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Abstract. In this paper, the multiplicative second hyper Zagreb index is presented and the sharp upper bound for
this index of various graph operations for example, join, composition, cartesian and corona products of graphs are

derived. And we prove that the sharp upper bound is tight.
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1. INTRODUCTION

All graphs observed here are simple, connected and finite. Let V(G),E(G) and dg(w)
indicate the vertex set, the edge set and the degree of a vertex of a graph G respectively. A
graph with p vertices and g edges is known as a (p,q) graph. We encourage the readers to

see[5] for basic definitions and notations of a graph.
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A topological index is a numerical parameter which is mathematically attained from the

graph structure.

Gutman et.al.,[2] introduced the first and second Zagreb indices of a graph G as follows:
M, (G) = Z (dc;( + dG Z dG and M2 ) = Z dg(w)dg(z)
wz€E(G) WGV( ) wz€E(G)
Shirdel et.al. in [7] found Hyper-Zagreb index HM (G) which is established as

HM(G)= Y [do(w)+dg(z)]*
wz€E(G)

Also, they have computed the hyper - Zagreb index of the cartesian product, composition, join
and disjunction of graphs.

A forgotten topological index F-index [4] is defined for a graph G as
= ), diw)= Y ldg(w)+dg(2)]

weV(G) wz€E(G)

Farahani et.al [3] defined the second hyper Zagerb as
HM)(G) = ), ldg(w)ds(2)]*.
wz€E(G)
Here we introduce a second forgotten topological index F, which is defined for a graph G as
= ) dgw
weV(G)

V.R.Kulli [6] introduced the first and second Gourava indices and defined as

GOi(G)= ). (do(w)+dG(2)) + (do(w)ds(2))

wz€E(G)

and

GOy (G)= Y, dg(w)ds(z)(de(w)+ds(2))
WZGE(G)

Todeschine et al [9,10] presented the multiplicative variants of ordinary Zagreb indices,

which are defined as follows:
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[L=IL(G) = Tl dew?= TI [do(w)+ds(z)]

weV (G) wz€E(G)

and[[,=[1(G)= I ds(w)ds(z)]

wz€E(G)
Recently, Akbar [1] has introduced the multiplicative hyper Zagreb index, denoted by

[MHM(G)= TI (dg(w)+dg(z))*
uveE(G)

Also in this paper, the upper bounds on the multiplicative hyper Zagreb index of the cartesian,
corona product, composition, join and disjunction of graphs.
In this paper, we introduce a new graph invariant namely multiplicative second hyper Zagreb

index, denoted by

[THM(G)= TI (dg(w)d(z))?

uveE(G)
In this paper, we compute the sharp upper bound for the multiplicative second hyper Zagreb

index of the graph operations for example, join, composition, cartesian and corona products and

prove that our bound is tight.

2. PRELIMINARIES

Lemma 2.1. [5, 8]

dg,(w)+V(Gy), weV(G
(a) dG,+6,(w) = 6 (W) V(G2 V@)
dGz(W)-l-V(Gl), w GV(GZ)

(b) dg,iG,)(W,2) = V(G2)dg, (W) +dg,(2)
(c) d,06,((Wiszj)) = dg, (wi) +dg, (z;), where (wi,z;) € V(G1OG,).
(d)

dg,(w)+p2 if weV(Gy)

dG1®Gz(W) =
dg,(w)+p2 if weV(Gy;) forsome0 <i<p;—1,

where u € V(G| © Gy) Gy is the ith copy of the graph G in Gi © G.
Lemma 2.2 (Arithmetic geometric Inequality). Let yi,ys,...,yn be non-negative numbers.

n}’1+y2+"'+yn
n

The

> YY1Y2 Y
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3. THE MULTIPLICATIVE SECOND HYPER ZAGREB INDEX OF JOIN OF GRAPHS

Theorem 3.1. Let G;,i = 1,2 be a (p;,q;) — graph. Then

HM,(G1) + p3HM(G1) + p3q1 +2p2GO»(G)
+2p3M>(Gr) +2p3M1(G1)
q1

T4

[[HM:(G1+G») <

HM,(G,) + ptHM(G,) + piqa
+2p1G02(G2) +2p3Mr(Ga) +2piM; (Ga)

