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Abstract: In this paper we define e-Adjacency matrix A.(S) and e-Laplacian matrix of a Semigraph L.(S). Also
discuss some results of eigenvalues of these matrices. We define e-Energy of Semigraph E,(S) using eigenvalues of
its e-adjacency matrix and e-Laplacian energy of Semigraph LE,(S) using eigenvalues of its e-Laplacian matrix. We
investigate relation between e-energyE,(S) and e-Laplacian energy LE,(S) for regular Semigraphs.
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1. INTRODUCTION

The concept of Semigraph was first introduced by E Sampathkumar [1] in 2000 as a generalization
of a graph where an edge can have more than two vertices. In last two decades lot of research has
been done in this area of Semigraph. Many concepts of graphs have been generalized to
Semigraph. Domination in Semigraph has been extensively studied by S S Kamath, R S Bhat, V.

Swaminathan and S Gomathi. Adjacency matrix of Semigraph has been defined by Y. S. Gaidhani,
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C.S. Deshpande and B. Y. Bam (see [3]). Energy of Semigraph has been studied by Y.S. Gaidhani,
C.M. Deshpande, S. Pirzada (see [4]).

2. PRELIMINARIES
Definition 2.1. Semigraph is a pair S(V, E), where Vis a nonempty set of elements called vertices
and E is the set of ordered n-tupples of distinct vertices called edges for n > 2 where these
edges satisfy the following two conditions
1. any of the two edges have at most one vertex in common.
2. anytwoedges u = (uy,uy ug,......uy) and v = (vq, vy Vg, .......05) areequal if

a) r=s and

b) u; =v; fori=1,2,3,........ r or U; = Vp_j4q
This implies that u = (uy, u,, ug, ... ... U,.) is same as
u = (U, Up_q, Up_g, .. ....Uy) Where ujand u, are called the end vertices of an edge, while
Uy, U3, ... ..... Up_q are called the middle vertices of edge u.
Example.2.2 Let S(V, E)be a semigraph where

V=(1,2345,6) and E = (1,2,5),(3,4,6),(2,4,5), (1,6)

In S(V,E), 1,3,5,6 are end vertices, 2 is middle end vertex and 4 is middle vertex.
Cardinality of edge: It is the number of vertices in an edge and it is denoted as|u|.
Adjacent vertices: Two vertices are said to be adjacent if they belong to same edge and they are
said to be consecutively adjacent if they belong to same edge and are consecutive in order.
Adjacent edges: Two edges are said to be adjacent if there is a vertex in common.
Special Types of Semigraphs [2]
Regular Semigraph: A semigraph S(V,E) is said to be regular if all its vertices have the same
degree of a particular type of degree.
r-uniform Semigraph: A semigraph S(V,E) is said to be r-uniform if cardinality of each edge in S
isT.

Complete Semigraph: If any two vertices in a semigraph S(V,E) are adjacent then the semigraph
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S(V,E) is said to be complete.
Following are some of the families of semigraph which are complete.
1) Ef asemigraph consisting of a single s-edge of cardinality r.
2)) T}, asemigraph consisting of an s-edge of cardinality -1 and one vertex joined with each
of the r-1 vertices by an edge of cardinality two.
Incidence matrix and Adjacency matrix of a semigraph has been studied byY S Gaidhani and
C M Deshpande see [3],[4].
For a vertex v in a semigraph S(V, E)various types of degrees are defined.
1) d(v) : Degree of vertex v isthe number of edges having v as an end vertex.
2) d.(v): Edge degree of a vertex v is the number of edges containing vertex v.
3) d,(v): Adjacent degree of a vertex v is the number of vertices adjacent to v.
4) d.,(v) Consecutive adjacent degree of a vertex v is the number of vertices which are

consecutively adjacent to v.

3. MAIN RESULTS

In first section of this paper we define e-Adjacent degree of a vertex v (dg.(v)). Also we
define an e-Adjacency matrix, e-Degree matrix and e-Laplacian matrix of a Semigraph and

discuss some results of eigenvalues of these matrices. In the second section of this paper we
define e- energy of Semigraph using eigenvalues of its e-adjacency matrix and e-Laplacian

energy of Semigraph using eigenvalues of its e-Laplacian matrix.

