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Abstract. In this paper, we introduce natural metrics in the weighted hyperbolic («,w)-Bloch class
and F*(p,q, s;w) classes. These classes are shown to be complete metric spaces with respect to the
corresponding metrics. Moreover, Lipschitz continuous and boundedness of the composition operator Cy
acting from the hyperbolic (o, w)-Bloch class to the classes F*(p, q, s;w) are characterized by conditions

depending on an analytic self-map ¢ : D — D.
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1. Introduction

Let D := {z € C : |z] < 1} be the open unit disc of the complex plane C, 9D it’s
boundary. Let (D) denote the space of all analytic functions in D and let B(ID) be the
subset of H(D) consisting of those f € H(ID) for which |f(2)| < 1 for all z € D. Also,
dA(z) be the normalized area measure on D so that A(D) = 1.

1

Let the Green’s function of D be defined as g(z,a) = log o Where va(2) =

a—=z

1-az?’ fOI'

z,a € D is the Mobius transformation related to the point a € D.
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If (X,d) is a metric space, we denote the open and closed balls with center x and
radius r > 0 by B(z,r) := {y € X : d(y,z) < r} and B(z,r) := {y € X : d(z,y) < r},
respectively.

Hyperbolic function classes are usually defined by using either the hyperbolic derivative

f*(z) = 1|‘f(?|2 of f € B(D), or the hyperbolic distance p(f(z),0) := %log(ij}cggl)

between f(z) and zero.

A function f € B(D) is said to belong to the hyperbolic a-Bloch class B} if

I1f

Bz = sup f*(2)(1 — |2*)* < oc.
z€eD

The little hyperbolic Bloch-type class B}, , consists of all f € B}, such that

lim f*(2)(1 — =) = 0.

|z]—1

The usual a-Bloch spaces B, and B, o are defined as the sets of those f € H(D) for which

Il = sup |£/(2)](1 = [=f*)" < oo,

and

lim [ f(2)|(1 = [*)* =

|z[—1
respectively.
It is obvious that B is not a linear space since the sum of two functions in B(D) does
not necessarily belong to B(D). From [5, 16, 17], we have the following:
For a given reasonable function w : (0,1] — (0,00) and for 0 < o < oo. An analytic

function f on DD is said to belong to the a—weighted Bloch space BS (see [16, 17]) if

o A=l .
I£llse = sup L s () < o

Also, for a given reasonable function w : (0, 1] — (0,00) and for 0 < o < co. An analytic

function f on D is said to belong to the little weighted Bloch space B, if

(1 —[=)"

H -1~ w(1 —[z])

1fllse, = 1F/(2)] = 0.

Throughout this paper and for some techniques we consider the case of w # 0.

Now, we give the following definitions.
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Definition 1.1. For a given reasonable function w : (0,1] — (0, 00) and for 0 < o < 0.
A function f € B(D) is said to belong to the (a, w)-weighted hyperbolic Bloch space B ,
if

B E ) PN
Il = sup 2 (F(2)) < oo

Also, for a given reasonable function w : (0,1] — (0,00) and for 0 < a < co. A function
f € B(D) is said to belong to the little weighted hyperbolic Bloch space B, , , if

(1 — [z

Iy =0

1Fll5:,. =

We now turn to consider hyperbolic F(p, ¢, s;w) type classes, which will be called F*(p, q, s; w).
For 0 < p,s < 00, —2 < g < oo, the hyperbolic class F*(p, ¢, s;w) consists of those func-
tions f € B(D) for which

/]

ot =50 (P02 (< @D g4z < o0

acD 21)

Moreover, we say that f € F*(p,q, s) belongs to the class F§(p,q,s) if

im [ (£ (2P0 12225 gy o,

lal=1 Jpp ( |21)

The usual general Besov-type spaces F'(p,q, s;w) (defined using the conventional deriva-
tive f’ instead of f*) and their norms are denoted by the same symbols but with f’.