X
q>
: 2 2 ] 7 P1p2
M\ (G1)M(G2) + p1p2Mi1(G1) + p1p5sM1(G2)
+4p1g2M1(G1) + pip3 + p2qiMi (G2) +4p3 p3gn
+4p2p3q1 +16p1p2q192
X

P1D2

Proof : From the definition of the second hyper Zagreb index,

HHMz (G1+Gy) = H [dé1+62 (w) dé1+62 (Z)}
wz€E(G1+G3)

- H [dél+G2(w)dél+G2<Z):|

WZGE(Gl)

x 1 [dé 16, (W)d5, +c,(2)]

WZGE(GQ)

X H H dG1+G2 dG1+Gz( )]

weV(Gy)zeV(G)

=AxBxC
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where A, B and C indicate the products of the above terms in order.

Now we calculate A.

IN

H [dé1+G2 (W)dél+G2 (Z)i|
WZGE(G])

[T [(dg, (w)+p2)*(dg, (2) + p2)?]
wz€E(Gy)

L [(do, w)+p)*(do, )+ p2)?] ]
wz€E(Gy)

qi

q1
Y |d3,(w)+ p3+2p2d, (W) 142, (2) + P+ 2pade (2)]
WZEE(G])

q1

HM,(Gy) + p3HM(G1) + p3q1 +2p2GO0>(G)
+2p3M>(G1) +2p3M, (Gy)
q1

7491

Next we calculate B.

B=

IN

H [dél +G> (W)a%mLGz (Z)}
WZGE(Gz)

[T [(dg,(w)+p1)*(de,(z) + p1)?]
wz€E(Gy)

Y [(do, W)+ p1)2(de,(2) +p1)?] ]2
wz€E(Gy)

q2

q2
L [d2,00) + p 4 2p1de, ()] (62, (2) + P} + 2p1d, (2]
WZEE(Gz)

q2

2833
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- 1%
HM(G) + pPHM(Gy) + plga +2p1GO2(Gy)

+2piMy(Gy) +2piMi (Gy)
q2

Finally, we compute C.

H H dGl—i-Gz w) + dGl—i—Gz (2)]

weV(Gl)zeV Gy)

= II TI [ (w)+p2)*(dc,(z)+p1)?]

weV (G1)zeV(Ga)

r Y [(dg, (W) +p2)*(dg,(z) +p1)*] 7"
WweV(Gy)zeV(Ga)

IN

P1p2

Lo X | dg, (w) + p3 +2padc, (w) | [dg, () + p1 +2p1de, (2)]

P1p2

M (G1)M1(G2) + pip2Mi(G1) + p1p3Mi (G2) +4p192M1 (Gh)

+p3p3 + p2qiMy (G2) +4p3 p3gs +4ptp3aqr + 16p1p2q19n

piD2

Now using A, B and C we get the deired result.

Lemma 3.2. Let G;, (i = 1,2) be two regular graphs of degree r;.
Let G, (i =1,2) be a (pi,q;) — graph. Then

[THM:(G1+G2) = (r1 + p2)*' x (r2 4 p1)*

X [(r1 4 p2)*(ra 4 p1)2)1P2

Proof :

[1EM:(Gi+Go) = ] [d&16, )G, 46,(2)]
WZGE(G1+G2)

1 Pip2

pip2
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- H [délJer (W)déHer (Z)}

WZEE(G] )

< 1 [d& ¢, (W) d3 16,2)]
WZGE(Gz)

X H H dGl+G2 dG1+G2 (Z):|

weV (Gy)zeV(Ga)

= I (i+p2)’(i+p2)> [] (n+p)’(n+p1)
WZEE(G]) WZEE(GQ)

IT TII (ri+p2)?(ra+p1)?

wz€E(Gy) wz€E(Gy)
= (r1+p2)™ X (r2+p1)*®
(D X [(r1 + p2)*(ra+ p1)*)P172
O
Remark 3.3. We find the upper bound of Lemma 3.2 when G is a regular graph of degree r

with p vertices and g edges. Here

r
g= %7M1 (G) = pr*,My(G) = qr*,F(G) = 2qr*, F>(G) = 2qr°,

HM(G) = 4qr’HM,(G) = qr*,GO,(G) = 2qr°

Corollary 3.4. Let G;, (i = 1,2) be two regular graphs of degree r;.
Let G, (i =1,2) be a (pi,qi) — graph. Then

