Available online at http://scik.org

J. Math. Comput. Sci. 10 (2020), No. 6, 2658-2673
https://doi.org/10.28919/jmcs/4979

ISSN: 1927-5307

APPLICATION OF PARTIAL MEASURE OF NONCOMPACTNESS TO TRIPLED
FIXED POINTS

SACHIN V. BEDRE*

Department of Mathematics, Dr. S. D. Devsey Arts, Commerce and Science College, Wada-421303, Palghar,
India
(Affilated to University of Mumbai)
Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. This paper aims to show some tripled fixed point theorems associated with measure of noncompactness

via partially condensing mapping having mixed monotone properties in partially ordered metric spaces.

Keywords: triple fixed point; partially ordered metric space; measure of noncompactness; partially condensing
mapping.
2010 AMS Subject Classification: 34A12, 34A45, 47H07, 47H10.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theorems are very important for proving the existence of solutions for some
nonlinear differential and integral equations. The mixed arguments from various branches of
mathematics utilized for the examination of fixed point theory. The fixed point problem of
contractive mappings in partially ordered metric spaces has been considered recently by Ran
and Reurings [13], Bhaskar and Lakshmikantham [6], Nieto and Rodriguez-Lopez [11], Dhage
[7], Shrivastava et.al. [14], and Bedre et.al. [2, 3].
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In [5, 4], Berinde and Borcut began the analysis of a triple hybrid fixed-point theorem for
nonlinear mapping in partially ordered metric spaces and obtained its existence results which
Afshari et.al.[1] further generalized with a slightly different method. The tripled fixed point
theorems are well known to have nice applications to dynamic systems based on nonlinear
tripled functional differential, integral and integro-differential equations to prove the existence
of tripled solutions.

Throughout this study, we present a new method focused on the combination of the noncom-
pactness measure with a new tripled fixed point theorem of partially condensing mapping .% in
X3,

First we are reminding ourselves of some history and gathering some valuable results that

are important for our further research.

Definition 1.1. X is regular if {x,} is a nondecreasing (resp. nonincreasing) sequence in X and
Xn — X* as n — oo, then x,, < x* (resp. x, > x*.) foralln € N.

The regularity of X can be found in and the references in Guo and Lakshmikantham [10].

Definition 1.2. A mapping 7 : X — X is called monotone non-decreasing if x <y implies

Tx < Tyforall x,y € X.

Definition 1.3. A mapping .7 : X — X is called monotone non-increasing if x <y implies

Tx>Tyforall x,y € X.

Definition 1.4. A mapping .7 : X — X is called monotone if it is either monotone non-

increasing or monotone non-decreasing.

Defnition 1.5.[14] A mapping ¢ : R™ — R™ is called a monotone dominating function or, in
short, an M-function if it is an upper or lower semi-continuous and monotonic non-decreasing

or non-increasing function satisfying the condition: ¢(0) = 0.
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Defnition 1.6.[14] Given a partially-ordered normed linear space E, a mapping .7 : E — E
is called partially M-Lipschitz or partially nonlinear M-Lipschitz if there is an M-function ¢ :
R* — R* satisfying

17x =Tyl 2 o(llx=yl)

for all comparable elements x,y € E. The function is called an M-function of .7 on E. If
o(r) = kr (k> 0), then .7 is called partially M-Lipschitz with the Lipschitz constant k.
In particular, if k < 1, then .7 is called a partially M-contraction on X with the contraction
constant k. Further, if @(r) < r, for r > 0, then .7 is called a partially nonlinear M-contraction

with an M-function ¢ of 7 on X.

Definition 1.7. A nondecreasing mapping .7 : E — E is called nonlinear partial M-set-Lipschitz

if there exists a M-function ¢ such that

1y (7 (C)) < o(uy(C))

for all bounded chain C in E. 7 is called partial k-set-Lipschitz if ¢(r) = kr, k > 0. 7 is called
partial k-set-contraction if it is a partial k-set-Lipschitz with k < 1. Finally, .7 is called a nonlin-

ear partial M-set-contraction in E if it is a nonlinear partial M-Lipschitz with ¢(r) < r for r > 0.

Defnition 1.8. An operator .7 on a normed linear space E into itself is called compact if .7 (E)
is a relatively compact subset of E. .7 is called totally bounded if, for any bounded subset S of
E, 7 (S) is a relatively compact subset of E. If .7 is continuous and totally bounded, then it is

called completely continuous on E.