4. E-ADJACENCY DEGREE OF VERTEX IN SEMIGRAPH S(V, E).

Definition 4.1: Let S(V,E) be a Semigraph where Vis a non empty set of elements called
vertices &E is the set of ordered n-tupples of distinct vertices called edges for n > 2 .The e-
Adjacent degree of a vertex v ( dg.(v)) is defined as number of vertices adjacent to v only from
those edges in which v is end vertex.

Definition 4.2: e-Regular Semigraph: A semigraph S(V, E) is said to be
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e-Regular if all its end vertices have the same degree of a particular type of degree.
We observe that Adjacent degree of a vertex v d,(v) is same as e-Adjacent degree of a vertex v
dg.(v) ifvis an end vertex

i) dge(v) = dy(v), if visan end vertex

i) d,.(v) < d,(v), ifvismiddleend vertex

iii) dge(v) = 0 , if vis middle vertex

iv) dge(V) = Yy is end vertex ofe]-(lejl - 1)
Example. 2: LetS(V, E)be a semigraph where

V=(1,2345,6) and E = (1,2,5),(3,4,6),(2,4,5), (1,6)

In S(V,E), 1,3,5,6 are end vertices, 2 is middle end vertex and 4 is middle vertex

dD =2 | d)=2 | dg(1) =3 |dg(1)=3
d3) =1 | d.3)=1 | dy(3) =2 |dg(3)=2
d5) =2 | d(5)=2 | dy(5) =4 |dg.(5)=4
d6) =2 | d,(6)=2 | du(6)=3 |da(6)=3
d2) =1 | d,2)=2 | d,2) =4 |d,.(2)=2
d4) =0 | d@) =2 | dy@) =4 |dg4)=0

5. E-ADJACENCY MATRIX OF A SEMIGRAPH S(V, E)

Definition 5.1: Let S(V, E) be a semigraph with vertex set V = (1,2,3,4, ... ... p)and

edge set E = (el, €5, €3, v wu eq) then e-Adjacency matrix of a Semigraph is defined as

A (S) = [aij] where a;; = |e,| —1, i,jare end vertices of edge e,

=0, otherwise
5.2 Properties of e-Adjacency matrix of a Semigraph S(V, E).

Let S(V, E) be a semigraph with vertex set V = (1,2,3,4, ... ... p) and edge set
E = (el, €2, €3, wur e eq) then

a)a;; €{0,1,2,........(p — D} Vi,j
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b) i is a middle vertex or an isolated vertex if all entries of i row and i column are zeroes
¢) Ifiisan end vertex or middle end vertex then };a;; = ¥; a;;
d) e-Adjacency matrix is symmetric and thus its eigenvalues are real

Example. 5.3  LetS(V, E)be a semigraph where  V = (1,2,3,4,5,6) and

E =(1,2,5),(34,6),(24,5),(1,6)

Ae(s) =

RPN O O OO
oNOoO o oo
NOC OO oo

(=2 e R e Rl e i e B @)
S o oo nNN
S oo NO K

6. E-DEGREE MATRIX OF A SEMIGRAPH S(V, E)

Definition 6.1: Let S(V,E) be a semigraph with vertex set V = (1,2,3,4, ... ... p) and edge set
E = (el, €2, €3, cur wues eq) then degree matrix of semigraph is defined as
De(S) = [al-j] where a;; = dae(l) ’ 1:_]
=0, 1#
where d,.(i) is an e-adjacent degree of vertex i. dg.(i) = Xiis end vertex of ej(lejl — 1)

Example. 6.2  LetS(V, E)be a semigraph where V= (1,2,3,4,5,6) and
E =(125),(346),(245),(1,6)
3 0

De(S) =

(=2 el e Rl en R e B o)
wooooo

cococoo
coocowN
cocooNno o
orococoOo

7. E-LAPLACIAN MATRIX OF SEMIGRAPH

Definition 7.1: Let S(V,E) be a semigraph with vertex set V = (1,2,3,4, ... ... p) and edge set

E = (el, €2, €3, wur e eq) then e-Laplacian matrix of semigraph is defined as
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L.(S) = D.(S) — A.(S) where A.(S) is e — adjacency matrix of a semigraph
D, (S) is e — degree matrix of a semigraph

Example. 7.2 LetS(V, E)be a semigraph where V = (1,2,3,4,5,6) and

E =(1,2,5),(3,4,6),(2,4,5),(1,6)