Yamashita was probably the first one considered systematically hyperbolic function
classes. He introduced and studied hyperbolic Hardy, BMOA and Dirichlet classes in
[21, 22, 23] and others. More recently, Smith studied inner functions in the hyperbolic
little Bloch-class [18], and the hyperbolic counterparts of the @), spaces were studied by
Liin [12] and Li et. al. in [13]. Further, hyperbolic @, classes and composition operators
studied by Pérez-Gonzélez et. al. in [15].

In this paper, we study the hyperbolic a-Bloch classes B, | and the general hyperbolic
F(p,q, s;w) type classes. We will also give some results to characterize Lipschitz continu-
ous and compact composition operators mapping from the hyperbolic (a,w)-Bloch class

B, to F*(p,q, s;w) class by conditions depending on the symbol ¢ only.
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Note that the general hyperbolic F(p, g, s; 1) type classes include the class of so-called
Q;, classes and the class of (hyperbolic) Besov class B;. Thus, the results are generaliza-
tions of the recent results of Pérez-Gonzalez, Rét tyd and Taskinen [15].

For any holomorphic self-map ¢ of . The symbol ¢ induces a linear composition
operator Cy(f) = fo¢ from H(D) or B(D) into itself. The study of composition operator
Cy acting on spaces of analytic functions has engaged many analysts for many years (see
e.g. [2, 3,10, 11, 13, 14, 19, 24] and others).

Recall that a linear operator T': X — Y is said to be bounded if there exists a constant
C > Osuch that ||T(f)|ly < C| f||x for all maps f € X. By elementary functional analysis,
a linear operator between normed spaces is bounded if and only if it is continuous, and the
boundedness is trivially also equivalent to the Lipschitz-continuity. Moreover, T': X — Y
is said to be compact if it takes bounded sets in X to sets in Y which have compact
closure. For Banach spaces X and Y contained in B(D) or H(D), T : X — Y is compact
if and only if for each bounded sequence {z,} € X, the sequence {T'z,} € Y contains a

subsequence converging to a function f € Y.

Definition 1.2. A composition operator Cy : B}, — F*(p, ¢, s;w) is said to be bounded,

if there is a positive constant C' such that ||Cyf||r+(p,g,s0) < Cl| fll5;, for all f € B,

Definition 1.3. A composition operator Cy, : B}, , — F*(p, ¢, s;w) is said to be compact,
if it maps any ball in B, onto a precompact set in F*(p, q, s;w).
The following lemma follows by standard arguments similar to those outline in [19].

Hence we omit the proof.

Lemma 1.1. Assume ¢ is a holomorphic mapping from D into itself. Let 0 < p,s <
00, —1 <g< oo and0 < a<oo. Then Cy: B}, — F*(p,q, s;w) is compact if and only
if for any bounded sequence { f, }nen € B, which converges to zero uniformly on compact

subsets of D as n — oo, we have lim ||Cyf,|
n—oo

F(pg.sw) = 0-
The following lemma can be found in [20], Theorem 2.1.1.

Lemma 1.2. Let 0 < o < 0o. Then there are two holomorphic maps f,g : D — C such
that |f'(2)] +19'(2)| = (1 — [2[*)7®, 2 € D.
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2. Natural metrics

In this section, we introduce natural metrics on the hyperbolic (a; w)-Bloch classes B
and the classes F*(p, q, s;w).

Let 0 <p,s <o0,—2 < qg< oo and 0 < a < 1. First, we can find a natural metric in
B;, , by defining

d(f,9: 8. 0) = dss, . (f,9) + |f = 9lls,. +17(0) = g(0)], (1)

where

OB O M [
ds:  (f,9) == Zeg L= /)P 1—g)P|w—|z])

for f,g € B},. The presence of the conventional («;w)-Bloch-norm here perhaps unex-
pected. It is motivated as the example see [15] (see [15], Example in Section 7 ). It

shows the phenomenon that, though trivially dg:  (f,0) > || f|s,,. for all f € B ,, the

same does no more hold for the differences of two functions: there does not even exist a
constant C > 0 such that

(I (O (R E
cen| 1= [f(2)P 1—1g(2)?|w(l—]z

hold for all f,g € B}

? > Ollf - gl

)

0<a<l1. For f g€ F*(p,q,s;w), define their distance by

7a’

d(f,9; F*(p, ¢, 5:w)) = dp- (f,9) + || = 9l pgs) + [(0) = 9(0)];

dA(z)) ’

where
P g6 PO
“*“”’<%§41—U@P T 12F w2

The following characterization of complete metric space d(., .; B:’a) can be proved as the

corresponding result in [15].

