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Abstract. The energy transport equation is fundamental for the meteorological analysis; in this work, we analyze
this equation in three dimensions using the methods of central finite differences; the analysis of convergence,
consistency, and stability of the scheme shows a strong dependence of space and temporal variables. In conclusion,

with the central finite differences was possible to predict the three-dimensional dynamics of the temperature.
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1. INTRODUCTION

The energy transport equation is fundamental in applications as meteorology, aerodynamics,
oceanography, hydrology, and engineering [1].
Taking as the object of study the tree-dimensional transport equation for meteorology, we made
the numerical interpretation of atmospheric dynamics. The energy transport equation has pecu-
liar characteristics that are difficult to find the solution for different methods, its a consequence
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of advective term vaa—i, because it explains the inertia of the model [7, 10].

Therefore, we use the finite difference method by the simplicity in the numerical implemen-
tation for small and large scale in the domain. The advective term of the equation will be
discretized using central finite differences scheme [4, 5].

The model to describe the three-dimensional energy atmospheric transport is:

(1) %—f — _V.Vo+are,

where 0 = 0(x,y,z,t) is the temperature variable , V = (vi,v,v3) is the velocity field and o;
withi=1,3 represent the thermal diffusion coefficient, those in that work will be constants[4].
The domain is a rectangular box Q = [0,L] x [0,L;] x [0,L3] and time ¢ > 0; the initial condi-
tions is known 6(x,y,z,0) = fp, and the boundary condition 0(&,7) |go =% for & € Qand s > 0.
The boundary condition dQ are Dirichlet, in each face of the domain, the temperature ¢ take
values represented by f; with i = 1,6.

The work is structured in different section as: section 2 we show the finite difference method for
the model, section 3 we made the analysis of convergence, consistence and stability, section 4
we present the result and, some numerical experiment, section 5 and 6 we present the discussion

and conclusion, and the references.

2. FINITE DIFFERENCE METHOD

The derivative of variables in the equation are replaced by finite differences for the dependent
and independent variables, that process is called discretization and getting an algebraic system
equation [8, 6].

The discretization of the model, consists of the discretization of the domain, variables, and the

equation.

2.1. Discretization of the Domain. The numerical solution of the partial differential equation
of the energy, is necessary to have abounded domain, for this research the domain is restricted a
rectangular box, expressed by Q = [0,L;] x [0, L] x [0, L], with L; > 0, Vi = 1,3, and Dirichlet
boundary conditions x = Ly, y = Ly, 7 = La.

The domain in divided by number of finite number of rectangular sub-domains with dimension
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given by h, > 0, hy > 0, h; > 0, and h; > 0 for the time 7 > 0.

We chose the nodes in the border of each sub-domain, and their coordinates are:
xi = ihy ; 120717 y M1,

xj:jhy;j:()vla"'amb
(2)
xk:khz;k:0717"'7m37

Xt :th[ ) IZO,I,"‘ NS
the number of nodes are represented by : m| + 1, my + 1, m3 + 1 y m; + 1, respectively.

The sub-domains in some cases have different longitude, and the mesh is defined by:

Definition 2.1. Given hy,hy,h;,h; positive numbers, a mesh is a set of points of the form

(Xi,Yj, 2k tn) = (ihy, jhy,kh;,nh;), called nodes, with i,j,k,n non negative integer numbers.

The solution is given at the nodes &; ; x = (ihy, jhy,kh;) € R3 of the discrete domain.

2.2. Discretization of variables. The variables 0 of the problem are discretized using the
definition 2.1, for each node (ihy, jhy,kh;,nh;) a value 0 (ihy, jhy, kh;,nh;) is designed and rep-

resented by

3) 0! = O(ihy, jhy,khz,nht).

Definition 2.2. The discrete function ¢ is defined over a mesh and each point (x;,y;,2,#,) have

n

a real number ¢; ik

The smooth function ¢ over Q x R™ is discretized on the mesh defined at 2.1. Taking

d)i”j ¢ = 0(xi,yj,2,t,) in particular the solution 6 of the problem (PVIC) given in (3) is

discretized by 9-’:’j7k = 0(Xi, Y5 ks tn)-

1

As the solution 6 is unknown, so the discrete solution Qi”j. ¢ 1s approximated by a discrete

1 n n ~ n 1
function ¢l.7 ik such that 91.7 T ¢l.’ k0 each node of the mesh.

The {¢;; ,} and {q)l”fkl} denote a discrete function at level n and n + 1 respectively, where :

4) 07" s ~ 0(& jk,nh;) and ¢;jjf,j ~ 0(&jknhi+hy),
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also, the discretized initial condition is
00 i = folihy, jhy,khz) withi, j.k € Z7,

and the discretized border conditions on the mesh i, j,k € Z* are designed by

‘P&j,k =h (jhyakhz)a (Pirjj,k = f2<jhy7khz)7
(5) 0ok = f3(ihx,khz), 9], = fa(ihx, khz),
$i'j0 = fs(ihx, jhy), 07k = fo(ihy, jhy).

