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Abstract. We define GF-structure on the semi-cotangent bundle and establish its existence. We find basic results
for complete lifts of tensor field of type (1,1) and of type (1,2) on the semi-cotangent bundle. We also investigate

the integrability conditions for GF-structure on the semi-cotangent bundle.
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1. INTRODUCTION

Let M, be an n-dimensional differentiable manifold and 7,;(M,) be the cotangent space at
a point p € M, , that is, the dual space to tangent space 7,,(M,) at p. Any element of T,M,
is called a covector at p € M,,. Then the set TI;" (M) = UpEMnT; is, the by definition, the
cotangent bundle over the manifold M,, [8]. The semi-cotangent bundle is a pull-back bundle
of the cotangent bundle. Yildirim [6] studied the semi-cotangent bundles by considering the
complete lift of the vector and tensor field of type (1,1). Yildirim and Solimov [7] studied the
semi-cotangent bundles and some of their lift problems. Integrability conditions of an almost

complex structure on semi-cotangent bundle are established by Cayer [1]. In the present paper
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we consider methods by which the GF-structure in tangent bundle 7M,, can be extended to
semi-cotangent bundle 7*(M,,). These methods enable us to examine GF-structure of #*(M,,) in
relation to those of TM,,.

Let M, be an n-dimensional differentiable manifold and 7'M, its tangent bundle. The projec-
tion bundle 7| : TM,, — M,, which denotes the natural bundle structure of TM,, over M,, [4]. Let
(x') = (x*,x%) be a system of local coordinates where x* are coordinates in M, and x* are fibre
coordinates of tangent bundle TM,,. The indices «,f3, ..... =1,...n, @,B,... =n=1,....2n
andi,j,....=1,...2n. If (xi/) = (xa/,xa/) is another system of local adapted coordinates in the

tangent bundle 7'M,,, where

!

xd/ _ axa yﬁ
oxP
(1.1) X = X% (P
The Jacobian of (1.1) is given by the matrix
a2
8x"/ 9B 9xPaxs”
i _ —
(1.2) A = <8xj> =
Ix®
U

Let 7;*(M,) be the cotangent space at a point x € M, and element of 7;*(M,) is called cov-
ector at x € M,. If a covector p}(M,) whose components are given by p, with respect to
the natural coframe {dx®} that is p = p;dx’, then by definition the set t*(M,,) of all points
(xK) = (x%,x% x%), where x® = po; K, L, .... = 1,....,3n with projection 7, : t*(M,) — T*(M,)
that is 7 : (x®,x% x%) — (x®,x%) is a semi-cotangent (pull back) bundle of the cotangent bun-
dle by submersion 7, : T*(M,) — M, [3].

The pull back bundle *(M,) of the cotangent bundle 7%(M,) also has the natural bundle
structure over M,. Its projection bundle 7 : 1*(M,) — M, which denotes the natural bundle

structure of *(M,,) over M, and defined by 7 : (x%,x% x@) — (x%), and it is easily verified that

7 = m o my. Hence, (t*(M,,), m; o m,) is the composite bundle [5] or step like bundle.
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2. COMPLETE LIFTS OF VECTOR FIELDS

~!

If (x® x® x®') is system of local adapted coordinates in the t*(M,), then we have

_ ) xoc’

o B
S
X = X (xﬁ)

=/ 8xﬁ

The Jacobian of equation (2.1) is given by the matrix

x” 2 s
Erd dxBox6 y 0
— . K/ . a (X/
2.2) A=(af)=| o 0\ 0
0 B 92 dxP

@ oxP oxP ax 9x
it is obvious that the condition DetA # 0 is to the condition Det (%"TO;) = 0.
Suppose that X € 3}(M,,) and X* are components of X then we have X = X%Jq. The com-
plete lift “X of X to tangent bundle T (M,) is defined by X = X%Jp + (y$gX¥)d@ [8]. On

putting
yéaaxa
_P6(3aX6)

by the virtue of equation (2.2), we have “¢X’ = A(CX). The vector field ““X is called the
complete lift of “X to the semi-cotangent byndle ¢*(M,,).