Proposition 2.1. The class B}, , equipped with the metric d(., ;B ,) is a complete

w,o

metric space. Moreover, B

o0 18 a closed (and therefore complete) subspace of B ,.

Now we are in a position to prove the following proposition.
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Proposition 2.2. The class F*(p, q, s;w) equipped with the metric d(.,.; F*(p, q, s;w))
is a complete metric space. Moreover, F{(p,q,s;w) is a closed (and therefore complete)

subspace of F*(p, q, s;w).

Proof. For f,g,h € F*(p,q, s;w), we have

e d(f,g; F*(p,q,s5w)) > 0,

°d(ffF(p s;w)) =0,

e d(f,g; " (p,q, s;w)) = 0 implies f = g.

. d(f F*(p,q,s;w)) = d(g, f; F*(p,q, s;w)),

o d(f hi F*(p,q,s;w)) < d(f,g; F*(p,q,8;w)) + d(g, h; F*(p, q, 8;w)),

Hence, d is metric on F*(p, q, s;w). For the completeness proof, let (f,)>2, be a Cauchy
sequence in the metric space F*(p, q, s;w), that is, for any £ > 0 thereisan N = N(¢) € N
such that d(f,, fm) < ¢, for all n,m > N. Since f,, € B(D) such that f,, converges to f

uniformly on compact subsets of D. Let m > N and 0 < r < 1. In view of Fatou’s lemma,

we find that
PO RE PO R,
/ﬂm,r)l—mz)w T fm@F  woje) A
) A e PO,
- /Mor)#oo‘l—rfn( BT @ E wiofey A
<y [[BEL ) PO B

ol 1= [fa(2)2 1= [fu(2)]?

n—oo

Letting » — 17, we obtain that

N e 0 L X0 R DS ¢ Bl 1 o LA CX O
JurertgE et < ve v [ (nert— i iae). @

This yields || f[/%- < 2PeP + 2P| fin |- , thus f € F*(p,q, s;w). We also find

(Psg,55w) (p,g,53w)

that f, — f with respect to the metric of F*(p, q, s;w). The second part of the assertion
follows by (1).

3. Lipschitz continuity
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For 0 < p,s < 00,—2 < g < oo and 0 < a < oco. We define the following notations:

GEF (1 2P a)
P el )

q)d)(paqa 8,&;0.)) = /
p (

and

Q(M(p’q’ 5,a;w) = / |/ ()P (1-— ‘z|2)qgs<z’a>

wisr (L= [0(2)2)e w1 —|z]) dA(z).

Theorem 3.1. Let w : (0,1] — (0,00) and assume ¢ is a holomorphic mapping from
D into itself. Let 0 < p<o00,0<s<1, -1 <g<ooand0 < a <1. Then the following
are equivalent:

(i) Cy:B, — F*(p,q,sw) is bounded;

(i) Cy: B, — F*(p,q,sw) is Lipschitz continuous;

(iii) sup @y(p, ¢, s, a;w) < 0.

a€D

Proof. First, assume that (i) holds, then there exists a constant C' such that

1Cs [

F*(p,q,s;w) < OHf B oo for all f € Bj},a

For given f € B} ,, the function fi(z) = f(tz), where 0 < ¢ < 1, belongs to B} , with the

7a’

property | fills; ., < |flls:..- Let f,g be the functions from Lemma 1.1, such that
w(l —z])
e < [7(2) +97(2),
(1= [z?)"
for all z € D. It follows that
¢'(2)]
= < (fo9)"(2) + (90 9)"(2).
(1 —lo(2)])

Thus, we have

WP (1= o) )
/D (1—|tp(2)[2)  w(l—|z|) dA(z)

< 2 [|(otor @) +gorer )| T T N aa

2\ CllP (1 £ 1B, + Nl ).

IN

This estimate together with the Fatou’s lemma implies (iii).



