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1. Introduction

It is an important tool for studying the solutions of single-valued or multi-valued
mapping equation to use differentiability and derivate of mapping. The early Frechet
derivate[l] was widely used for the solutions and the eigenvectors of single-valued map-

ping equation. The concept of semi-derivate was introduced by Petryshyn[2] in 1988
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and was used to study the positive solutions of single-valued strict set contractive map-
ping equation. In 1991, Yang [3] introduced the concept of weak demi-derivative, which
abolished the restriction conditions on semi-derivative, such as boundedness, continu-
ity, monotonousness. By using weak demi-derivative, Yang studied the corresponding
problems of solutions, positive solutions and multiple positive solutions of 1-set contrac-
tive mapping equation. To investigate the existence for positive solutions of multi-valued
strict set contractive mapping equation, in 1995, Yang [4] introduced the concept of quasi-
derivative for multi-valued mapping, which extended the concept of weak semi-derivative
of single-valued mapping. Motivated by the work of Yang, in this paper, we study the exis-
tence problems for multiple positive solutions and eigenvectors of the following set-valued

mapping equation
0eT(x)—ux, (1.1)

by using quasi-derivative of multi-valued mapping under some suitable boundary condi-
tions. These works are very interesting in theory and applications. The results presented

in this paper improve and extend the corresponding results in [2-§].

2. Preliminaries

For the sake of convenience, throughout of this paper, we assume that X is a Banach
space with a cone K, K° = K\ {0} # 0, K* = KU{oo}. Setting I = [0,1], Cx = CNK,
“ <7 denotes the order on X induced by K. C(X),cf(X),B(X),K(X) denote the
families of nonempty closed subsets, closed convex subsets, bounded subsets, compact
subsets of X, respectively. The boundary and closure of C' relative to K are denoted
by 0Ck and Ck, respectively. Denoting Q" = {z € X;|z|| < r}. S((1.1),E) and
ST((1.1), E) denote the set of all solutions and set of positive solutions for equation (1.1)
in E, respectively.

We first recall some definitions and some known results.

Let C C X, T:C — 2%

(i) T is said to be a positively homogeneous mapping if T'(Az) = A\T'(x) (A > 0,z € C).
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(ii) For v € X, mapping T" : C' —u — 2% is called the u-parallel transformation of T,
if
T2y =Tu+2")—u (' €C—u)
(i) z € C is said to be a u-eigenvector of T"if, x — wu is eigenvector of T, i.e.,
te' e T"(2') (¢ =z —u+#90)
for some number ¢, where t is said to be the corresponding u-eigenvalue of T'.

Definition 2.1.14 Let T : K — cf(X).
(i) T is said to be quasi-differentiable at 6 along K if T'(f) € B(X) and there exists a
positively homogeneous and upper semi-continuous (in short w.s.c ) mapping 7 : K —
cf(X) such that

T(x)=T0)+ Ty(z) + w(d,z) (x € K), (2.1)
where w(6,-) : K — 2% satisfies

lim sup {M;y cw(d, x)}=0. (2.2)

z€K,||z]|—0 [Ea
where Ty is said to be a quasi-derivative of 7" at 6 along K.
(i) T is said to be quasi-differentiable at oo along K if T'(#) € B(X) and there exists a

positively homogeneous mapping 77 : K — cf(X) such that
T(x) = To(x) + w(oo, x) (x € K), (2.3)

where w(oo, ) : K — 2% satisfies

lim sup {M;y € w(oo,z)} = 0. (2.4)

€K, ||z||—o00 [|]]

where 7! is said to be a quasi-derivative of T at oo along K.

Definition 2.2. Let u € K, C be a open subset of X. ¢ : Cx — 2% is said to
satisfy boundary condition (M S;0Ck, u) if there exists a positive homogeneous function

[: X —[0,400) such that

H0) = {0}, Uy —2) # Uy —u) — Uz —u), (2.5)
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where 2 € OCk, and either y € g(x) \ Cx as u € C or y € g(x) as u ¢ Ck.
Let U be a bounded open subset of X with UNK # 0, T : Ux — c¢f(K) be a u.s.c
strict set contractive mapping with « € T'(x) (x € OUk). The fixed point index ix (7, U)

is well defined and has the following properties®7

(i) fig(T,U) # 0, then equation (1.1) has a solution in Ug;

(ii) For mapping 2y with constant value zy, if z¢g € U then ix (29, U) = 1;

(iii) Let Uy, Us be two open and bounded subsets of X such that U; U U, C Uy
and Uy NUy = 0, if @ # T(x) for x € OUyx U OUsk , then ix(T,U; U Us) =
ic(T,UL) + ix (T, Us)

(iv) Let H : [0,1] x Ux — cf(K) be a u.s.c mapping and H;(-) : Ux — cf(K).
If Hi(z) = UerH(t,x) is a strict set contractive mapping and for all (t,z) €
[0,1] x Uk, x & H(t,x), then ix(H(1,-),U) = ix(H(0,-),U).