[THM2(Gi+Ga) < (ri+ p2)* % (ra - p1)*
(2) X [(r1 4 p2)*(ra+ p1)*)' P

From (1) and (2) the bound is tight.
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4. THE MULTIPLICATIVE SECOND HYPER ZAGREB INDEX OF COMPOSITION OF

GRAPHS

Theorem 4.1. Let G;,i = 1,2 be a(p;,q;) — graph. Then

_ 1 P192
P32 F2(Gy) + paMy (G)HM(Gy) + p1tHM»(G»)

+2p3F (G1)M(G2) +2p5M1 (G1)Ma(G2) +4p2g1 GO2(Ga)
P192

[[HM:2(G1[Ga]) <

2
_ 1 91P;
PSHM,(G1) + p3M1(G2)F(G1) + q1(M1(G2))* +4p392GO05 (G>)

+16p3¢3M>(G1) + 4p2gaMi (G1 )M (G2)
q1p3

Proof :

[TEmGiG) = I |d36y k6D
(wk)(z,1)EE(G1[Ga])

- H H [dél [G3] (W7 k)dél [G2] (Zv l)}

weV(Gy) kl€E(G»)

< IT I1 - T 166 (%K), 6, 0]

keV(Gy) eV (Gy) wzeE(Gy)

=AXB,

where A and B indicate the products of the above terms in order.

Now we compute A.

A= T1 TI |46y (wk)d, 0 0)

weV(G) kI€E(G))

= I TI llp2dc,(w)+de,(K)*[pada, (w) +dg, (1))]
weV(G) kI€E(G,)

Y Y [[pade, (w) +de, (k)Ppadc, (w) +da, (K)]2] ] 7
WEV(G])leE(Gz)

P192
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B=

IN

Y [P33, (w) +dZ,(0) + 2padg, (w)de, (k)]
weV(G1) kI€E(G,)

P32, (w) +d2, (1) +2p2dc, (w)do, (1)

pP1q2

+2p3M 1 (G1)Ma(Ga) +4p2g1 GO (Gy)

PAqaF>(Gy) + p3Mi (G1)HM(G,) + ptHM>(G,) +2p3F (G1)M(Ga)

P192

1 P192

p192

I I I |6 0:Kd e ED

kEV(Gz) lEV(Gz) WZEE(G] )

[T TII TI lr2de (w)+de, (k) [p2dc, (2) +de, (1))

kEV(Gz) lEV(Gz) WZEE(G] )

keV(G,)1eV(Gy) wzeE(Gy)

S Y Y [lpde ) +de®Plpade, (@) +da, ()] ]

Piq

keV(G,) eV (Gy) wzeE(Gy)

L ¥ L |p3dZ,(p)+d2,(0)+2pade, (w)da, (k)|

P32, (2) + 2, (1) + 2md, (e (1)

~ a1p3

q1p3

+16p3g5M>(G1) + 4p2gaMy (G1 )M, (G,)

PSHM;(G1) + p3M1(G2)F (Gy) +q1(M1(Ga))? +4p3q2GO2(Ga)

1 91p3

q1p5

Using A and B, we get the required result.
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Lemma 4.2. Let G;,i = 1,2 be two regular graphs of degree r; and
let Gi,i = 1,2 be a (pi,qi)-graph. Then [THM (G [G3]) = (par1 +r2)4(p1q2+p%m).

Proof :
I_IHM2 G] G2 H H |:dG [G }(W’k)dél[Gz} (W,l)]
weV(Gy) klI€E(G»)
< TT T TT [ 0n0d 6z D)]
keV (Gy) eV (Gy) wzeE(Gy)
H H (par1+r2)*(par1 +12)?
weV (Gy) kleE(G»)
< [T TI TI (pari+r)*(pari+r2)?
keV (Gy) eV (Gy) wzeE(Gy)
— (erl +7'2) 4p192 % (pzrl +r2) szl
3) — (par1 + ra) P12t 7201)

Corollary 4.3. Let G;, (i = 1,2) be two regular graphs of degree r;.
Let G, (i =1,2) be a (pi,qi) — graph. Then

) [TEM2(G1[Ga)) < (pan +ry) P12t
From (3) and (4) our bound is tight.