Defnition 1.9. An operator .7 on a normed linear space E into itself is called partially compact
if 7(C) is a relatively compact subset of E for all totally ordered set or chain C in E. The
operator .7 is called partially totally bounded if, for any totally ordered and bounded subset C
of E, 7 (C) is a relatively compact subset of E. If the operator .7 is continuous and partially

totally bounded, then it is called partially completely continuous on E.
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In comparison, Dhage[8] introduced the compatiblity principle as follows.

Definition 1.10.[8] The order relation < and the norm ||.|| in a non-empty set X are said
to be compatible if {x,} is a monotone sequence in X and if a subsequence {x, } of {x,}

converges to xo implying that the whole sequence {x,} converges to xo. Similarly, given a

partially-ordered normed linear space (X, <, || -||), the ordered relation < and the norm ||.|| are

said to be compatible if < and the metric d define through the norm are compatible.

Now, we present some preliminary findings about non-compact measurements in Banach
spaces that we will use in the sequel. We emphasize that non-compact measurements are very
useful tools in the theory of operator equations in Banach spaces. Quite frequently, they are
used in functional equation analysis, including ordinary differential equations, partial derivative

equations, etc.

Definition 1.11. A mapping [, : Py cn(E) — RT = [0,0) is said to be a partial measure of

noncompactness in E if it satisfies the following conditions:

(P1) ¢ # (1) 1(0) C Prep.en(E). (kernel compactivity)

(P2) 1,(C) = u,(C). (closure property)

(P3) u, is nondecreasing, i.e., if C; € C = 1,(C1) < u,(Cz). (monotonicity)

(P4) If {G,} is a sequence of closed chains from Py; .,(E) such that G, 1 CC, (n=1,2, ...)
and if limy, e i1, (C,) = 0, then the set Coo = N*_,C, is nonempty. (limit intersection

property)

The family of sets described in (P;) is said to be the kernel of the partial measure of noncom-

pactness U, and is defined as

ker[,Lp = {C S Pbd,cn (E)“lP (C) = 0}

Clearly, kerpt, C Prepen(E). Observe that the intersection set Co. from condition (P4) is a mem-

ber of the family keru,. In fact, since u,(Cs) C u,(Cy,) for any n, we infer that u,(Cs) = 0.
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This yields that C., € kerpt,. This simple observation will be essential in our further investiga-
tions. The partial measure 1, of noncompactness is called full if it satisfies

(Ps) kerpt, = Pycp.cn(E). Finally, u, is said to satisfy maximum property if

(Pe) Up(C1UC) = max{p,(C1), up(C2)}-

By Poy(E), Poa(E), Prep(E), Pen(E), Pog.cn(E), Prep.cen(E) respectively, we denote the family of
all non-empty and closed, bounded, relatively compact chains, bounded chains and relatively

compact chains of E.

The following lemma is frequently used in the analytical fixed point theory of metric spaces.

Lemma 1.1. If ¢ is a M-function with @(r) < r for r > 0, then lim,_,.. ¢"(t) = 0 for all

t € [0,00) and vice versa.

2. MAIN RESULTS

In this section, we develop a new triple fixed point theorems in partially ordered metric
spaces for mapping having mixed monotone properties. These fixed point results are very
interesting and may have a number of applications. It’s going to serve as a key tool for
developing our future theory of existence. We need to recall the following more or less
well-known results and prove some lemmas before we make a formal statement of our fixed

point result.

Let (X, <) be a partially ordered set and d be a metric on X such that (X,d) is a complete
metric space. Consider on the product space X x X x X the following partial order: for

('x7y7z)7(u7v7w) SX XX XX’ (u7v7w) S (x7y7z> <:>x2 u?y S V7ZZ w.

Definition 2.1.[4] An element (x,y,z) € X. is called a tripled fixed point of a given mapping
F XXX xX—Xif F(x,y,2) =x, F(y,x,y) =y, and .7 (z,y,X) = z.

Definition 2.2.[4]. Let (X, <) be a partially ordered set and .% : X x X x X — X. The mapping

Z is said to have the mixed monotone property if for any x,y,z € X,
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x1,% € X, x1 <xp = F(x1,,2) < F(x2,,2),
yi,y2 € X, yi <y2 = F(x,31,2) > F(x,32,2), (2.1)
2,2€X, 21 <= F(xy,2) SFxy).