2.3. Discretization of the equation. The approximation of the terms advection and diffusion

of the equation (1) using Taylor’s series truncated after the first and second term, we get the

finite differences for the first ans second derivative at point (i, j, k) € Z™, of the form

9¢) Ok — Gk (32¢) O k205 jk+0i1 ik

(8_x i7j>k ~ 2hx ? axz i7j7k ~ h%

© (8_¢)_ k=i (8245). Ok = 200kt 91k
ay l,],k 2hy ’ ayz l7]7k h;

00, Gijer1 — Qa1 970 Gijae1 =20t ik
Z 7 < hz

The discretized equation with central differences given in (6) for v; > 0,i = 1,3 is

¢t+l At t _ (Pt (P’ Mt
lm],k la]vk l+17j>k l_17j7k l./_17k l7./_17k
o = ) )

hy 2h, 2h,

(7) . ¢it,j,k+1 B ¢it7j,k—1 tay z't+1,j7k - 2¢it7j,k + ¢it—1,j,k
2h, (he)?

t t 1t t 1t t
Oijerk = 20ujut Oijork o Pijaerr = 200ja i
(hy)? ’ (k)2

To simplified the expression, we defined the discrete operators Sy for { = 1,2,3 as forward

and backward displacement at ¢ = 1 for x, ¢ =2 for y, and ¢ = 3 for z. For example, at x direction

t

the forward operator is S and backward §; _, those applied to discrete function ¢; e We have:

S1+0;"; 4 7= 9/, jx such that §y.¢ = {¢i’§tl7j’k}.

Given P differential and continuous operator and central finite differential scheme (7), we get
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the discrete operator as:
(8) Phx7hy7hk7ht q)lilj,k = O

3. ANALYSIS OF CENTRAL FINITE DIFFERENCES OF THE EQUATION

3.1. Consistency.

Definition 3.1. Phx,hv,hk,hz‘?)fjk is consistent with PO for a time n > 0 in ¢*>-norm, if
HPhxvhy-,hk,ht(Pi,,lj,kaz = || kT (hx; hy, b, i) || 25 and T(hx, hy, hi, hy) — O when k — 0.

where T(hy, hy, h, hy;) is a local truncated error at the time -

We proof the consistency of the discretized equation (6), for this, we denote A, B and P

d d d
differential and continuous operators as Strikwerda [11] , defined by: A = 5 +u P + u28_ +
X
02 92 02 ’
y B=—0y— — ap— — ap—, applying those operators to a smooth function 6 (&) for
81 ox dy a7
& € R3, we have
70 20 20 00 2% 226 2’0
9 AO = — BO =—o - - ,
©) gr T TGy TG TR T
and the equation (6) is written as
(10) P:=A+B, and PO =A0 +B6 = 0.

Then, with the progressive Taylor’s formula at the time, we have:

(1)

1 1 1
0(&ijk>tn+hi) = e(éi,j,katn)+thet(gi,j,k;tn)+5h129tt(§i,j,katn)+ w18 Ot (G jast) + -+,

3!

and replacing the notation (3) in the Taylor’s expansion (11), we have
(12) 071 = 0],k + O+ O(h7).

The Taylor’s formula with spatial variable is:

1
G(Xi :l:hxyyjazkatn) = 9(€i,j7kutn) + thex(éi,ﬁkytn)
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1 1
(13) 500Gt ko tn) = O (G s )+
using the reduced notation 6, k= O (x; = hy,yj, 2k, ta) in the Taylor’s expansion (13), we have

Using (12), (14) y (9) in the equation (6), the discrete operator (8) is

Phx,hy,hk (Pi’?j,k = gt +u; 0, + uzey +u3 95: o Oy — Otzeyy — 03 OZE

-~ -~

+0(hy) +o(hy) +o(h;) +o(h) +o(h2) + o(hi) +o(h?)

(15)  Phony i 85 = AO +BO +0(hy) +0(hy) +0(h;) +0(h) + o(h) + o(hy) +o(h2),

of the equation (10) and (15), we have

(16) PO — Py p i)' 5 = 0(hx) +0(hy) +0(hz) + 0(hy) + 0(h}) + o(h}) + o(h2).

This form, the scheme (6) is consistent with (10), on the right hand side of (16), we have that

the truncate local error goes to zero, when hy, hy, hy, h, — 0 goes to zero, that is :

n
Pe - PhX7hV7hkaht ¢l,],k '_> O

Therefore, we have contrast the definition 3.1.

3.2. Stability. To proof the stability of the scheme (6), the Von Neumann criteria should be

satisfied, for that, we have the follow definitions

Definition 3.2. The central finite differences scheme (6) is stable with respect to a some norm
||.|| if and only if the solution exist and is unique and it is dependent of initial conditions, that

is, there are positives constants Ay, hy,, hy,, h;y and C > 0,1 > 0, a > 0 with n > 0, such that

1 0
16775 11 < Ce™ (167 4

for 0 <= (n4 1), 0 < hy < hg, 0< hy < hy,, 0 < h, <hgy y 0 < hy <y,
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Definition 3.3. Given ¢(&,n) a discrete function defined on Z, then the discrete Fourier trans-

form ¢(&,n) with n € Z*, is denoted by ¢ (&,n) and defined by:

~ 1

0= X, € "Eonht,

( ) meZN

where hZ" = {hm : m € ZN} with mh. a inner product defined for £ € [—771? %] and the

inverse formula is

1 NI
no_ imh.& d
h h
We proceed to find the amplification factor that is necessary for the Von Neumann criteria,

for that, we use the results of Strikwerda [11], and Rubio [5], there exist a biunivocal relation

between discrete space £2(7Z) and the space Lz[—— —] for § € [— 7 h] it warranty that
(17) 167117 =h Y 105" = [~z z 19"(E)1*dE = |97,
meZ, [7%}

this relation is called Parserval’s relation [11],[12].

