the comparison of the exact solution by exp-function method with
analytic approximation given by HAM for example 1 from case 1 to case 5, respectively and
figures (17)-(22) shows the comparison of the exact solution by exp-function method with

analytic approximation given by HAM for example 2 from case 1 to case 6 ,respectively .
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4. CONCLUSIONS

In the presented work, the Exp-function method has been applied to the coupled Hirota-

Satsuma-KdV equation and the Hirota—Satsuma coupled KdV system in order to find some new

types of exact solutions. This procedure is very unpretentious, and our results obtained by the Exp-

function method compared with those obtained by the homotopy analysis method.
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