Suppose that ® € 3%(M,),F € S1(T(M,)) and T € 3}(M,). The vertical lift V¥ @ of the
Yo, yF € 3}(t*(M,)) and yT € 31(¢*(M,)) have the components on the semi-cotangent bundle
1" (Mn)

(2.4) Wo=| o |.yF=@yF= 0
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0 0 0
(2.5) =0 )=10 o o
0 psTy, O

with respect to the coordinates (xd,xo‘,x&) where m, F£ and TB‘Sa are local components of @, F’
and T respectively.

If f is a function in M,,, we have write V'V f the vertical lift of the function f on t*(M,) is
(2.6) W= fom=fomom=for.

Let X,Y € S{(T(My)), f € 33 (M,), » € 3)(M,,) and F € 31(T(M,)), we have

2.7) () C(xX+Y) = “Xx+%Cy,
(2.8) (i) XV = X,
(iii) [€x Cy] = “CIx,v]
(2.9) = £eoy (V) = CC(£Y)
(2.10) (i) [ xYV o] = "V(txw)
2.11) (v) [“X,¥F] = y(£xF)

where £x the operator of Lie derivation with respect to X.

3. COMPLETE LIFT OF TENSOR FIELDS OF TYPE (1,1) AND OF TYPE (1,2)

Let F € 3}(T(M,)) and FBO‘ local components of F. Then we have F = Fﬁaaa ® dxP [8].

Making use (2.2), we define F CC for tensor field of type (1,1) on t*(M, ) whose components are
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given by
3.1) CCR — (CCFLK) -1 o Fg 0

0 po(dpFS —uFg) Fh

with respect to the coordinates ((x%,x%,x%) on 1*(M,), where Fﬁ“‘Fel3 = azﬁg . The tensor field
of type (1,1) €CF is called the complete lift of F to the semi-cotangent bundle ¢*(M,,).

We now have the following propositions [6]:

Proposition 3.1. Let X € 3\(T(M,)), 0 € 3)(M,) and F € 31(T(M,,)) then

(3.2) CCFCCx =CC (FX) + y(£xF)
(3.3) CFVao="Y (woF)
(3.4) £ccy“CF =0if £xF =0

where £x the operator of Lie derivation with respect to X.

Proposition 3.2. Let X € 3\(T(M,)), w € 39(M,),F € 31T (M,)) and S,T € 33(M,), then

(3.5) (¥S)°“X = y(Sx)
(3.6) (¥S)(yF)=0
(3.7) CF(yG) =y(GoF)
0 y0s% 0 0 0
(3.8) (7S)y(£xF)=| 0 0 0 0 =10
0 —poSg, O po(£xF)g) 0

where £x the operator of Lie derivation with respect to X.
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Theorem 3.1. If F € 31(T(M,)) and S € 35(M,,) then

(3.9) “CF(75) = 7(SF),

where S € 3Y(M,) is defined by (SF)(X,Y) = S(X,FY) for any X,Y € 3\(T(M,)) then
Proof: 1If Z € 3}(T (M,)), then from equations (3.5) and (3.7), we find

(3.10) CCF(§8)€7 =C F(78)°€Z =CC F(¥S;) = ¥(S2F)

But we have by equation (3.5),

(YSF)“Z = ¥(SF)z
Since (SF)zY = (SF)(Z,Y) =S(Z,FY) = (SzF)Y, forallY € 3}(T (M,)). again from equation
(3.5),

(3.11) V(SzF) = J(SF)z = J(SF)““Z,

From equations (3.10) and (3.11), we get

(CF(75)°°Z = W(SF)“Z = F(7S) = ¥(SF).

Hence, the proof is completed.
Theorem 3.2. Let F € 31(T(M,)) and S € 31(M,), then (7S)°CF = ¥(SF) if and only if

S(X,FY)=S(FX,Y)
for any X,Y € 3} (M,).

Proof: Let X € 3}(M,). Then by virtue of equation (3.5), we get

V(SF)“°X = 7(SF)x

On other hand, by equations (3.2), (3.5) and (3.6), we obtain
(7S)CF)X = (1)(“FCX)
= (7S)(“(FX)+y(£xF))

= '}7SFX7 as ’?S’}’(fo) =0.
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Now, Srx = (SF)x if and only if SpxY = (SF)xY that is if and only if
S(FX,Y)=S(X,FY), VX,Y € 3}(T(M,)).
Next, using equatin (3.5), we get

YSkx = ¥(SF)x

ie.
(75)°°F)°X = (¥(SF))“°X

if and only if

Srx = (SF)X.