With the notation (4) and definition (3.3), taking h| = hx, hy = hy, h3 = h, hyZN = {hgm:m €

ZN; we have that mhy - £ is the inner product for £ € with€=1,2,3. As ¢ = {9/, ;}

e[, 21"
is the discrete function, the discrete Furier Transform is ¢ (&, n) and expressed by

~ hihah3

" pEm) = (27) 3/2 Z i) ke Gt p=1iha G p—Tkh3Gs

where 1€ C; i,j,k€e ZyneZ".
Considering B; = &y, By = ha&s, B3 = h3&s, the discrete Fourier Transform of (18) is ex-
pressed as :

hihyhs

(19) (B, B2, B3,n) = s o Zd)?,k 1By 13z s

where 1€ C; i,j,k€ ZyneZ".
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Applying the Discrete Fourier transform (19) to (6) we get

(20) @(ﬂlvﬁ%ﬁ37n) :eiiﬁéa(ﬁlaﬁ%ﬁ%n)?
where By = hy& for £ = 1,2,3. Now, of the equation (19) and (20), we define
1) Sy =Pt for ¢ =1,2,3.

We write a equation (7) as:

t+1 _ 4t _htvl( t — ¢! )_hlv2(¢t Py )
la.]vk o l7./7k zhx l+1~./7k 1_17J7k 2hy lv./+1,k l7f_17k
htV3 hl‘al

- z_hz(¢it,j,k+l B ¢it,j,k71) + (hx)z ( it+1,j,k - 2¢it,j,k + ¢itfl,j,k)

hiop hios

(22) +w<¢ij+1,k =200 it 90+ W(‘Pi’,j,m =20/ jx+ 90 1)
using the notation :
hiv hiva htv3
(23) M=—lp=—", 3= ,
hy hy h,
h h h
(24) ul — L“l ‘u — ﬂ ‘u [(X3

(h)? 72 ()2 (h)?

where A1, A, A3 are the Courant’s numbers.
With the notation (23) and (24), the equation (22) is written as
(25)
(1 =2y — 20 — 2u3) 9! —h S140! M S1_¢!
O ik = (1=20 =20 —2u3)¢; ; , + (T +11)S149; 4+ (7 +11)S1-0; j«
—7(‘2 12 —)u3 2‘3
‘1‘(7 +12)S24 0] 4+ (7 +H2)S2- 9]+ (T +13)S34 0]+ (? +U3)S3- 9 4

Finally, the equation (25) is expressed as

(26) 0i 74 = Q8 ju

where Q = Q(S14+,51-,52+,52-,83+,53_) is a polynomial of the form
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-1 A
Q= (1—24 — 241y = 2113) + (—+ + 1)S14 + (5 + ) S1—
7 2 2

2 A —A A
+(T2 + 12)Sa+ + (71 +12)S2— + (73 +U3)S34 + (73 + U3)S3-.

Replacing (21), (23) , (24) in the polynomial (27) and applying the inversion Fourier formula
given in definition (3.3) [11], the explicit scheme (26) is expressed by

~

(28) ¢l}:lj+kl = Pafj,k where é = p(Bl:ﬁ27B3ahxahyahZ7hl>7

where the spectral radio p(B1, B2, B3, hx, hy, bz, by) = Q(eifhlél,ei’%éz, eifh353) is written of the

form

29 p=1- 4ulsen2% — 4,uzsen272 — 4u3sen2?3 —i(ArsenP + Apsenfr + Azsenf33).

This equation is called amplification factor and shows the amplitude of the general solution

for central finite differences scheme.

Von Neumman criteria. Using Fourier analysis, we have the necessary and sufficient condi-
tions for the stability of the finite differences scheme, this is called Von Neumann analysis. For

this analysis we have the following theorems

Remark. The central finite differences (6) satisfy the Von Neumann criteria as in Gary [13] , if

exist a constant C > 0 independent of Ay, hy, hz, h, B1, B2, B3, K, such that

(30) |p(B17B27ﬁ37hx7hyahz,ht)| <1+Ck.

Where k > 0 is the step of the time and p (B, B2, B3, hx, hy, bz, h;) denote a spectral radio of
amplification factor (29).
If p(B1, B2, B3, hx, iy, by, by ) is independent of Ay, hy, b, by, the stability condition (30) is replaced

by a stability condition of the form

(31) p(B1,B2,B3)| < 1.
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In the next theorem, we use the Von Neumann criteria above to proof the stability of the

central finite differences (6).

Theorem 3.1. The central finite differences (6) is stable with the norm (2, if and only if. it satisfy

the criteria (3.2) of Von Neumann.