Lemma 2.1.14 Suppose that T': K — cf(X) is a w.s.c strict set contractive mapping,
a=20ora=o00,T! is the quasi-derivate of 7" at a and 1 is not eigenvalue of 7”. Then
(i) The solution set S((1.1), E) of the equation (1.1) in E is compact, where £ = K
when a = oo, or E € B(K) N C(K) when a = 6.
(i) Let T(K) C K, and let 8 € T(#) when a = 6. Then there exists p > 0 such that,

if a = oo, then
i (T, Q) = i (T, Q) (¥ > p), (2.6)

if a = 0, then either there exists a positive solution z of equation (1.1) satisfying ||z| < r

for any r € (0, p), or

i (T, Q) = ix(T5, Q) (Vr € (0,p)). (2.7)

Definition 2.3. Let T : K — 2%, L C K. T is said to be quasi-increasing along L if, for
any z,y € L and any real numbers § and ~ satisfying the following conditions
(i) z >y, (ie, v —y € K%;

(i) vz, By € L
(iii) yx(>)T(z) and T'(y)(>)By, the relation yzr > [y holds.
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Denote Ey (T, A,u,1) and Ey (T, A, u,1+) are the sets of all (u)-eigenvectors of T"in A
with respect to (u)-eigenvalues= 1 or > 1, respectively. For A € 2% and a € X , notice
the fact that @ > b (or b > a) for some b € A by a(>)A (or A(>)a)

Setting

F(K,—)={T: K — cf(X),there exist p > 0 and u € K such that Ey (T, 9%, u,1) U
Ev(T, 000 u,14+) = 0};

F(K,+) = {T : K — cf(X),there exist p > 0,7 > 1 and v € K° such that
Ey(T,000.,0,1) = 0,T(u)(>)nu and T is quasi-increasing along L(u)}

where

L(u) = {x € K;x > Auforsome\ > 0}. (2.8)

Lemma 2.2.1 Suppose that T : K — cf(X) is a u.s.c positively homogeneous strict set
contractive mapping.

(i) f T € F(K,—), then ig(T,Q%) =1 (r > 0).

(ii) T € F(K,+), then ix(T,Q%) =0 (r > 0).

3. Main results

Lemma 3.1. Let U be a open subset of X and T : Ux — c¢f(K) be a wu.s.c strict set

contractive mapping. Then the following propositions hold.

(i) If U is a convex subset of X, x & T'(x) (z € OUk) and there exists a u € Uk such
that T satisfies boundary condition (M S; Uk, u), then ix(T,U) = 1.

(ii) If there exists u € K \ Ug such that T satisfies boundary condition (M S; 0Ux,u),
then ix (T, U) = 0.

Proof. Define H : I x Ux — cf(K) as follows
H(t,x) = (1 —tu+tT(x) ((t,x) € I x Ug). (3.1)
If condition (i) holds, then

v & H(t,z) (t,z) € I x OUy). (3.2)
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Otherwise, there exist xy € OUk and ty € [ such that xy € H(to,xo). Let yo € T(x0)
such that xg = (1 — to)u + toyo. Obviously, ¢y # 0,1, and so yo € Ux. Suppose that
[+ X — [0,400) is a positive homogeneous function satisfying (2.5). We have [(yo—x¢) =
U(yo — u) — (o —w)] = U[( — D(wo —w)] = (5 = Dl(xo —u) = 3l(xo —u) — l(xg —u) =

l(yo — u) — l(xg — u), which is a contradiction. Since u € Uk, we have

If condition (ii) holds, then (3.2) can be verified similarly. Since u & Uk, it follows that
ix(T,U) =ix(u,U) =0. This completes the proof.