Hence the proof is completed.

4. GF-STRUCTURE IN THE SEMI-COTANGENT BUNDLE

Let M, be n-dimensional differentiable manifold of class C* and T'(M,,) its tangent bundle.

Suppose there exists a tensor field F of type (1,1) in T (M,,) satisfying
4.1) F?=d1

where a is any real or complex number. Then manifold 7' (M,) is said to posses a GF-structure
[2].

Let Fand G € S}(T(Mn)), then the torsion Ng ¢ of the tensor field F and G of type (1,1) is
the tensor field Nr g of type (1,1) defined by [8]

2NpG(X,Y) = [FX,GY]+[GX,FY]—F[GX,Y]—G[FX,Y]

(4.2) — F[X,GY]—G|FX,Y]+ (FG+GF)[X,Y]

where X,Y € 3}(T(M,)).

If we put F = G, then we have
4.3) Nr =Nrrp(X,Y)=[FX,FY]|-F[FX,Y] —F[X,FY]+F2[X,Y]

which is the Nijenhuis tensor of F.
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Theorem 4.1. If F € 31(T(M,)) is GF-structure in 31 (t*(M,)) and N = N then
(TN)“F = 7(NF)
Proof: By Theorem (3.2), It is sufficient to show that
N(FX,Y)=N(X,FY),Ve3\(TM,).
This can be verified as follows
N[FX,Y| = [F?X,FY|—F[F?X,Y] - F[FX,FY]+ F?[FX,Y]
since F? = d?1I, we get
N[FX,Y] = d*[X,FY]|—a’F[X,Y]| - FI[FX,FY]+d*[FX,Y]
and

N[FX,Y] = [FX,F*Y]|—F[FX,FY]—F[X,F*Y]+F?[X,FY]

N[FX,Y]| = d?’[FX,Y]—F[FX,FY]—a*F[X,Y] +a*[X ,FY]
Thus, we have
N[FX,Y]| =NI[FX,Y].
The proof is completed.

Theorem 4.2. If F € 3(T(M,)), F? = a*I then

(4.4) (CF)* = a’I — y(NF).
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Proof: By the virtue of equations (2.5) and (3.1), we have

(CCF)Z

(4.5)

F§ Y osFg 0 Fp N
0 Fg 0 0 Fp
0 pol(dpFg —duFg) Fl 0 po(deFg —IpFS)
28 0 0 0 0 0
0 a8 o |+|o0 0 0
0 0  a’8f 0 —ps(Nr)§, O
a*I — y(Nr)

B_ 2sB
where F“Fe =a“dy.

B
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Theorem 4.3. Let ““F be GF-structure in t*(M,) and Nccy be the Nijenhuis tensor of “CF.

then

Neep = N(C°X,Cy) =0

if and only if Nr = 0, where X,Y € S\(T(M,)) and Nr be Nijenhuis tensor of F € 3}(T (M,)).

Proof: By the definition of Nijenhuis tensor, we have

(4.6)

Neep = N(CX Cy)

_ CCF [CCX7CC FCCY] + a2 [CCX’CC Y]
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[CC (FX) + y£xF.CC (FY) + nyF]
CCp [CC (FX) + y£xF,C€ Y}
CCp [cc ~X.CC(FY) + }’fyF]

+ GZCC[X,Y]

= CC{[FX,FY]—F[FX,Y]|-F[X,FY]+d*[X,Y]}
—  Y{éx(£pyF — F£yF) — £y(£pxF — F£xF)

— £pxyF +Fex yF}

where we used the relation

ExtyF —£y£xF = £[X.,Y]F-

Thus, we have
(4.7) N(X Cy) = (N(X,Y))+ 7P
where P is tensor field of type (1,1) in 7(M,,) given by
P = fyfpxF —ExtpyF + (£xF)(£yF) — (£xF) (£ F) — (£1x y)F)F
Since N€ = 0, then from (4.7), we have
CNX,Y)+yP=0

This shows that N(X,Y) = 0 for all X,Y € 3}(T(M,)). Thus, F is integrable. Hence the proof

is completed.