The theorem (3.1) shows that only is necessary the amplification factor
p(B1,B2, B3, hx, hy,h;, b)) to determine the stability of central finite differences scheme
(6).

Proof

<) If the Von Neumann criteria (3.2) is satisfied, the central finite differences scheme (6) is
stable with the norm ¢.

Applying Fourier transform to the explicit scheme (6), we get

~

(32) O/ =Pl ks

simplifying this expression, we write as
—~ 2
(33) ¢z",1j,k:p¢;,l',k =p ¢i’,lj,k :...:p”(l/)\l-?jk.

Using the Parseval’s relation (17) of greater dimension, we have

T T T
mo [ [ h
G4 1084l = hihahs Y (8],)° = 10" (B1, B2, B3) *dP1dPad s,
i,j.k v/ T T
h e hs

h o h

in effect

T T T
o[ [
(35) 167 il = 10" (B1, B2, B3)|dB1dPad B
T T T
o h ks

h
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replacing (33) in the Parselval’s (35), we get

(36)

h1 hz h3
”(p,JkHﬁZ — ﬁl;ﬁ27ﬁ3ahxahy7h27hl>|2n’ (ﬁl;ﬁ27ﬁ3>‘2dﬁldﬁ2dﬁ3
h] hz

Applying the criteria (3.2), such that |p(B1, B2, B3, hx, hy, bz, h)| < 14+CkconC >0y Kk > 0,

the equation (36) is wrote as

hl hz h3
H‘P,]k”ﬂ = +CK ﬁ17ﬁ27ﬁ3)‘2dﬁ1dﬁ2dﬁ37
] 2

whit the result 34, we have

197 4ll72 < (1+Cx)*" Y (97 4)*h1hohs,
i,Jk

therefore, we have that

(37) 7l < (1 +CK)2nH¢z?j,kH§2'

T
Given T > O sufficient greater such that nxk < T, thenn < e and 1 4+ Ck < €% with C > 0 and
) T
k >0, we have (1 +Ck)?" < (1+Ck) K <e?T, and replacing in the inequality (37), we have

(38) o

CT [ 40
p=e H‘Pi,j.,k”ﬂ

Of the (37) and (38) the central finite differences (6) is stable .
This result contrast the definition 3.2 in the discrete form.
=) If the criteria (3.2) of Von Neumann is not satisfy, then the central finite different (6) is
unstable. To proof that, only we need to proof the unidimensional case.
For the continuity of p(fB), for some C > 0 there is a B¢ € [Bi1,B2] such that

lp(Bc,hx, iy )| > 1+ Cxk, see figure 1.
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p(B)|
(Bes 1p(B)])
1+Ckt \

0| B ‘5( _\'"j'-_) ’7T 3
1.

FIGURE 1. Given f¢ € Ic = [B1,B:] with |p(B)| > 1 + Ck for some value of
hg = ﬁc-

Taking the initial condition (])l.o and building a function such that

o if get 2

[ h . B B2
\ ﬁz—ﬁl lf ge[h—x,h—x]

]
(39) 0°(&) =

Observe, that [|¢°|| = 1.

Applying the Fourier transform to the scheme (6) for the unidimensional case, and knowing

that C > 0 and B € [~ 7, 7], we have that °(B.) # 0, then for |p(B.)| > 1+ Ck have

(40) 0" =p(B.)9""

=p*(B)9" 2= =p"(B)9" > (1+Cx)"9".

Using the Parseval’s relation (17), have

197117 = hx }_(97')* = 16" (Be) dpe

i
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in effect
r
hy
(41) 197117 = 10" (Be)|>dpB,
“hy

replacing (40) in the Parselval’s (41), have that

r
hy
19717 = . 1P (Bo)*"19°(Be) *d B
hy
or equivalent
B
hi
(“2) 6717 = P (he& e ) P 16°(E) P

1

hy
By hypothesis, we have that |p (B, hy,h;)| > 1+ Cxk with C > 0 and x > 0, and replacing in
(42) have

(43) 9717 > (1+Cx)™" 9°(8)dé,

from the inequality (43) and the function (39), we have that
(44) 971172 > (1+Cx)",
choosing C > 0 such that exist 7 > 0 and k > 0 with kn ~ T such that satisfy 24 2CT > ¢?‘T ~
T
2_
(1+xC) K, the inequality (44) is written as
1 2— 1
19717 = 5(1+Cx) K ~ ST -1,
2 2
we can conclude that

" 1
(45) 19712 > 5€* 16711
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this shows that central finite differences scheme (6) is unlimited VYC > 0, as a consequence is
unstable.

From inequality (38) and (45) the theorem (3.1) is proved .

Remark. Note that of the result (38) that is a discrete representation of the definition 3.2, we
conclude that: The scheme (6) is called stable is exist a constant kK > 0, C >0, T >0 and a

norm ¢ such that
0 CT |40
H‘Pz'r,lj,kHﬁ = HQn‘Pi,j,kHeZ <e H‘Pi,j,k

where nk < T; k and C independent of hy,hy,h3, ks, B1, B2, B3, with n > 0 and B, = h,& with
= [—%,%}N for £ =1,2,3.

2

Note that, from criteria (3.2), if p(B1, B2, B3, hx, by, hz, b ) = p(Bi, B2, B3) then, the Von Neu-
mann criteria is replaced by |p(B1, B2, B3)| < 1.

