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Abstract. A least squares mixed finite element (LSMFE) method for the numerical solution of two
dimensional viscoelastic problems is analyzed and developed in this paper. A posteriori error estimator
which is needed in the adaptive refinement algorithm is proposed. The local evaluation of the least

squares functional serves as a posteriori error estimator. The posteriori errors are effectively estimated.
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1. Introduction

A general theory of the least squares method has been developed by A K Aziz, R B
Kellogg and A B Stephens in [1]. The most important advantage leads to a symmetric

positive definite problem. In the least squares mixed finite element approach, a least

*Corresponding author
E-mail addresses: chenning1967@163.com(N. Chen), guhm@ns.qd.sd.cn(H. Gu)
This work is supported by the Basic Research Projects of Qingdao.

Received December 9, 2011
274



LMSFE METHODS FOR TWO DIMENSIONAL VISCOELASTIC PROBLEMS 275
squares residual minimization is introduced. This method has an advantage which is not
subject to the LBB condition. The mixed finite element methods of least squares type have
been the object of many studies recently (see, e.g. Stokes Equation?, Elliptic Problem!,
Newtonian Fluid Flow Problem!, Transmission Problems®! et al.). The adaptive least
squares mixed finite element method have been studied in recent several years (see, e.g. the
linear elasticity!®l), but the research of adaptive method about two dimensional viscoelastic
problems is not common.

Adaptive methods are now widely used in the scientific computation. In this paper,
we are interested in the adaptive least squares mixed finite element method for two di-
mensional viscoelastic problems, two dimensional viscoelastic problems are fundamental
partial differential equations. It occurs in various areas of applied mathematics and sci-
ence. Our emphasis in this paper is on the performance of an adaptive refinement strategy
based on the a posteriori error estimator inherent in the least squares formulation by the
local evaluation of the functional. During the last 15 — 20 years a big amount of work has
been devoted to a posteriori error estimation problem, i.e., computing reliable bounds on
the error of given numerical approximation to the solution of partial differential equations
using only numerical solution and the given data. In order to be operating the a posterior:
error estimator should be neither under nor overestimate the error. The a posteriori error
is effectively estimated, and proved the convergence of the adaptive least squares mixed
finite element method in this paper.

An outline of the paper is as follows. The least squares formulation of two dimensional
viscoelastic problems is described in Section 2. It includes continuous and coercivity
properties of the least squares variational formulation. Appropriate spaces for the finite
element approximation and a generalization of the coercivity shown in Section 2 to the
discrete form is discussed in Section 3. In Section 4, a posteriori error estimators which
are needed in an adaptive refinement algorithm are composed with the least squares
functional, and posteriori errors are effectively estimated. The adaptive algorithm is
described in Section 5. Finally, we summarize our findings and present conclusions in

Section 6. In this paper, we define C' to be a generic positive constant.
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2. A Least Squares Formulation of Two Dimensional Viscoelastic

Problems

We start from the equations of two dimensional viscoelastic problems in the form:
( uy — V- (a(x,t)Vu, + b(x, t)Vu) = 0,in Q x (0,7
u(z,t) =0,0n 02 x (0,T)

u(z,0) = ug(x), z € Q

. Ut(IE,O) = ul(x)7 z € ()

where €2 C R" is a bounded domain, with boundary 09, VI' > 0, u; = %, Uy = %.
a(z,t),b(x,t) are bounded functions for x € Q,¢t € (0,7), the functions a(z,t),b(z,t)
are assumed to be C?. The inner product is denoted by (,-)oo. The description of
viscoelastic problems are practical problems such as the heat conduction, the nuclear
reaction dynamics, viscoelastic mechanics, biomechanics, the pressure on the porous media
and so on.

We shall consider an adaptive least squares mixed finite element method for (2.1). Now

we set Vu = o, then, we have:

([ wy — V- (alz, )0, + b(z, 1)) = 0,in Q x (0,T)
Vu—o=0,in Q2 x (0,T)
u(z,t) =0,0n 02 x (0,7) (2.2)

u(z,0) = ug(x), € Q

ur(z,0) = up(x). x € Q

\

we know, the first equation of (2.2) is equivalent to
uy — (' (z,t)or + a(x, t)Vo, + V' (z,t)o + b(x, t)Veo) = 0. (2.3)
We introduce the Sobolev spaces:
H'(Q) = {peL*(Q) : VpeL*(Q)*},

H'(Q) = {veH™(Q) : D|sq = 0, |a| < m}.

Let U(Q) = H(Q) N C(Q), Q(Q) = H(Q) N C(Q).
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Now, let us define the least squares problem: find (o, u)€Q(Q2)xU(2) such that

= inf 2.4
J(o,u) qu(g;)r}veU(mJ(q,v), (2.4)

where
J(q,v) = (v — (a' (2, t) @ + a(x, )V + V' (x,t)q + b(z, ) V),
vy — (d'(x,t)q + a(z, t)Vg + U (x,t)q + b(z,1)Vq))o o (2.5)
+(q — Vv, g — Vv)gq.