Lemma 2.1. If (X, d) be a partially ordered metric space and The mapping d» : X X X x X —

X is given by dy[(x,y,2), (u,v,w)] = %[d(x,u) +d(y,v) +d(z,w)] then (X3,<,dy) is a partially

ordered metric space. Moreover, if X is complete, then (X 3 d») is also a complete metric space.

Lemma 2.2. If (X,<,d) is a regular;, then (X?,<,d,) is also a regular partially ordered

metric space.

Proof. Let (X,<,d) is a regular partially ordered metric space. Then, by definition, if {x,} is
a monotone nondecreasing sequence of points in X and lim,_,.x, = x*, then x,, < x* for all

n € N. Assume that {w,} = {(x4,yn,2)} be a sequence of points in X* such that
wi<wy <. <w,< ..

where {x,} and {z,} are monotone nondecreasing, and {y,} is monotone non-increasing in X.
Now, let lim,,—,e w,, = w*. Then da(wy,,w*) = 0 as n — oo which by definition of the metric d>

implies that

lim g[a’(xn,x ) +d(yn,y") +d(z4,27)] =0

n—oo
. Consequently, x,, — x*, y, — y* and z, — z*. Since X is regular, one has x, < x*,y, > y* and

7, < 7%, for each n € N. By definition of the order relation < we obtain
Wi = (Xn,Yny2n) < (x5,35,27) = w"
for all n € N. Hence, (X>,<,d>) is a regular partially ordered metric space. 0

Lemma 2.3. [f the order relation < and the metric d are M-compatible in metric space (X, <

,d), then the order relation < and the metric dy are M-compatible in metric space (X 3.<,dy).

Proof. Let {w,,} = {(xn,Yn,21)} be a monotone nondecreasing sequence of points in X, where

{xn},{yn} are monotone nondecreasing and {z,} is monotone nonincreasing sequences of
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points in X, respectively. Suppose that {w,} has a convergent subsequence {wy, } converging

to the point w* = (x*,y*,z*). Then, we have
do (Wi, w") = do((xk, Yk, 2k, ) (X757, 27))

1 * * *
= g[d(kax )‘f'd()’kwy )+d(an,Z )]

—0asn— oo

Therefore, {xt, }, {yx,} and {zx, } are convergent subsequences of the sequences {x,}, {y,} and
{zn} converging, respectively, to the points x*, y* and z* in X. Since the order relation < and
the metric d are M-compatible in (X, <,d), As a result, the original sequences {x,}, {y,} and

{zn} converge to x*, y* and z*, respectively. Therefore, we have

dy(Wy,w*) = da((Xn, Yy 20), (X5, ¥%,27))

— %[d(xn,x*)+d(yn,y*)+d(zn,z*)] (2.2)

—0asn— o

This shows that w,, — w*. Consequently, the order relation < and the metric d are M-compatible

in (X3,<,d,) and the proof of the lemma is complete. O

Lemma 2.4. If U, is a partial measure of noncompactness in a partially ordered metric space

X, then the function W, : Ppy.n(X>) — RT defined by

Hp(B x C x D) = tip(B) + 11p(C) + pp(D) (2.3)

where (Bx C x D) € Ppqcen(X) X Phacn(X) X Ppa cn(X) is a partial measure of noncompact-

ness in X3.

Proof. We shall prove that ﬁ; satisfies all the conditions (Py) through (P4) of the partial measure
of noncompactness in X3. First we prove the kernel compactivity of ﬁ;. Let ¢ =BxCxD
a chain in X3 for some B,C,D € Py ,(X) such that iz = 0. Then wB) =0, C) =0 and
,LL(D) =0. Asaresult ¢ #B € Prpen(X),0 #C € Prepen(X) and ¢ # D € Prep cn(X).
Therefore, ¢ # BXC XD € Prepen(X) X Prep.en(X) X Prepen(X). Consequently, ¢ # € =
BxCxD e (1,) '({0}) C Prepen(X?).
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Now, by closure property of the partial measure of noncompactness, we get
() = iy (Bx C x D)
= tp(B) + 1p(C) 4 1p(D)
= Hp(B) + 1p(C) + (D)
= li,(BxC x D)
= ﬁpm
= ﬁp (?)
and so, [L,, satisfies the closure property.
Let €1 = By x C; x D; and %> = By x Cy X D, be two chains in X3 for some chains

Bi, By, C, C; and Dy, D; in X. Assume that 4] C %,. Then By monotone property of

[, we obtain

1p(%1) = (B X €y x Dy)
= Hp(B1) + 1p(C1) + pp(D1)
< lp(B2) + 1p(Ca) + Hp(D2)
= ﬁp(Bz X C2 X Dz)
= Up(%2)
and so, [L, satisfies the monotone property.