In effect, applying this result in (29) have that

46) |1-— 4u1sen2% — 4u2sen2% — 4u3sen2%| + |A1senBy + Aysenfr 4+ AzsenfBs3| < 1,

Observe that, considering h, = hy, = h, = h, and the equation (46), have that :

o O 03

h, hy hz>|max+|u1+”2+u3|max§ 1.

47 [1—4(
3.3. Convergence.

Definition 3.4. The central finite differences scheme of the equation (1) is convergent with
some norm || - || if the partial differential solution 6(&,#), and the solution of the finite differ-
ences scheme q)ijk, such that q)l? ; x converge to 60(§) when ihy, jhy, kh,,nh, converge to x,y,z,t
respectively, then ¢'; , converge to 6(&,r) when (ihy, jhy,kh;,nh;) converge to (x,y,z,t) when

hy, hy, h;, by converge to 0; with & e R3 y 1 > 0.

Proposition 3.2. The solution of central finite differences scheme (6) is convergent with the
norm £2, with the solution of partial differential equation (1), represented by 6 (&,¢), for & € R3
if |0(&t) — ¢lflj7k||€2 — 0 when hy, hy,h;,hy — 0.
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Proof

Given hy = hy = h, = h; = h the central finite differences (6) is written as
(48) 0'1¢ = 06},  +4o(h)+30(h).

Given 6(&,t) a solution of equation (10), as the central differences is consistent with order of

precision (1,2), of the result (16), and considering i, = hy, = h, = h; = h we have that

(49) PO — Py p iy 1 5 = 40(h) +30(h?),

that is

(50) 07 = Q)" +4o(h)+30(h).

(51) and @, =67, — @', the error at n-th time step,
00

(52) such that ‘Pka = m]ax|67jk ¢ ikl =0

The equation (50) and the equation (51) is expressed by

Q' = Q@' +4o(h) +30(h?)

= 0%¢]'; ¢ + Oldo(h) +30(h*)] +4o(h) + 30(h?)

= Q")+ Z Q’[40(h) +30(h?)).
using the equation (52), we have that

n—1
o' =Y, Q'[40(h) +30(h*)]
j=0

n—1
19f4lle2 < Y 1107l 2 [0 (R) +30(h?)],
j=0
and with the conclusion 3.2 of stability that inequality is written by

n—1
(53) o iz < Y e“Tifdo(h) +30(h?))].
Jj=0
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Replacing the equation (51) in the inequality (53) have

™ T o(h) + 30(12)]
J=0

(54) || i,j.k

when Tj ~ t; = jh, we have that

(55) 167« — 07 1l 2 = o(h) + o(h*)

by the result of (55) the central finite differences is convergent with order (1,2).

We conclude that the criteria of consistence, convergence and stability are established.

4. RESULT

4.1. Application 1. For j=k=0y oy =v, =0 with [ =2,3y n=1,2,3, the equation (7)

is written by

(56) (PH_I ¢l (¢1+1 2(])1 + (P )

( )
As p(&1,82,83,hy,hy by 1) = p (&1, 62, 83), the CVN given in the definition (3.2) is replaced by:

(57) p(&1,6,8) < 1.

For the case 1D, of the equation (29) and the inequality (57) , we have that:

1
—1<p(&)=1 —4ulSin2% ; Wi Sin 2§ < 5 taking the grater value of 0 < uy < 7 therefore:
h,OCl 1
0< Z
- K2 2

Using the equation (56) of 1D with h, = h; = 0.1, we compared with results of Fletcher [15]
for the initial condition ¢ (x,0) = 0 and the boundary condition ¢(0,7) = ¢(1,7) = 100 at 3000
seconds, with 0 the exact solution [15] of the equation (56) showed in the table 2.

The table 1 and 2 represent the changes of temperature at 500s, 1000s, 1500s, 2000s, 2500s
until 3000s. The condition ¢(0,0) = ¢(1,0) = 50 permit to get the best approximation of exact

solution [15], see figure 3, table 1 and table 2.
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X scheme
0 0.1 02 03 04 05 06 07 0.8 0.9 1 Central
100.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 100.00 500s
100.00 50.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 50.00 100.00 1000s
100.00 50.00 25.00 0.00 0.00 0.00 0.00 0.00 25.00 50.00 100.00 1500s
100.00 62.50 25.00 12.50 0.00 0.00 0.00 12.50 25.00 62.50 100.00 2000s
100.00 62.50 37.50 1250 6.25 0.00 6.25 12.50 37.50 62.50 100.00 2500s
100.00 68.75 37.50 21.87 6.25 625 6.25 21.87 37.50 68.75 100.00 3000s
100.00 68.75 41.41 21.88 14.06 6.25 14.06 21.88 41.41 68.75 100.00 3500s

100.00 68.33 41.53 22.49 11.68 825 11.68 22.49 41.53 68.33 100.00 0
TABLE 1. Changes of temperature