5. THE MULTIPLICATIVE SECOND HYPER ZAGREB INDEX OF CARTESIAN PRODUCT

OF GRAPHS

Theorem 5.1. Let G;,i = 1,2 be a(p;,q;) —graph. Then

_ L]ZFZ(GI) +2F(G1)M1(G2) +4M, (Gl)Mz(Gz) 7 P142

+M1(G1)F (G2) + ptHM(G3) +4q1G0O1(G?)
P1q2

[1HM:(G10G,) <
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i P1F2(Go) +2F (G2)M, (Gy) +4M, (G2)M» (G 1 P2

+M;(G2)F (Gy) + p2HM(G1) +492GO04(Gy)
P24q1

Proof :

[12M:(G\0G,) < 11 [d&,06, (W,k)dg, 06, (2,1)]
(wk) (2.l €E(G1TIG)

= H H [délEle (W7 k)délDGg (Zvl)}

weV(Gy) kl€E(G))

< [T II [46,06,wk)dg0e, (0]

keV (Gy) wzeE(Gy)

—AXB

where A and B indicate the products of the above terms in order.

Now we calculate A.

A= H H [délﬂGz(W’k)délﬂGz(Zvlﬂ
weV (G1) kI€EE(Gy)

= 1 TI [lde,(w)+dc,(k)*(de,(w)+da,(1))*]

weV (G1) kI€EE(Gy)

Y Y [dGl (W) +dG2 (k)]z[dGl (W> +dG2 (l)]2 ne
weV (Gy) kl€eE(G,)

IN

P192

7 P1492
Y X |d,(w)+d2, (k) +2dg, (w)dg, (0)|
WEV(G])](ZEE(GQ)

(@2, () + a2, (1) + 24, (w)de, (1) |

P192

2839
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[ 2Py (Gy) + 2F (G)M (Ga) + 4My (G M (Ga) + M (GF(Ga) |

—|—p1HM2(G2) +4q GOz(Gz)
P19g2

Now we compute B.

B= H H [délﬂGz(mk)dé,DGz(Zal)]
keV (Gy) wzEE(Gy)

= [T TII [dow)+de,(k)(de,(2) +da, (k)]’]

keV (Gy) wiEE (Gy)

Y Y [dG1 (w)+ dg, (k)]z [dGl (z) + dg, (k)]2 2
keV(G,y) wzeE(Gy)

IN

p291

7 P241
L X |d2,w)+dZ,(0+2dg, (w)de, (0)|
kEV(Gz) WZGE(G] )

(@2, (2) +d2, (k) + 2dg, (2)dg, (K)|

P291

[ quz(Gz) +2F(G2)M1 (Gl) +4M, (Gz)Mz(Gl) + M, (Gz)F(Gl) 17"

+p2HM,(G1) +492G02(Gr)
D291

Using A and B we get the desired result.

Lemma 5.2. Let G; i = 1,2 be two regular graphs of degree r; and
let Gi;= 1,2 be a (pi,qi) — graph. Then [[HM>(G10G,) = (r1 + r2)4(p1q2+p2q‘)

Proof :

[1TEM:(Gi0G) = T] 1 [dé,06, W.k)dé o6, (w.0)]
weV(Gy) kleE(G,)

< [T 11 [d&,060wk) + dea0c,(2:k)]
keV (G,) wzeE(Gy)
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= I TII (n+r)i+r)

WEV(G] ) klEE(Gz)

X H H (r1 —|—r2)2 (7‘1 —{—r2)2

kEV(Gz) WZGE(Gz)

= (ry +r2)4p1qz x (r] +r2)4pzq1

5) = (r +r2)4(171112+1?2611)

Corollary 5.3. Let G;, (i = 1,2) be two regular graphs of degree r;.
Let G, (i =1,2) be a (pi,q;) — graph. Then

©) [THM:(G10G,) < (n + 1y ) M@ 4 P201)

From (5) and (6) the bound is tight.