Let {C,} be a sequence of closed chains from Z;4 ., (X ) such that 6,11 C 6, (n=1,2,...)
and let lim,_,c, 1, (%¢,) = 0. Then there exist nondecreasing sequences {B, }, {C,} and {D,} of
chains in X such that 6, = B, x C, X D, for each n = 1,2,.... Moreover, lim,_,. i1,(B,) = 0,
limy,—ye0 1ty (Cp) = 0 and lim,, o0 Uy (D) =0

As L, is a partial measure, by property (P4), we obtain

B=M B # 9 #C=M_Co # 9 # Ny 1Dy =D
Hence the chain

€ =BxCxD=0"_ (B, xCpxDy) =%,

n=1
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is a nonempty chain in X3.
Thus, f1,, satisfies all the properties of a partial measure of noncompactness and hence it is a

partial measure of noncompactness on X>. O

The following definition is crucial for our further work.

Definition 2.3. A mapping .7 : E? — E? is called nonlinear partial M-set-contraction if there

exist a M-function ¢ such that

1p(7 (%)) < (1p()) (2.4)

for all bounded chains € of E>, where ¢(r) < r for r > 0. In the special case when

@(r) =kr, 0 <k <1, .7 is called a partial k-set-contraction mapping on E>.

The following theorem is an important result in fixed point topology theory. It generalizes, in
some way, Nieto and Rodriguez-Lopez[11] fixed point theorem. The consequence is an analog
of Dhage[7] for a strong topology in triple metric space. In this relation, we are also referring

to the paper by Heikill’a and Lakshmikantham[9] for additional related information.

Theorem 2.1. Let (X, <,d) be a regular partially ordered complete metric space such that the
metric d and the order relation < are compatible in every compact chain ¢ of X. Suppose that
F X3 — X is a partially continuous and partially bounded mixed monotone tripled mapping
satisfying

Up(F (BxCx D))+ Uy(F(CxBxC))+ uy(F(DxC xB)) )

< @(1p(B) + 11y (C) + pp (D))
for all B,C,D € Py cn(X), where @ is M-function satisfies ¢(r) <r, r> 0. If there exists
an element (xp,y0,20) € X X X x X such that xo < F(x0,Y0,20), Yo > F(y0,%0,Y0) and zg <
F(z0,y0,%0) or xo > F(x0,Y0,20), Yo < F(y0,X0,Y0) and zo > F(z0,Y0,X0), then F has a tripled
fixed point (x*,y*,z*) and the sequences {.%,(x0,y0,20) }, {-Zn(o,X0,y0)} and {-F,(z0,v0,%0) }
of successive iterations converge monotonically to x*, y* and 7*, respectively. Moreover, the set

of all comparable tripled fixed points is compact.
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Proof. Our main purpose in the immediate sequel is to prove the theorem in the event that
there exists (xo,y0,z0) € X X X x X such that xg < F(x9,y0,20), Yo > F (y0,%0,y0) and zg <
F(z0,y0,%0). The proof for the case xo > F(x0,y0,20), Yo < F (y0,x0,y0) and z9 > F(z9,y0,X0)
is similar and can be gained by using equivalent arguments with suitable modification. We shall

built a mapping .7 : X* — X3 by
T(Z) = (F(x,%.2),F (y,x,5),7 (2,5,x)) (2.6)

Forall 2 = (x,y,z) €X xX x X = X°.

Obviously .7 defines a mapping .7 : X — X3. First we prove that .7 is a partially continuous
on X3, Let 2 = (x,y,z) and . = (u,v,w) be two comparable elements of X3. Without loss of
generality, we may assume that 2 > .7

Let € > 0 be given. Now, by the definitions of the mapping 7" and the metric d», we obtain

d(7(2),7 (7))

dr((F (6,3,2), F (3,%,9), 7 (2,3:%)), (F (v, w), F (v,u,v), F (w,v,u))) (2.7)

(VAN
W =

[d((F (x,,2), F (u,v,w)) +d(F (y,%,5), F (v,u,v)) + (F (2,5,%), F (w,v,u)))]