3 0 0 0 —2 -1
0 2 0 0 -2 0

o o 2 o o0 -2
LE=1o 0o 0 0 0 o0
-2 =2 0 0 4 0

.1 0 -2 0 0 3/

7.3 Properties of e-Laplacian matrix of a semigraph S(V,E).

a) LetS(V,E) be a semigraph with vertex set V = (1,2,3,4, ... ... p) and edge set
E = (ej ey €3 .....ey) then a;; €{0,£1, 42, ... 2(p— 1)} Vi,j

b)iis a middle vertex or an isolated vertex if all entries of i row and i column are zeroes.
¢) i is an end vertex or middle end vertex if sum of all entries of i" row is zero and sum of all
entries of i™ column is zero.

d) e-Laplacian matrix is symmetric and thus its eigenvalues are real.

8. EIGENVALUES OF E-ADJACENCY MATRIX AND E-LAPLACIAN MATRIX OF A
SEMIGRAPH S(V,E)

Definition (8.1): The polynomial det(Ac(S)-Al)=0 is called characteristics polynomial of e-
Adjacency matrix Ae(S) and roots of characteristic polynomial are called eigenvalues of e-
Adjacency matrix A¢(S). Characteristic Polynomial of A¢(S) is denoted by y(Ac(S), A) and the
corresponding eigenvalues are denoted by A1, A2, A3, ..ouvnnnn.n An

Definition (8.2): The polynomial det(Le(S)-AI)=0 is called characteristics polynomial of
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e-Laplacian matrix Le(S) and roots of characteristic polynomial are called eigenvalues of  e-

Laplacian matrix Le(S).

Characteristic Polynomial of L¢(S) is denoted by y(Le(S) , A) and the corresponding

eigenvalues are denoted by i, po, U3, coeevinniinninnn. Hn.

Example. 8.3 LetS(V, E)be a semigraph where V = (1,2,3,4,5,6) and

E =(1,2,5),(3,4,6),(2,4,5),(1,6)

Eigenvalues of e-Adjacency matrix of S(V,E) are 0,0,3,-3,2,-2

Eigenvalues of e-Laplacian matrix of S(V,E) are 0, 0, 0.5483, 2.4805, 4.6600 , 6.3112

Example. 8.4 Let Tj}a semigraph consisting of an s-edge of cardinality 4 and one vertex joined
with each of the 4 vertices by an edge.

Eigenvalues of e-Adjacency matrix of T; are 0 with multiplicity 1, eigenvalue 1 with
multiplicity 1, eigenvalue -3 with multiplicity 1, eigenvalue -1.6458 with multiplicity 1 and
eigenvalue 3.6458 with multiplicity 1

Eigenvalues of e-Laplacian matrix of T} are 0 with multiplicity 1, eigenvalue 1 with multiplicity
2 eigenvalue 5 with multiplicity 1 and eigenvalue 7 with multiplicity 1.

Example. 8.5 Let Ej be a semigraph with n vertices consisting of a single

s-edge of cardinality n.

Eigenvalues of e-Adjacency matrix of Ej are 0 with multiplicity n-2, n-1 with multiplicity 1 and
—(n-1) with multiplicity 1

Eigenvalues of e-Laplacian matrix of Ej are 0 with multiplicity n-1, eigenvalue 2n-2 with

multiplicity 1.

9. SOME RESULTS OF EIGENVALUES OF E-ADJACENCY MATRIX AND E-LAPLACIAN
MATRIX OF SEMIGRAPH S(V,E)

Let G(V,E) be a graph with n vertices and m edges and let A1, A2, A3, A4 An, be eigenvalues

..............

of adjacency matrix of graph G(V,E) and pi,po,us,........... un be Laplacian eigenvalues of
Laplacian matrix of graph G(V,E).
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These eigenvalues satisfy following relations see[5,6,7,8]
i=14=0 n L A%=2m
i=1 M = 2m imiuf =Xiidi+ 2m
Result 1. If the graph G is regular, then LE(G) = E(G)
Result 2. If the graph G consists of (disconnected) components G; and G, and if Gi and G have
equal average vertex degrees, then LE(G) = LE(G1) + LE(G>). see [10]
The above results of eigenvalues are generalized to Semigraph S(V, E).

a) Let A1, A2, A3, A4 An be the eigenvalues of the e-adjacency matrix of semigraph

S(V.E)then X1, 4=0and %, 42 = 235, e(le| — 1)°
b) Let p1, 2, M3, W 1 be the eigenvalues of the e-adjacency matrix of semigraph

S(V,E) then Z?=1 pi = 2m' where m' = ZejeE([ej] -1 .