Theorem 3.1. Suppose that 7' : K — cf(K) is a u.s.c strict set contractive mapping
such that 7" has a quasi-derivative T, at a = 6,00 and 6 € T'(). If the following two

conditions are satisfied

(i) T; € F(K,+) (a = 0,00);
(ii) there exist bounded convex open neighborhood € of § and u € Qf such that
r & T(x) as © € 00k and T satisfies boundary condition (M.S; 0, u).

then the equation (1.1) has at least two positive solutions in K.

Proof. It follows from condition (ii) and Lemma 3.1 that ix (7, Qk) = 1.

For a = o0, it follows from Lemma 2.1 that there exists p; > 0 such that ix (T, Q) =
(T, ) (Vr > py).

For a = 6, there exists ps > 0 such that either (I) there exists z, € QY \ {8} such that
x, € T'(z,) or (I1) i (T, Q%) = ix (T}, Q%) (Vr € (0, p2)).

For the case of (II), from Lemma 2.2, we may take R > r > 0 such that Q" C Q C
Q C OF and ig (T, Q) = ix(T), ) = 0 and ig (T, Q) = i (T, Q8) = 0. Setting
A= QRN Qg, B = Q\ Q, respectively. Then ix(T,A) = —1 and ig(T,B) = 1.
Therefore, equation (1.1) has two solutions x;, x3, which one is in A, another is in B.
Obviously, x; and x5 are positive solutions of the equation (1.1) in K.

For the case of (I), equation (1.1) has also two positive solutions, one is x, in Q.

another is in Qg \ Q%. This completes the proof.
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Theorem 3.2. Let T be the same as in Theorem 3.1. If the following two conditions are

satisfied

(1) T(i S F(K7 _> (G, = 6,00),
(ii) there exist bounded convex open neighborhood 2 of # and u € K \ Q such that
T satisfies boundary condition (M S; 00k, u).

then equation (1.1) has at least two positive solutions in K.

The proof of Theorem 3.2 is similar to the proof of Theorem 3.1, we omit it.

Theorem 3.3. Let T : K — cf(K) be a u.s.c strict set contractive mapping such that
T has a quasi-derivative 7, at a = 6, oo and T € F(K,—),T., € F(K,+) and 6 € T'(6).
Suppose that T" satisfies the boundary condition (MS;0Qk,u) and the equation (1.1)
does not have any solutions on 0Q. If there exist d > ¢ > 0, bounded convex open
neighborhood Q2 of 6, u € Q% and a continuous concave function ¢ : K — R* = [0, +00)

such that

(i) ¢(u) > cand p(z) < ||z (z € Q,);
(i) Q4 cCQ
(iii) If o(z) = c then ¢(y) > ¢ where either € Q% and y € T(z) or € Qg \ Q%,
y € T'(z) and ||y| > d.

then equation (1.1) has at least four solutions in K where at least three of them are
positive solutions.

Where ¢ is said to be concave function if, for any x,y € K and t € [0, 1], ¢(tz + (1 —
ty) = to(z) + (1 = t)p(y).

In order to prove Theorem 3.3, we need the following lemma.

Lemma 3.2. Let T be a u.s.c strict set contractive mapping from K to c¢f(z) such that
T has a quasi-derivative 77 at a = 6 or co. And let 6 is a isolated solution of equation
(1.1) (that means the 6 is a solution of equation (1.1) and there exists a neighborhood N
of 6 such that no solution is in N \ {6}). Then

(i) If T! € F(K,—), there exists p > 0 such that ix (7T, Q) = 1;
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(ii) f T € F(K,+), there exists p > 0 such that ix (7, Q%) =0,
where 7 satisfies

r>pla=o00) or re(0,p)(a=0). (3.3)

Proof. It follows from Lemma 2.1 that there exists p > 0 such that ix(7,Q%) =
ix (T, ) where r satisfies (3.3). From Lemma 2.2, if T, € F(K, —), then ix (T, Q) =
ik(T,, Q) =1, it T, € F(K,+), then ix (T, Q) = ix(T,, %) = 0. This completes the

proof.

The proof of Theorem 3.3.