We introduce the least squares functional:

F(o,u) = [luw — (d' (2, t)or + alz, ) Vo, + U (2, t)o + bz, 1) Vo) [§ (2.6)
+H[Vu—olfq.

Taking variations in (2.4) with respect to ¢ and v, the weak statement becomes: find

(o,u)eQ()xU(2) such that

B(o,u;q,v) =0, (YoeU(Q),Yq e Q)

where
B(o,u;q,v) = (uy — (' (z,t)0r + a(x, ) Vo, + 0 (z, t)o + b(z, t) Vo),
Ut — (CL’(JJ, t)Qt + CL(SC, t)VQt + b/(xu t)q + b(x7 t)VCI))O,Q (27)
+(Vu —0,q — Vv)oq.
Theorem 2.1. The bilinear form (-, -;-, ) is continuous and coercive. In other words,

there exist positive constants o and 3, such that

B0, u; ¢, 0)<B(lunllf o + loells o + IVoellso + lollse + 1Vollgo
1
HIVullg o) 2 (lvellf o + lelio + 1Valia + lalEo (2:8)
1
+HIValga + IVvlge)z,

B(a,v;0,0)Za(lvul§o + lalf o + 1Vl o + 15 a + IVl o
+HIVvliga),

(2.9)

holds for all (o, u), (¢,v)eQ(Q)xU(Q2).
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Proof: i) For the upper bound we have:

B(q,v;q,0) = (v — (a'(x,t)q + a(z, )V + b (x,t)qg + b(x, t)Vq),
v — (' (2, )q + alz, 1)V + V' (2, £)q + b(2, 1) V) Jog
+(¢ = Vv, ¢ — Vu)oq
= low — (' (z,)q + a(z, )V + V' (z,t)g + b(x, ) V)|§ o

+lg = Volga

IN

Clllvelia + lalln + IValsa + lalie + 1 Vallea + IVUllEo)-

Since the bilinear form is symmetric, this is sufficient for the upper bound in Theorem

2.1.

ii) For the lower bound.

B(q,v;q,v) = (v — (d'(x, )@ + alx, t)Vaq + V' (x,t)q + b(x, t)Vq),
v — (d'(z,t)q + a(z, )V + V' (2, t)g + b(z, ) Vq))o.g
+(q = Vv,q = Vu)oq
= (v, vn)o0 + (d'(z,t)q + alx, t)Vg + b (z,t)q + b(z, t)Vq,
a'(z,t)q + a(x, )V + V' (2, t)q + b(z,t)Vq)oa
—2(vy, d'(z,t)q + a(z, )V + V' (x,t)qg + b(x, t)Vq)oq

+(¢, 0)o.0 + (Vv, Vv)o0 — 2(q, V)0
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(vee, vie)o,0 + (d' (@, t)qr, ' (2, t) @)oo + (@ (2, 1), alx, 1) Var)oo
+(a'(z,t)qe, ' (x,)q)o.0 + (@' (z, t)g, b(z, )V q)o 0

+(a(z,t)Va, d' (x,t)q)oa + (alx, 6)Va, al(z, )V )oa

+(a(z,t) Vg, b'(x,t)q)oq0 + (a(z,t) Vg, b(x, t)Vq)oa

+ (V' (z,t)q, d' (z,t)qt)oa + (V' (2, t)q, a(z, )V )o o

+('(x, t)q, b (x,t)q)o.0 + (V' (z,t)q,b(z,t) V@)oo

+(b(z,t)Vq,d' (z,t)q )00 + (b(z, ) Vg, a(z,t) Vg )oa

+(b(z, )V, V' (z,t)q)oq + (b(x, t)Vq,b(x, t)Vq)oa + (¢, 9)oq
+(Vu, Vu)oa — 2(vg, a' (2, t)q)oa — 2(vi, a(x, ) Vo

=2(vg, V' (2, 8)q)o.0 — 2(vir, b(2, 1)V @)o.2 — 2(q, VV)o.0

(vie, v oo + (@' (2, t)ar, @/ (2, ) g oo + (a2, ) Var, a(z, 1) Var)oo
+(V' (z,t)q, V' (z,t)q)oq + (b(x, 1)V, b(x, t)Vq)oq

+2(d (2, t)qr, a(z, t)Var)oa + 2(a (z,8)q, V' (2, t)q)oq
+2(d'(z,t)qr, b(z, 1) Va)og + 2(a(z, 1)V, V' (2, 1)q)os

+2(a(z, 1)V, b(z, 1)V oo + 2(V' (2, 1)q, b(z, 1) V)o,a + (¢, )o,e
+(Vv, Vu)oa — 2(vy, d' (z,t)q)o.a — 2(v, alx, t) Voo