Since .7 is partially continuous on X, for &€ > 0 there exists a §; > 0 such that

d((F (x,9,2), F (1,v,w)) < g (2.8)
whenever
dr(2,.7) = da((x,9,2), (u,v,w)) < &
Similarly, for € > 0 there exists a &, > 0 such that
d((ZF (y,x,y),F (vu,v)) < g, (2.9)

whenever
d2<°@la<§ﬂl) - dZ((ya-x7y)7 (V,M,V)) < 52

and for € > 0 there exists a 63 > 0 such that

d((F (z,9,%), F (w,v,u)) < g (2.10)
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whenever

A (2", ") = da((2,7,%), (v, ) < &

Choose 6 = min{d;,8,,03}. Then, from the inequalities (2.7), (2.8), (2.9) and (2.10) it

follows that

(2, 9) <8 = dr(T(2), T (F)) < €. (2.11)

Hence .7 is a partially continuous mapping on X? into itself.
Next we shall show that .7 is a nondecreasing map with respect to the order relation <
defined in X°. Let 2 = (x,y,z) and . = (u,v,w) be two elements in X3 with 2 > .. Then

x > u,y <vand z > w. From mixed monotonicity of the mapping .# it follows that

F(x,3,2) > F(u,v,w), Fyx,y) <F(vuv), and F(z,y,x) > F(w,v,x)

Now, by definition of the mapping .7 , we get

T(Q) = (F(x,3.2),F(y,x,y),F(z,,x))
> (F(u,v,w),F(v,u,v),F(w,v,u))
=SW)
which clear that .7 is a nondecreasing mapping on X? into itself. Next we show that .7
is a nonlinear partial M-set-contraction on X 3. Let B, C and D be three chains in X and let

% = B x C x D be a chain in X>. Then, by the definition of partial measure of noncompactness

in X3, we obtain

Up(7 (%)) = p(T (Bx C x D))
= Upy(F(BXCxD)x.F(CxBxC)x.F(DxCxB))
= [Up(F (BXC X D))+ p(F(CxBxC))+up(F (DxCxB))]
= @(kp(B) + 1p(C) + up(D))
= @(U,(BxCxD))

= 0(1,(%))
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for all bounded chains B, C and D in X. This shows that .7 is a nonlinear partial M-
contraction on X? into itself.

Next, given an element 2y = (xo,y0,20) € X°, define a sequence {2, } in X> as follows.

Set
21 = (x1,y1,21) = (F (%0,Y0,20),Z (0,%0,)0), -7 (20, Y0, %0)) = 7 (2o),
2, = (xz,m,zz) = (ﬁz(xoayo,zo) ()’07)507370) 2(Zo yo,xo)) = 72(«90)7
Dy = (Xn,Yn:2n) = (F"(x0,¥0,20),F" (0, %0,0),Z " (z0,¥0,%0)) = T"(2o),
etc.

By hypotheses, there exists an element (xg, yo,zg) € X> such that

2o = (x0,¥0,20) < (F (x0,¥0,20),F (¥0,%0,¥0),-F (20,¥0,%0)) = T (Zo) =21  (2.12)

Since .7 is nondecreasing, from (2.12) it follows that

20< 1< 2H<...<2,<.. (2.13)

Denote

Go=1{20,2,.., 2.}

G =12\,2s,.... Dps1,...}

(2.14)

G =120, Dus1,000 Doy .}
As .Z is partially bounded, .7 is a partially bounded mapping on X3, and so, each chain %,
=0

, 1, ..., is bounded in X3. Moreover,

D1 DD ...6,D ... (2.15)
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Therefore, by nondecreasing nature of (L, we obtain

Hp(Cn) = p(%n)

(2.16)
< 9" (1p(%0))
Taking the limit superior as n — oo in the above equality (2.16), we obtain
I}grl}o,up(%n) = ’}E}}o.’v‘p(%n) < llzn_iljp(p (1p(%0)) = r}l_rg}ofp (1p(%0)) =0 (2.17)

Hence, by condition (P4) of u,,

Coo=Mpe16n# ¢ and Goo C Prepen(X)
From (2.17) it follows that for every € > 0 there exists an ng € N such that
Uy(6n) <€ Vn>ng

This shows that ?no and consequently % is a compact chain in X. Hence, {2, } has a conver-
gent subsequence. Furthermore, since the order relation < and d are compatible in the compact
chain %y of X, the original sequence {2,} = {72y} is convergent and converges mono-
tonically to a point, say 2* € €. Since the ordered metric space X is regular, we have that