If 0 is not isolated solution of equation (1.1), then the conclusions of Theorem 3.3 is
true automatically . If 0 is a isolated solution of equation (1.1), from Lemma 3.2, there
exists p > 0 such that

ixk(T,Q%) =1 (a = 00); (3.4)
ix(T, Q%) =0 (a=20). (3.5)
where the 7 satisfies (3.3). Therefore, we may take R > ¢ > r > 0 such that Q% C Qx C
Qr C QF and i (T, %) =1, ixg (T, Q) = 0.
On the other hand, it follows from Lemma 3.1 that iy (T, Qx) = 1. Setting

D = {o € O plx) > c}. (3.6)

Clearly, D # () (because u € D) and 6 ¢ D. In addition, it is easy to show that D is
convex open subset with respect to K and D N Q" = ().
Define H : D x I — cf(K) by

H(z,t) = (1 — tyu+tT(x) ((z,t) € D x I). (3.7)

Now we prove
¢ H(x,t) (x € 0Dk, t € I). (3.8)
Otherwise, there exist o € 0Dk and ty € I such that zo = (1 — to)u + to7T(zo). Let
Yo € T'(xp) such that xg = (1 — to)u + toyo. If xg € 0Nk then xg & T'(xg), thus ¢y # 0, 1.
Setting m = % > 1, we have m(xg—u) = yo—u. Therefore, for any positive homogeneous

function | : X — [0,400) satisfying (2.5), we have {(yo — zo) = I[(m — 1)(zo — u)] =
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l(yo—u) —l(xg—u). This contradicts with the boundary condition (M S; 0, u). Hence,
xo € Qg and so p(zg) = c.

On the other hand, if 2y € Q%, then ¢(yo) > ¢, thus, (z¢) > (1 —to)e(u) + to(yo) >
¢, which is a contradiction; if xp ¢ Q%, then yy & Q%, and ¢(zy) > c. This also
is a contradiction. Hence, (3.8) is true. Therefore, ix(T,Dk) = ix(H(-,1),Dk) =
ix(H(-,0),Dg) = 1. Tt implies that there exists x; € Dy, which is a solution of equation
(1.1).

Putting A = OB\ Qx, B = Qx \ (% UDg). Obviously, ix(T, A) = —1 and ix (T, B) =
—1. Hence, there exist 9 € A and z3 € B which are solutions of equation (1.1).

In addition, it follows from ix (7,2} ) = 1 that there exists x4 € Q, which is solution
of equation (1.1). This completes the proof.

Now, we further study the multiple positive solutions problems under other boundary

condition.

Let u € K°  be an open subset of X, T : K — cf(X).

(i) T is said to satisfy boundary condition (XC,00k) if, y 2 = (x € 0Qk,y €
T(x)\ Q).

ii is said to satisty boundary condition ,OQp,u) if, y £ & (v € 00, N L(u),
T d fy bound d QX, 00 f o) L
y € T(z)), where L(u) is defined by (2.8).

Lemma 3.3. Let Q be a bounded convex open neighborhood of 6, v € K° and T : Qx —

cf(K) be a w.s.c strict set contractive mapping with x & T'(z) (x € Q).

(i) If T satisfies boundary condition (XC,0€k), then ix (T, Qx) = 1;

(ii) If T satisfies boundary condition (QX, 08k, u), then ix (T, Qx) = 0.

Proof. If T satisfies boundary condition (XC,0Q), we define H : Qi x I — ¢f(K) by
H(z,t) =tT(x). It is easy to see that for each t € I, H(-,t) is a u.s.c strict set contractive

mapping. Now we verify that

v H(z,t) (v € 00k, t € ). (3.9)
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Otherwise, there exist zy € 0Qk and ty € I such that xy € t,T(zp). Thus we may
take yo € T'(xg) such that zy = tgyo. Clearly, ¢ty # 0,1. Setting m = % > 1, we have
Yo = mxo > o and yo € T(xg) \ Qx. This is contradiction with boundary condition
(XC,00k). It implies that (3.9) is true. Thus, ix (T, Qx) = ix (0, Q) = 1.

If T satisfies boundary condition (QX, 08k, u), we can prove that z — fu ¢ T(z)
for x € 00k N L(u), 8 > 0. Otherwise, there exist x € 9Qx N L(u),5 > 0 such that
x — pu ¢ T(x). Taking y € T(z) such that x — fu = y, i.e., x = fu+y > y. This is
contradiction with boundary condition (QX, 0Qk,u). It follows from Lemma 4 of [7] that

ix (T, Q) = 0. This completes the proof.