Theorem 4.4. Let F be a GF-structure on T(M,,), then the complete lift of “°F of F on t*(M,,)

is a GF-structure on t*(M,) iff F is integrable.

Proof: In the view of Theorem (4.2), we have
(“°F)* = F? — y(NF)

since F is a GF-structure i.e. F2 = &*I, then
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(“°F)* = a®I — y(NF)

So, (“CF)? = @?I if and only if Nr = 0 Hence, (“F)? gives GF-structure on on t*(M,) iff F is

integrable.

Theorem 4.5. Let M, be a differentiable manifold and its tangent bundle T (M,,) admiiting with

the Nijenhuis tensor Nr. Then
1
4.8 CF + —y(NF
defines GF-structure on t*(M,).

Proof:

<CCF+2%2},(NF))2 — (CCF+2%23/(NF)) (CCF+2%2}’(NF)>

cc

1 1
= (CCF)2+ﬁ F}/(NF)+ﬁ}/(NF)CCF

1 1
_ (CCpy2 . 2y, 1 2
1
= (PP 4+ y(NF?)
using (4.1) and (4.4), we have

1 2 1
cc _ 2 2
1 2
cc _ 2
which proves the theorem.

Theorem 4.6. The GF-structure “CF + #y(N F) int*(My) is integrable iff the GF-structure F

in T (My)is integrable.
Proof: Let us suppose that F is integrale, then N = 0. Hence
1
cc cc
F+_—vy(NF)="F

and Theorem 4.4 implies “CF is also integrable.
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Conversely, we suppose that CCF + 2177(NF ) is integrable, then the Nijenhuis tensor N of

CF + 217’}/(NF ) is zero in t*(M,;). Taking account of the definition of the Nijenhuis tensor and

theorem 4.5, we have

where

4.9)

e 1 cC e 1 cc
( F+Z_ClZY(NF)) X,( F—I—z—az}/(NF)) Y

1 1 cc

cc cc cc

F + Y(NF F + Y(NF XY
2a? (N )) ( 2a? (N )> ’

- (CCF+2—azy(NF)) “x, <CCF+2—azy(NF)> Y

_|_ a2 [CCX’CC Y]

CFX)+y (fo + ziazy(NF)x) CC(FY)+y (.fyF + ﬁy(NF)y)}

CCpy_—_y

2;2 (NF)) [CC(FX)+7/<£XF+2%2Y(NF)X> ’CCY}

CCpy_—_y

222 (NF)) [CCXFC (FY)+7 (f.yF + T;Y(NF)Y)}

a*C1x,Y]

CC{[FX,FY]|—F|FX,Y|—F[X,FY]+d*X,Y]}

1 1
’)/{;EyfpxF + 2_(12‘£FX(NF)Y — £xfpyF — 2_512£FX(NF)X

(£XF + %(NF)X> (£YF + %(NF)Y)

(fyF + %(NF)Y) <£XF + L(NF)x) }

2a?

(€ F)F + ziaz(fy (NF)x)F — ziaz@ex (NF)y)F

1 1
) (NF)rx.y) — ) (NF)x ry)

fxtyF — £y £xF = £[X.,Y]F-
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Thus, we have
(4.10) N(ECx Cy)=C (N(X,Y))+ 7P
where P is tensor field of type (1,1) in T (M,)) given by
1 1
P = £Y£FXF + _£FX(NF)Y —£XfpyF — 2—aZ£Fx(NF)X

2a?

b (6 F) (£ F) + %(;EyF)(NF)X) v ﬁ(;EXF)(NF)Y

n %(NF)X (NF)y — (£xF)(£yF) — %(JEYF)(NF)X
_ %(D{XF)(NF) — ﬁ(NF)X(NF)Y — (Ex.n)F)F
n 2Laz(;ey(zwv)x)F - %lz(fx(NFMF

- %az(NF )X,y — 2%2(1\/17 )ix.Fy)

Since €N = 0, then from (4.10), we have
CWNEY)+yP=0

This shows that N(X,Y) = 0 for all X,Y € S}(T(M,)). Thus, F is integrable. Hence the proof

is completed.
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