—2(vg, ' (2, 6)@)o.0 — 2(vet, (2, )V @)oo — 2(q, VV)oq

lveells e + ellgello.n + el Vallo o + (1 +e)lallse +ellValsa + el Vollsq

—Cllla:ls.e + IVala + lallse +11Valge) — (01 + b2 + 05 + da) el

2 \V4 2 2 \V/ 2 2
q q q q
la:l5.0 N I t||0,Q_|_ 5.0 N IValloa,  llalGe

— -4 2
( 51 52 53 54 ) 55 5HVUHO,Q

lvellg e + ellaellon + =l Vallso + (1 +o)lallse +ellValsa + el Vollsq

279
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so we can select the positive constants e, dy, do, d3, d4, 05 satisfying

(1—51—52—53—(54) > 0,

1
—3——) > 0,
(C=3:——=) > 0
o1
(C—3.—L) > o,
02
11
140 —3————=) > 0,
( 5 55)
1
—3—-——=) > 0,
(C )
04
(1—(55) > O,

we have

B(q,v;q,v) > a(HvttHg,Q + HQtHg,Q + HVQtHg,Q + HQHSQ + ”VQH39

+HIVllg0)-

The proof of Theorem2.1 is therefore completed.
Theorem 2.2. The equations (2.2) has a unique solution in Q(Q)xU ().

Proof: From Theorem 2.1, the bilinear form Z(,-;-,-) is coercive and bounded on

Q(Q)xU(£2). Then the result follows from Lax-Milgram theorem.
3. Finite Element Approximation

In principle, the LSMFE approach simply consists of minimizing (2.6) in finite di-
mensional subspaces U,(Q2) C U(Q2) and Qx(2) C Q(2). Suitable spaces are based on
a triangulation 7, of €2 and consist of piecewise polynomials with sufficient continuity
conditions.

Let Un(Q) = HNQ) N WH2(Q) and Q,(Q) C Q(RQ), let T, be a class qusi-uniform
regular partition of €.

The least squares functional:
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Fn(o,u) = > (|lug — (d(x,t)or + alx, t)Vo, + ' (z,t)o + b(x, t)VU)||(2)7T
TeT, (3.1)

+HIVu—ol5.1)-
Minimizing the functional (3.1) is equivalent to the following variational problem: find

on € Qp and uy, € Uy, such that
PBn(on, un; q,v) =0, (3.2)

holds for all (¢,v) € Qrn(2) x Up(£2).

The discrete bilinear form (-, +;-,-) is defined as follows:

Br(o,u;q,0) = > [(uy — (@ (x,t)or + a(x, t)Vo, + (2, t)o
TETh

+b(z,t)Vo), vy — (d'(z,t)q + alz, t) Vg + V' (z,t)q (3-3)
+b(z,t)VQ))or + (Vu — o, Vv — q)or].

Theorem 3.1. The bilinear % (-, -; -, -) is continuous and coercive, i.e., there exist positive

constants «y, and [, such that

e@h(U,U;q,v)Sﬁh(TZT (uells 7 + Nloell3r + IVaells 7 + o3 7
€/n
1
HIVellgr + IVullie)z (2 (lvallr + laldr (3.4)

TeT,
1
HIVal§r + lalr + IVallsr + Vol 7))z,
PBi(q,v; ¢, v)>ay, TZT (lveell 7 + llaells 7 + [IVaells 7 + llallf
€7h

HIVallgr + IVollg 7).
which holds for all (q,v) € Qn(Q) X Up(2), (o,u) € Qn(£2) x Un(Q).

Proof: The theorem can be proved in a similar manner as in Theorem 2.1.
4. Posteriori Error Estimation

One of the main motivations for using least squares finite element approaches is the fact

that the element-wise evaluation of the functional serves as an a posteriori error estimator.
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A posteriori estimate attempt to provide quantitatively accurate measures of the dis-
cretization error through the so-called a posteriori error estimators which are derived by
using the information obtained during the solution process. In recent years, the use of
a posteriori error estimators has become an efficient tool for assessing and controlling
computational errors in adaptive computations®.

Now we define the least squares functional:

Fn(on,up) = >, (JJupw — (d(z, t)op + a(x, t)Vop + ' (z, t)op
TET, (4.1)

+0(z, )Vor)[§ r + [[Vun — anll§ 7).

We have

fh(a — Oh, U — Uh) = Z (||Utt — Uptt — (a'(:p,t)(at - Uht)
TeTh
+a(z,t)V(oy — op) + 0 (2, 8) (0 — 04)

+b(, )V (o — o)) 52 + IV (u = un) = (o — an)ll5.r).

So we define the posteriori estimator as following:

L%l(a — Op, U — uh) = Z 77%
TeTh

Theorem 4.1. The least squares functional constitutes an a posteriori error estimator.