Theorem 3.4. Suppose that 7' : K — cf(K) is a u.s.c strict set contractive mapping and
0 € T(0) and T has a quasi-derivative T, at a = 0, 00. If one of the following conditions

is satisfied

(i) T, € F(K,—) and there exist a bounded convex open neighborhood €2 of ¢ and
u € KY such that T satisfies boundary condition (QX, 00k, u)

(ii) 7] € F(K,+) and there exists a bounded convex open neighborhood €2 of 6 such
that 7" satisfies boundary condition (XC,0Q).

then the equation (1.1) has positive solutions.

Proof. Without loss of generality, we assume that 6 is isolated solution of equation (1.1)
and © € 0k such that x ¢ T'(z).

If the condition (i) is satisfied, it follows from Lemma 3.2 that there exists p > 0 such
that ix (T,Q7) = ix(T.,Q7) = 1 as r satisfies (3.3), where a = 0 or co. We may take r > 0
such that either Q C Qi as a = 0 or Qi C U as a = oo and ix (T, Q%) = 1. On the
other hand, it follows from (ii) of Lemma 3.3 that ix (T, Q) = 0. Letting A = Qg \ Q%
asa=0or A= 0\ Qg as a = co. We have

. —1 (a=0)
ix(T,A) ={

1 (a=00)

This implies that the equation (1.1) has positive solutions in A.
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Similarly, it can be proved that there exist positive solutions of equation (1.1) when

the condition (ii) is satisfied. The proof is completed.

Theorem 3.5. Suppose that 7' : K — cf(K) is a u.s.c strict set contractive mapping
such that 6 € T'(#) and T has a quasi-derivative 7" at a = 6, co. If there exists a bounded
convex open neighborhood € of @ such that x & T'(x)) as z € 9k and one of the following

conditions is satisfied

(i) T! € F(K,—) and there exists u € K° such that T satisfies boundary condition
(QXa 8QK7 U)
(ii) T € F(K,+) and T satisfies boundary condition (XC,0Qk).

then the equation (1.1) has at least two positive solutions.

Proof. Without loss of generality, we assume that 6 is isolated solution of equation
(1.1) in K. If condition (i) is satisfied, by Lemma 2.1, we may take R > r > 0 such
that O C Qx C Qr C QF and i (T, Q%) = ix(T,QF) = 1. On the other hand, it
follows from Lemma 3.3 that ix (T, Q) = 0. This implies that ix (T, Qx \ Q%) = —1 and
i (T, QF\ Q) = 1. Therefore, there exist z; € Qx \ Uy and 25 € O\ Q which are two
positive solutions of equation (1.1). Similarly, we can prove that there exist two positive

solutions of equation (1.1) when the condition (ii) is satisfied. The proof is completed.

Theorem 3.6. Let R >1r > 0 and T : Q% — cf(K) be a u.s.c strict set contractive
mapping which satisfies boundary conditions (XC,00Q%) and (XC,00%). If there exist
u € QE ¢ >0 and a concave continuous function ¢ : K — Rt with ¢(u) > 0, and the

following conditions are satisfied

(i) When z € QF with ¢o(z) > ¢, p(y) > ¢ for any y € T(z).
(ii) p(z) < casx € QY
(iii) By (T, 008 u,+1) = 0.

then equation (1.1) has at least two positive solutions in Q& \ Q% and if equation (1.1)
does not have solutions in 9%, then equation (1.1) has at least three solutions in Q£

where at least two of them are positive solutions.
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Proof. 1. Denote B = QF. Define F, : K — ¢f(K) by F,(x) = T(B,(z)), where B, is

radial retraction mapping of B with respected to u, i.e.,

. x r€B
iz —wzr+(1—-hYz—u)u z¢&B

where h is Minkowskii function of B — u. Clearly, F, is a u.s.c strictly set contractive
mapping and F,(x) = T(z) as © € Bg.

Now we show that F,, does not have fixed points in K\ B when EV (F,, 0B, u,1+) = ().
Otherwise, there exists 2o € K \ B such that z € F,(20) = T(B,(x0)). Setting z =
Bu(20) = Moo + (1 = Xo)u (Ao = h ™Y (zg — u) < 1). Thus, Z € dBg and & = B,(z), and
so F,(Z) = T'(z). On the other hand, since zy = %0[5: + (Ao — D)ul, /\io(a? —u) € F,(T) — u.
This is a contradiction with Ey (F,, 0B, u,1+) = 0.