1 4] = Suev(dae W) + 2%e, cu(|e] - 1)2 where u is end vertex or middle end

vertex of semigraph S(V,E).
Matrix Energy and Polynomial energy of a Semigraph has been defined by Y S Gaidhani and CM
Deshpande considering adjacency matrix of Semigraph see [6].
Here we define e-Energy of Semigraph with respect to e- Adjacency matrix. Also we define

e-Laplacian energy of Semigraph S(V,E).

10. E-ENERGY OF SEMIGRAPH S(V,E)

Definition 10.1: Let S(V,E) be a semigraph with n vertices and m edges. Let A1, Ao, A3, Aa...............
A be the eigenvalues of the e-adjacency matrix of semigraph S(V,E) then E.(S) = X1 |4
Result 1. E,(S) = 0 equality is attained if and only if m = 0.

Result 2. If Semigraph S(V,E) consists of (disconnected) components S1(V1,E1) and Sz(V2,E»),
then

E, $) = E, (Sl) + Ee(SZ)-
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11. E-LAPLACIAN ENERGY OF SEMIGRAPH S(V,E)

Definition 11.1: Let S(V,E) be a semigraph with n vertices and m edges. Let p1, po, u3, pa

Un be the eigenvalues of the e-Laplacian matrix of semigraph S(V,E) then LE.(S) =

n

2m/ . .
i — n—",l , where m' = Zeng([ej] —1)and n' =n - no of middle vertices.

Theorem 10.1. Let S(V,E) be an e-Regular semigraph with degree 7 .[here S(V,E) is e-Regular
with respect to e-adjacent degree of end vertex v].Then LE.(S) = E.(S) + pr where p is
number of middle vertices of S(V,E).

Proof: Since S(V,E) is an e-Regular semigraph with degree r and p is number of middle

vertices then eigenvalues of e-adjacency matrix of S(V,E) are . 0,0,0, ..... (p times), Ay, A, A3,
Y VI An—p, Thus e-Energy of Semigraph S(V,E) is E.(S) = Xi_F|4l.

Now e-Laplacian matrix of semigraph is defined as L¢(S) = Do(S) —Ac(S) where
A.(S)is e — adjacency matrix of a semigraph,

D.(S) is e — degree matrix of a semigraph thus e-Laplacian eigenvalues are
0,0,0, ..... (ptimes),r — Ay ,r —2A;, T —A3,.cccvvinnnnnnnn. r—A

Now we know if Wi, po, p3, 4. Un are the eigenvalues of the e-Laplacian matrix of

2:,L’| where m' = ZejeE([ej] — 1)and

semigraph S(V,E) then LE,(S) =X, |,ul- -

!

. . 2m
n' =n - number of middle vertices=n —p. Here — =7

nl

n

2m
LE(S) = ) | —=

!

, n
=1
n-p p
2m'’ 2m'’
S e o2
n . n
i=1 i=1
n , n-p p
2m
LE(S) = ) | ,‘=er—ai—r|+z|0—r|
i=1 i=1 =1
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n-p p
ENE
i=1 i=1

=E,(S) + pr.
Theorem 10.2. If a Semigraph S(V,E) consists of (disconnected) components Si(Vi,E1) and
S2(V2,E»), such that S1(V1,E1) and S2(V2,E2) have equal average vertex degrees, then
LE,(S(V,E)) = LEc(S1(V1, E1)) + LE.(S2(V2, E2))

Proof: Let S(V,E) be a semigraph with n vertices and m edges consisting of two components

4

S1(V4, E1) and S»(Va,Ez).Here S1(V1,E1) has nyvertices and m, edges with average degreezl:lr:1

where m,’ = Zej651(|ej| — 1) and n,' = n; —number of middle vertices of S, (V;, E;) and

S2(V2,E2) has n, vertices and m,

= ZejeEz(lejl -

1) and n," = n, — number of middle vertices of S, (V,, E;)

!

. 2 2m{ _ 2 2
Since both have equal average degree —* = ==+ = 2mrtmg) ﬂ
n; nl nqr+ny/
n=n;+n,
Zmz
LE,(S) = Z Z Z Ul
i=1 =1

= LE,(S1(4,ED) + LEo(S,(V, E»))
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