1176 A. EL-SAYED AHMED

Conversely, assuming that (iii) holds and that f € B}, we see that

sup [ (1700772 E LD da e
(1= Py
)

GO Q- P,
o | ot A

- / (F (&) 16 ()P dA(2)

a€D

< |If

Hence, it follows that (i) holds.
(ii)<=(iii). Assume first that Cy : B} , — F*(p,q, s;w) is Lipschitz continuous, that

is, there exists a positive constant C' such that

d(fog¢,go¢; F*(p,q,sw)) <Cd(f,g,B,,), forall f,geB],

Taking g = 0, we find

1f o ¢l

F*(p,q,5;w) < O(Hf

85 1 fllBea +1£(0)]), forall feB,. (3)

The assertion (iii) for a = 1 follows by choosing f(z) = z in (3). If 0 < a < 1, then

el = | [ s o)<l [* T+ o)
< ey
which yields
00 - gtoton] = =28 4 170) — g0y

Moreover, Lemma 1.1. implies the existence of f, g € B}, , such that
(f'(x)+d' ()1 —=12»)*>C>0, forallzeD. (4)

Combining (3) and (4), we obtain

1 s, + 1lgllsz . + 1150 + N9llBe o + [F(O)] +[g(0)]

PP (1 2P a)
cf AR w4

2 C (bd)(Oé,p, q, s, a, w)?

for which the assertion (iii) follows.
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Assume now that (iii) is satisfied, we have

d(fop,g0¢; F*(p,q,s;w))

= dp-(fog,900)+ | fod—g0dllrpasw +|F(6(0) — g(6(0))]

GEP (1 2P a)
52,01 9) (i‘ég/m TR wd—|2) dA(Z))

Hf - glls (sup / PP (- yz\2>qgs<z,a>dA(z)>;

aeb Jp (1 —|6(2)[2)*?  w(l —|z])
1f = 9llBs.a
T(-a) +1£(0) — g(0)]
< C'd(f, 9B ,)-

D =

IN

_|_

Thus Cy : Bf , — F*(p,q, s;w) is Lipschitz continuous and the proof is completed.

Remark 3.1. Theorem 3.1 shows that Cy : B}, , — F*(p, ¢, s;w) is bounded if and only

if it is Lipschitz-continuous, that is, if there exists a positive constant C' such that

d(fo¢,go¢; F*(p,q,s;,w)) <Cd(f,g;8,), forall f,g € B,

By elementary functional analysis, a linear operator between normed spaces is bounded
if and only if it is continuous, and the boundedness is trivially also equivalent to the
Lipschitz-continuity. So, our result for composition operators in hyperbolic spaces is the

correct and natural generalization of the linear operator theory.
The following observation is sometimes useful.

Proposition 3.1. Assume ¢ is a holomorphic mapping from D into itself. Let 0 < p, s <
00, m1 <g<ocand 0 <a<oo. If Cy: B, — F*(p,q,s;w) is compact, it maps closed
balls onto compact sets.

Proof. If B C B}, is a closed ball and g € F™*(p, ¢, s;w) belongs to the closure of Cy(B),
we can find a sequence (f,)32, C B such that f, o ¢ converges to g € F*(p,q,s;w) as
n — oo. But (f,);2, is a normal family, hence it has a subsequence (f,;)32, converging
uniformly on the compact subsets of D to an analytic function f. As in earlier arguments
of Proposition 2.1 in [15], we get a positive estimate which shows that f must belong to

the closed ball B. On the other hand, also the sequence (f,; o )52, converges uniformly
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on compact subsets to an analytic function, which is g € F*(p, q, s;w). We get g = f o ¢,

i.e. g belongs to Cy(B). Thus, this set is closed and also compact.

Remark 3.2. It is still an open problem to extend the results of this paper by using

generalized hyperbolic derivative as defined in [1].

Remark 3.3. It is still an open problem to extend the results of this paper to the
classes Qk(p,q) and Qk . (p,q) of hyperbolic functions. For some studies on analytic or

meromorphic Q. (p,q) and Qk(p, q) classes, we refer to [4, 5, 6, 7, 8, 9, 16, 17].
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