2, < 2*. Finally, from the partial continuity of .7 , we get
T(2") =7 (lim Z,) = lim J(2,) = 1i_r>n Ppi1 =27

n—oo n—oo

This further in view of the definition of mapping .7 implies that
(F (52", FOAY),F (8 x0)) ="y

X =F Wy, = F A and 2 = F (" x)
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As a result the tripled equations .7 (x*,y*,z*), . (y*,x*,y*) and .% (z*,y*,x*) have a tripled
solution (x*,y*,z*) and the sequences of successive iterations {.#" (x9,y0,20) }» {-Z#" (y0,X0,Y0) }

and {.%"(z0,y0,%0)} converge monotonically to x*, y* and z*. This completes the proof. OJ

Theorem 2.2. Let (X, <,d) be a regular partially ordered complete metric space such that the
metric d and the order relation < are compatible in every compact chain € of X. Suppose that
F X3 = X is a partially continuous and partially bounded mixed monotone tripled mapping
satisfying

Up(F (BxC x D))+ Up(F(CxBxC))+ up(F(DxCxB))

< tp(B) + 1p(C) + pp(D)
for all B,C,D € Py cn(X), where W, is a full partial measure of noncompactness with max-
imum property satisfying U,(B) + W,(C) + Up(D) > 0. Further, if there exists an element
(x0,Y0,20) € X X X X X such that xo < F(x0,y0,20), Yo > F(y0,%0,¥0) and zo < F(z0,Y0,%0)
or xo > F(x0,v0,20), Yo < F(y0,x0,y0) and zo > F(z0,Yy0,%0), then . has a tripled fixed point
(x*,y*,2%) and the sequences {.F,(x0,y0,20) }, {-Zn(¥0,X0,¥0)} and {.F,(z0,¥0,%0)} of succes-
sive iterations converge monotonically to x*, y* and 7*, respectively. Moreover, the set of all

comparable tripled fixed points is compact.

Proof. As in previous theorem, Our main purpose in the immediate sequel is to prove the
theorem in the event that there exists an element (xq,y0,20) € X X X X X such that xg <
F (x0,¥0,20)> Yo > F(yo,%0,y0) and zg < F(zo,y0,X0)- The proof for the case xo > F(x0,Y0,20),
yo < F(yo,x0,y0) and zo > F(z0,y0,%0) is similar and can be gained by using equivalent argu-

ments with suitable modification. Define a mapping .7 : X — X3 by
T(Z) = (F(x,3.2),F (.x,y),F (2,5,x))

For all 2 = (x,y,7) € X x X x X = X>. From Lemmas 2.2, 2.3 and 2.4, it follows that .7 is a
partially continuous, partially bounded mapping on X into itself. Also it is easily verified that
7 is nondecreasing on X3. We now show that .7 is a partial condensing mapping on X?>. Let
% = B x C x D be a chain in X3, where B, C and D are bounded chains in X. Then, by definition

of the mapping .7 and the partial measure of noncompactness [i,,, we obtain
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1p(7 (%)) = tp(7 (B x C x D))
=Uy(F(BXCxD)x F(CxBxC)x.F(DxCxB))
= Up(F (B x Cx D))+ 1y(F(C x B x C))+ ip(.F (D x C x B))
= Up(B) + 1y (C) + 1 (D)
— 11,(Bx C x D)

~ (%)

Provided p1,(%) = wy(B) + tp(C) + wy(D) > 0. Therefore, 7 is a condensing mapping on X3

into itself. Given 2y = (xo,Y0,20) € X°, define a sequence {2, } of points of X* of successive
iterations of .7 by

21 =7(2,),n=0,1, ... (2.18)

Since .7 is nondecreasing, in view of (2.12) we obtain

Let
¢ ={20,21,..2,...}

:{Q()}ﬂ{gl, Qn}

= {2} n{7(€)}
Clearly, % is a bounded chain in £3 in view of the fact that .7 is a partially bounded mapping
on E3. Now, if [I,(¢") > 0, then

1p(C) = 1p(20U T (%))
= max{u,(20), up(7 (¢))}
= max{0, u,(7 (¥))}
= (7 (%))

< Bp(F)
which is a contradiction. Hence 1,,(4") = 0 and that ¢’ is a compact chain in X 3. The rest of the

proof is similar to Theorem 2.1 and hence we omit the details. U
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