X scheme

0 0.1 02 03 04 05 06 0.7 0.8 0.9 1 Central

50.00 25.00 .00 .00 .00 .00 .00 .00 .00 25.00 50.00 500s
100.00 50.00 12.50 .00 .00 .00 .00 .00 12,50 50.00 100.00 1000s
100.00 56.25 25.00 625 .00 .00 .00 6.25 25.00 56.25 100.00 1500s
100.00 62.50 31.25 1250 3.13 .00 3.13 1250 31.25 62.50 100.00 2000s
100.00 65.63 37.50 17.19 6.25 3.13 625 17.19 37.50 65.63 100.00 2500s
100.00 68.75 41.41 21.88 10.16 6.49 10.16 21.88 41.41 68.75 100.00 3000s

100.00 68.75 41.41 21.88 10.16 6.49 10.16 21.88 41.41 68.75 100.00 Fletcher[15]
100.00 68.33 41.53 2249 11.68 825 11.68 2249 41.53 68.33 100.00 0

TABLE 2. Changes of temperature

Grid Error
my Xmy Wi ILpax X ¢ 0 ”6”2 p
10x 10 0.5 3000s 0.9 68.75 68.33 0.9418 Fletcher [15]

10x 10 0.5 3000s 0.9 68.75 6833 0.94195 0.9995 Present work
TABLE 3. Temperature at time of 3000 seconds
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Temperature (°C)
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FIGURE 3. Change of temperature adding boundary condition ¢(0,0) =
¢(1,0) =50.

4.2. Application 2. Fork=0and oy =v, =0, [ = 3; n= 1,3 the equation (22) is written as:

h (04]
(58) ¢£}rl :(pil,j_‘_(]/i—)z(¢;+l,j_2¢z{j+¢itfl,j)+
X

hion

W(‘Pil,jﬂ _2¢il,j+¢il,jfl)'
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For the case 2D, the equation (29) and the inequality (57) have that : —1 < p(&;,&) =1—

1
4ulSin2% — 4[,L25in2%, taking the greater values 0 < uj 4 up < 5 therefore:

o<t b )

Considering the equation (58) with i, = hy = h, = 0.1 and p; = tp = 0.25, oy = o = 0.025
we compare with the results of Gary [13] with respect to exact solution by variable separable
method and is written as 0 (x,y,t) = 20 Sin(mx)Sin(7my), with initial condition ¢ (x,y,0) =
Sin(mx)Sin(my) and boundary condition ¢ (0,y,7) = ¢(1,y,#) =0 and ¢(x,0,¢) = ¢(x,1,¢) = 0.
However, for o = ap = 0.160 and p; = o = 0.16, we observe that the greater approximation
of exact solution 0, see table 4.

The table 3 shows the correspond ¢, - error and the amplification factor p at the time r =1 s.
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0.1

0.2

0.3 0.4

x=y=t
0.5

0.6

0.7

0.8

0.9

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000
0.0128
0.0244
0.0336
0.0395
0.0415
0.0395
0.0336
0.0244
0.0128
0.0000

0.0000
0.0244
0.0464
0.0639
0.0751
0.0790
0.0751
0.0639
0.0464
0.0244
0.0000

0.0000  0.0000
0.0336  0.0395
0.0639  0.0751
0.0880 0.1034
0.1034  0.1216
0.1087 0.1278
0.1034 0.1216
0.0880 0.1034
0.0639  0.0751
0.0336  0.0395
0.0000  0.0000

0.0000
0.0415
0.0790
0.1087
0.1278
0.1344
0.1278
0.1087
0.0790
0.0415
0.0000

0.0000
0.0395
0.0751
0.1034
0.1216
0.1278
0.1216
0.1034
0.0751
0.0395
0.0000

0.0000
0.0336
0.0639
0.0880
0.1034
0.1087
0.1034
0.0880
0.0639
0.0336
0.0000

0.0000
0.0244
0.0464
0.0639
0.0751
0.0790
0.0751
0.0639
0.0464
0.0244
0.0000

0.0000
0.0128
0.0244
0.0336
0.0395
0.0415
0.0395
0.0336
0.0244
0.0128
0.0000

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

Gary [13]

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000
0.0128
0.0244
0.0336
0.0395
0.0415
0.0395
0.0336
0.0244
0.0128
0.0000

0.0000
0.0244
0.0464
0.0639
0.0751
0.0790
0.0751
0.0639
0.0464
0.0244
0.0000

0.0000  0.0000
0.0336  0.0395
0.0639 0.0751
0.0880 0.1034
0.1034  0.1216
0.1087 0.1278
0.1034 0.1216
0.0880 0.1034
0.0639  0.0751
0.0336  0.0395
0.0000  0.0000

0.0000
0.0415
0.0790
0.1087
0.1278
0.1344
0.1278
0.1087
0.0790
0.0415
0.0000

0.0000
0.0395
0.0751
0.1034
0.1216
0.1278
0.1216
0.1034
0.0751
0.0395
0.0000

0.0000
0.0336
0.0639
0.0880
0.1034
0.1087
0.1034
0.0880
0.0639
0.0336
0.0000

0.0000
0.0244
0.0464
0.0639
0.0751
0.0790
0.0751
0.0639
0.0464
0.0244
0.0000

0.0000
0.0128
0.0244
0.0336
0.0395
0.0415
0.0395
0.0336
0.0244
0.0128
0.0000

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

Present
work
a; =0.025
o =0.01

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000
0.0132
0.0252
0.0346
0.0407
0.0428
0.0407
0.0346
0.0252
0.0132
0.0000