6. THE MULTIPLICATIVE SECOND HYPER ZAGREB INDEX OF CORONA PRODUCT OF

GRAPHS

Theorem 6.1. Let G;,i = 1,2 be a (pi,qi)-graph. Then
[ 4 3 2 2 1
P2q1 +2p3Mi(Gh) +4p3Ma(Gh) + pyF (G)
+HM;(G1) +2p2GOy(Gy)

q1

[1EM:(G1©Gy) <

B 7 P192
q2 +2M, (Gz) —|—4M2(G2) —|—F(G2)

+HM;(G7) +2G0;,(G»)
q2
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M (G1)M(G2) +4q2M\(G2) 4 paM (G1) + p2M1(G2) (p1p2 +44q1)
+1691q2p2 +4p3q1 + p1p3(p2 +442)

P1p2

[1EM:(GioGy)= T[] ((dg,(w)+p2)*(ds, (z) + p2)?)
wz€E(G))

x [T TI ((do,(k)+1)*(dg,(1)+1)%)

weV(Gy) kI€E(G))

< [T TI ((de,(w)+p2)*(de,(k)+1)%)

weV(Gy)keV (Gy)

=AxXxBxC

where A, B and C are the products of the about terms in order.

Now calculate A,

A=

IN

[T (g, (w)+p2)*(dg, () + p2)?)

WZEE(Gl )

Y (dg,(w)+ p2)*(dg, (2) + p2)* "
WZGE(Gl)

q1

E(G )[dél () + p3 +2padc, (w)][dZ, (2) + p3 +2p2da, (2)] 1"
wze 1

q1

[ P3q1 +2p3Mi(G1) +4p3Ma(Gh) + p3F (Gr) + HMa(Gh) +2p2G0s(G1) 1"
q1

Next compute B.

B= I TI ((e(k)+1)2(de(1)+1)?)

weV (G ) klI€E(G,)

Y Y (dg(k)+1)*(dg, (1) +1)*] """
WEV(G])leE(Gz)

<
P192

pP1P2
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q P192

Y |142(dg, (K) +do, (1)) + 4dg, (K)dg (1
weV (G1) kIEE(G7)

(dg, (k) +dg, (1)) +dg, (k)dg, (1)
+2(dg, (k)da, (1) + dg, (k)dg, (1))
pP192

|+t 2M\(G) +4M>(Go) + F(Gy) + HM3(G») —|—2G02(G2)1 P12
q2

Finally, compute C

= 1 TI (do(w)+p2)*(dg,(k)+1)?)

WEV(Gl) keV(Gy)

Y X (dg(w)+p2)*(d,(k)+1)%)] """
WEV(G] ) kEV(Gz)

IN

pP1p2

y ¥ <d§;l (W) +2pada, (w) + p%)(déz(k)—l—ZdGZ(k)-l-l)) P12

P1p2

_ 7 P1pP2
M (G1)M,(G2) +49:2M,(G2) + p2Mi(Gy) + paM (G2) (p1p2 +44q1)

+16q192p2 + 4p%q1 + plP% (p2+4q2)
pPip2

Now multiplying A, B and C we get the required result. 0

Lemma 6.2. Let G;,i = 1,2 be two regular graph of degree r;, and
let Gi,i = 1,2 be a (pi,qi) — graph. Then

[THM:(G1®Ga) = (r1 + p2)* x (r2 4+ 1)*7192 x ((ry + p2)*(r2 + 1)?)7172
Proof :

[1EM:(G10G) = ] ((dg,(w)+p2)*(dg, () + p2)?)
wz€E(Gy)
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< [T I (o) +1)*ds, (1) +1))

WEV(G[ ) klEE(Gz)

< [T I (e, (w)+p2)*(d, (k) +1)?)

WEV(G[ ) kEV(Gz)

= [I ri+p2)*(ri+p2)?
WZEE(G])

X H H r2—|—1 r2—|—1)2

uwinV (G ) kl€E(G>)

< [T TI (ri+p2)?(ra+1)?

WEV(G] ) kEV(Gz)

(N = (r1+p2)*M X (ra+ 1)*192 x ((ry + p2)*(ra + 1)%)P112

Corollary 6.3. Let G;, (i = 1,2) be two regular graphs of degree r;.
Let G, (i =1,2) be a (pi,qi) — graph. Then

(8) [THM:2(G1©Ga) < (ri4p2)* x (ra+ 1)1 x ((r1 4 p2)*(ra +1)%)7172
From (7) and (8) the bound is tight.

7. CONCLUSION

In this paper,we have defined the multiplicative second hyper Zagreb index and derived the
sharp upper bound for this index of various graph operations lke join, composition, cartesian
and corona producst of graphs are derived. And we have proved that the sharp upper bound is

tight.
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