2. Taking | > maxz{R, S}, where S = Sup{||ly|l|;x € Bk,y € T(x)}. Suppose that
F is a restriction of F, on Q4. We can prove that F : Qb — Qb is a w.s.c strictly
set contractive mapping such that z ¢ F(z) as x € 9Q%. In fact, it is easy to see that
F Qb — Qb is a u.s.c strictly set contractive mapping. If there exists z € 994 such that
z € F(z) = T(z) where & = B,(z) = h™(z—u)z+(1—h ' (z—u))u, then & € By = INE
and h(x —u)(Z —u) € T'(z) —u. Taking y € T'(z) such that h(x —u)(T —u) = y — u, then
y & QF and y —u > 7 — u. This contradicts with the condition that T satisfies condition
(XC,008). Tt follows that ix (F, Q%) = 1.

3. Denote A = {z € Qk;o(x) > c}. Tt follows from u € A that A # (). Obviously,
A is an open subset with respect to K and AN Q% = (). Define H : A x I — cf(K)
by H(z,t) = tu+ (1 —t)F(x). It is easy to prove that « ¢ H(z,t) as x € 0A,t € I.
Otherwise, there exist xy € 0A, yo € F(xo) and tg € I such that xy = tou + (1 — o)yo.
This implies that ¢(zg) > top(u)+ (1 —to)p(yo) > c. It contradicts with ¢(x¢) = ¢. Thus,
ir(F, A) = 1, and so there exists x; € A such that x; € F(x;).

4. If equation (1.1) has solution 2| € 0}, then x; and ] are positive fixed points of
F, thus the conclusions of Theorem are true. Now we assume that equation (1.1) does

not have any solutions in 9€2". Thus, we have iy (F, A) = 1, and so there exists x5 € O}

such that zy € T'(x9).
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5. Denote U = Qb \ (% U A). Since ig(T, Q%) = 1 and AN QY = (), we have
ix(F,U) = —1. Hence, there exists 3 € U such that x5 € T(x3). It follows from
Ey(F,0B,u.1+) = () that x;, 3 € Bg.

In conclusion, 1, xs and x3 are solutions of equation(1.1), where at least x; and x3 are

positive solutions. This completes the proof.

Theorem 3.7. Let T : K — cf(K) be a u.s.c strict set contractive mapping such that
T has quasi-derivative T, at a = 0,00, T, € F(K,—),T., € F(K,+) and 6 € T(6).
Suppose that there exist d > ¢ > 0 and a bounded convex open neighborhood €2 of # and
u € Q4\ Q. If T satisfies boundary conditions (XC, ), equation (1.1) does not have
any solutions on 9 and there exists a concave continuous function ¢ : K — R* such
that the following conditions are satisfied

(i) p(u) > cand p(z) < ||z|| as = € Qk;

(i) p(y) >casz € 1 UDy,y € T(z) and ||y|| > d,
where ®; = {z € Q%;o(z) = ¢} and ®y = {z € Qx \ Qk; p(x) = ¢}, respectively. Then
equation (1.1) has at least four solutions in K, where at least three of them are positive

solutions.

Proof. Without loss generality, we assume that 6 is a isolated solution of equation (1.1)
in K.

1. By Lemma 3.2, there exists p > 0 such that
: . 0

i (T, Q) ={
1

where r satisfies (3.3). Thus, we may take R > ¢ > r > 0 such that Q" Cc Q c Q C QF
and ig (T, Q%) = 1,ig (T, Q28) = 0. Hence, there exists zq € % such that it is a solution
of equation (1.1)

2. By Lemma 3.3, we have ix (7T, Q) = 1. Denote D = {z € Qk; p(z) > c}. It is easy
to see that D is nonempty convex subset of K and @ & D. Define H : D x I — cf(K) as

follows

H(z,t)=(1—t)u+tT(x)
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Similarly, we can prove (3.8) holds. Therefore, ix (7, D) = 1, and equation (1.1) has a

solution z; € D.

3. Denote A = QF\ QK and B = Qg \ (% U D). It is easy to see that ix (T, A) = —1

and ix (T, B) = —1. Therefore, equation (1.1) has two solutions x5 € A and x3 € B.

In conclusion, zg, 1, z9, x3 are four solutions of equation (1.1) where at least x, zo and

x3 are positive solutions. The proof is completed.
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2]
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