0.0000
0.0252
0.0479
0.0659
0.0775
0.0814
0.0775
0.0659
0.0479
0.0252
0.0000

0.0000  0.0000
0.0346  0.0407
0.0659  0.0775
0.0907  0.1066
0.1066  0.1253
0.1121 0.1318
0.1066  0.1253
0.0907  0.1066
0.0659  0.0775
0.0346  0.0407
0.0000  0.0000

0.0000
0.0428
0.0814
0.1121
0.1318
0.1386
0.1318
0.1121
0.0814
0.0428
0.0000

0.0000
0.0407
0.0775
0.1066
0.1253
0.1318
0.1253
0.1066
0.0775
0.0407
0.0000

0.0000
0.0346
0.0659
0.0907
0.1066
0.1121
0.1066
0.0907
0.0659
0.0346
0.0000

0.0000
0.0252
0.0479
0.0659
0.0775
0.0814
0.0775
0.0659
0.0479
0.0252
0.0000

0.0000
0.0132
0.0252
0.0346
0.0407
0.0428
0.0407
0.0346
0.0252
0.0132
0.0000

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

Present
work
o =0.160
o = 0.160

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
-0.0000

0.0000
0.0133
0.0252
0.0347
0.0408
0.0429
0.0408
0.0347
0.0252
0.0133
-0.0000

0.0000
0.0252
0.0480
0.0661

0.0777
0.0816
0.0777
0.0661

0.0480
0.0252
-0.0000

0.0000  0.0000
0.0347  0.0408
0.0661  0.0777
0.0909  0.1069
0.1069  0.1256
0.1124 0.1321

0.1069  0.1256
0.0909  0.1069
0.0661 0.0777
0.0347  0.0408
-0.0000 -0.0000

0.0000
0.0429
0.0816
0.1124
0.1321

0.1389
0.1321

0.1124
0.0816
0.0429
-0.0000

0.0000
0.0408
0.0777
0.1069
0.1256
0.1321
0.1256
0.1069
0.0777
0.0408
-0.0000

0.0000
0.0347
0.0661

0.0909
0.1069
0.1124
0.1069
0.0909
0.0661

0.0347
-0.0000

0.0000
0.0252
0.0480
0.0661

0.0777
0.0816
0.0777
0.0661

0.0480
0.0252
-0.0000

0.0000
0.0133
0.0252
0.0347
0.0408
0.0429
0.0408
0.0347
0.0252
0.0133
-0.0000

-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
-0.0000
0.0000

solution

exact

TABLE 4. Change of temperature

2183
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4.3. Application 3. The equation (7), for j=k=0and o =v, =0 with [ =23y n=2,3;
is written as:

h; o
(h)?
For the case 1D of the equation (29) and the inequality (57), we have:
p(B1)=1- 4ulSin2% —iA1Sin(By), and taking (46), we have

h
(59) O =0l —0.5v1 (¢} — 0 +

- (0F1 201 +9[_1).

(60) 11 —4ulsen2%| + |A1senfy| < 1.

The transport equation (59) for the case 1D with h, = 0.2, h; = 0.1, allow us compare the
central scheme getting for Fletcher [15] with boundary condition ¢(—2,7) =1 and ¢(—2,1) =0

for all t € [0, 1] and initial condition

1 if —2<x<0,
(61) ¢(x,0) =
0 if 0<x<2,

under these conditions, an exact solution with methods of separation of variables, is

2N [(2k—1)rn oGP
62 0(x,t) =0.5—— n|— ——Wx—ut)| ———
(62) (x,1) ﬂ];sm L (x—u )] TIRE

where 0 is the exact solution [15] of the equations (59) showed in the 5 and 6 and represent the
change of temperature at Os, 0.5s to 1s.

Considering h; = 0.05, h, = 0.2 and the conditions vi = 0.5, A; = 0.125, a; = 0.1, u; =0.125
with n=m=20 and Raynold’s number (Re = v, Z—j) Re = 1, with these conditions, we have gotten
a best approximation of the exact solution [15], this implied a decreasing ¢»-error wrote as ||e|| 2,
such that

Y (i r) — (it
6 Hemzz\/ =0 $(01) ~ 0(0)

my — 1

considering at 1s, see figure 4, and the table 7.
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X schema
20 -1.8 -1.6 -14 -12 -1 -0.8 0.6 04 0.2 0.0 Central
10 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0s
10 1.0 1.0 1.0 1.0 099972 0.99858 0.99421 0.98070 0.94678 0.87713 Is
10 1.0 1.0 1.0 1.0 1.0 0999 0994 0981 0947 0877 Is-Fletcher[15]
10 1.0 1.0 1.0 1.0 1.0 0998 0993 0978 0941  0.868 0
TABLE 5. Changes of temperature
X scheme
0.2 04 0.6 0.8 1.0 1.2 1.4 1.6 1.8 20 Central
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 00 00 0s
075979 0.59759 0.41415 0.24546 0.12064 0.04747 0.01429 0.00308 0.00042 0.00 Is
0760 0598 0414 0245  0.121 0047 0014  0.003 0000 0.00 Is-Fletcher[15]
0749 0558 0412 0251 0132 0059 0022 0007 0002 0.00 6
TABLE 6. Changes of temperature
my Xmy U bpax X ¢ 0 HeHZ P(B)
10x10 0.25 1s -0.2 0.94678205 1.0 0.00603304 0.62986082
20x20 0.125 1s  -0.2 0.94622105 1.0 0.00285694 0.81493044

TABLE 7. Temperature at 1s

0(x,y,z,t) = e*m”ztSin(ﬂx)Sin(?ty)Sin(ﬂz)

0 (x,y,2,0) = Sin(nx)Sin(my)Sin(nz).

(])(O,y,z,t) = ¢(1,y,z,t) = q)(x,O,z,t) =0,

O(x,1,2,t) = @ (x,y,0,1) = ¢ (x,y,1,1) = 0.

4.4. Application 4. Given the exact solution (7) forvi =v; =v3=0and @ = tp = 03 = O.

where the equation (65) is the initial condition and the equation (66) is the boundary condition.
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FIGURE 4. Changes of temperature for 4, = 0.05

4.4.1. Comparison of central finite differences. For v;i=0, j= 1,3;0=0.333333 =t ,i =
1,2,3, in the equation (7) with hy, = hy = h, = h; = h=0.1 and u; = U = Uz = U, is possible
to compare the central finite differences with the results of Ortigoza [9], with initial condition
(65) and Dirichlet boundary condition (66) .

To visualize was necessary to do three section with plane in x = 0.2, x = 0.5 and x = 0.8;
in the domain the temperature decreases with increasing time. The results by Ortigoza present
instability after time r = 0.15, because the value o; = 0.333333 ,i = 1,2,3 is outside of the

domain of stability of the inequality (67), see figure(5) case (d).
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0(x,y,z,ty=sin(x*z/1)*sin{r*y/1)*sin(nr*x/1) , graphic to=0 09 0(x,y,z,t)=sin{r*z/1)*sin(x*y/1)*sin(x*x/1) , graphic t1=°'°5

(a) (b)

#(x,y,z,t)=sin(n*z/1)*sin(n*y/1)*sin(x*x/1) , graphic tm=0.15 - B, y,z,t)=sin(r*z/1)*sin(x*y/1)*sin(x*x/1) , graphic tm:l).ls

01

(© (d)

FIGURE 5. The temperature (a),(b),(c) stable y (d) unstable.

For the case 3D, the equation (29) and inequality (57), we have that:

—1<p(&1,8,8)=1— 4/.LlSin2% —4u25in2?2 —4/,L3Sin2?3, them getting the grater value of

1
0<u+py+puz < 3 therefore:

htal ht(Xz htOC3 1
67 0< <.
(67) _h%+h§+h%_2

From the equation (67) and hy =hy=h, =h; =h,v; =0, j= 1,3 with gy =t = 3 = p and
1 N

o) = 0p = o3 = A, we have that o; < 3 ;i = 1,3, it permit compared the central finite difference

scheme of the equation (64), initial condition (65) and Dirichlet boundary condition (66) used

by Ortigoza [9], the results are stable , see figure (5) case (a), (b) and (c).
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The figure (6) for 7 = 0.05, ov = 0.00014 and p = 0.165 in the equation (22) shows the temper-
ature in the domain at time ;9 = 1s and for visualizing we have three sectioninx =0.2,0.5y

0.8, Thar results shows us, that the temperature decrease and keep the stability.

f(x,y.z,ty=sin(r*z/1}*sin{r*y/1}*sin(n*x/1} , graphic t,,=1

0.7

m3=L3fh

m1=L1f’hx

- o 0
_szhv

(a)

FIGURE 6. Temperature (a) stable in time oo = 1.

5. DISCUSSION

This research present the analysis of convergence, consistence and stability of central finite
differences of atmospheric transport equation; with the computational implementation of the
equation (1) was possible to make the simulation in 1D, 2D and 3D of the atmospheric transport
equation and compare the result with others works presented in the applications 4.1, 4.2 and
4.3. The method presented in the present work is more stable than the works cited in the tables
(1 and 2).

The equation (7) is stable if the constants of velocity are bounded by the equation of stability
(46) in particular by (47).

The amplification factor p(&;,&;,&E3) obtained from equation (29) satisfy the Von Neumann
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condition, if exist a constant C > 0 and ¢ > 0, such that |p(&;,&,,&3)| < 1+Ct.
Changing the coefficient of thermal diffusion ¢; with i = 1,3 and applying to the inequality
(67) and adding the source Sg (see [4]) in the equation (1), is possible improve the simulation

of physical problems.

We recommend work the mathematical modeling as a system, considering the conservation

mass laws, heat, water and aerosol.

6. CONCLUSION

The results show that the criteria of convergence, consistence and stability of the central finite
differences scheme, it has a strong dependence between the spatial and temporal variables, that
is the Von Neumann condition is satisfied.

The amplification factor from equation (29) is very important to get the Von Neumann condition.
On the other hand, we conclude that the equation (46) determine the stability of the equation

(7) without it, the convergence from approximate solution to exact solution is impossible.
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