In other words, for

77:2r = JJug — ung — (&/($7t>(0t — Opt)

+a(z,t)V(or — op) + 0 (2, t) (0 — o)

+b(z, )V (0 — on)) o7 + IV (u = un) = (0 — o) 5.1+

there exist positive constants ar and fr such that

Z ng < PBr Z (e = wneello. 7 + o = onells.r + 1V (00 = ane) I
TeTh TeTh

+o—anllir + IIVIe — o)l + IV — )l 1),
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Z Ny > ar Z (st = wnie||§ 0 + lloe = onell§ 7 + IV (01 — ane) [6,1
TeTh T€eTh

Ho —onllgr + V(e = an)llor + 11V (w = un)lls 7).

which holds for all (op,up) € Qr(2) x Un(Q).

Proof: We know

Zn% = Fp(oc—op,u—up)
TeTh

- Z ([Jue — wnee — (' (2, t) (00 — One)

TETh
+a(z, t)V(oy — op) + ' (2, t) (0 — op)

+b(z, )V (o — o) lor + IV (u = un) — (o = an)5.0))

= Bplo—op,u—up;0—op,u—up).
From Theorem 3.1, we have:

PBr(0 — op = up;0 —opu—up) < P Z (luee — uneellg r + llow — onellg
TeTh

+HIV(or = o) o0 + o = onllg

+HIV(e = on)llgr + 1V —un)l52),

Bu(o — onu—up;o —opu—up) > an Y (|luw — unlldr + low — onlldr
TeT,

+HIV(er = o) lor + llo = onllg r

HIV(e —on)llgr + IV (u—un) 5 2)-

The positive constants ar = Coy, and Br = Cf),, this completes the proof.

Remark: The mesh is adapted and based on a posteriori error estimate of the two
dimensional viscoelastic problems. Based on the computed a posteriori error estimator
nr, we use a mesh optimization procedure to compute the size of elements in the new
mesh. Adaptive refinement strategies consist in refining those triangles with the largest

values of nr.
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5. Adaptive Algorithm

An optimal strategy determines a refinement region R C €2 that minimizes the ratio

work to solve the new discrete problem
gain in accuracy '

We must somehow approximate both work and gain. A reasonable approximation to
work is a linear function of the number of vertices in the finite element mesh, n,4, and
the number of vertices that will be added due to refinement, n,,.,,. The new vertices are
added to the hierarchy of levels as the finest level. Hence, the work induced by these
points is proportional to 7,e,. The work induced by the old vertices is proportional to
nod, since a multigrid cycle is used to solve the coarse level problem. Thus, the following

approximation for work is used:
work to solve the new discrete problem = anggq + bnpew,

with suitable constants a and b. The gain in accuracy can be measured by calculating

the ratio

yh(o-h,olda uh,old)
ﬁh(ah,newy uh,new)

gain in accuracy =

Our adaptive algorithms is as follows:

1. Find the maximum of the a posteriori error estimates over all T' € Ty, : N1 maa-

2. Partition 7, into contour sets C; = {T" | 9} € (507 mazs ¥ maz) > @ = 1,2, , N.

3. Calculate w; = Zg—gj, fori=1,2,---,N.

4. Find ¢ € {1,2,--- , N} for which w; is minimal.

5. Refine contour sets C,--- ,Cy.
Convergence of an Adaptive Algorithm

Suppose that o, and u;, are the best approximation to the solution ¢ and u of problem
(2.6) on the current level Q,(2) and U,(Q2). Let R C 2 be a subregion in which further

refinement is considered. Define the errors e = 0 — g5, and E = u — uy,, define the set

Ur(Q) ={reU),peQ():v=0,p=00n R°=Q — R}.
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Then, define

[, L):=ar inf Ble+p, E+vie+p, E+v).
( ) gVGUR(Q): PEQR(Y) ( P P )

Now, let
h=e—Il,H=FE—1L,
and note that h = e, H = E on R°. Define h, H as follows:

(h, H) :=arg inf Br(p,v;p,v).

p=e on R¢, v=E on R®
Theorem5.1 Given region R C €2, approximation o, € Qp, u, € Uy, and define € by
PBrle,E;e,E) = (1—¢€)HBle,E;e, E). (5.1)
Assume that there exists 7 < 1 — € such that
PBr(h,H;h,H) <~yAB(h,H;h,H). (5.2)

Then,
PB(h,H;h,H) < B(e, Ere, E), (5.3)

where £ = 1; < 1.

Proof: (5.1) and (5.2) imply that
(1—~)#(h,H;h,H) = HBh,H;h,H)—~vA(h,H;h,H)

< HAB(h,H;h,H)— Br(h,H;h,H)
= PBre(e,E;e, F)
= HB(e,E;e,E) — Brle,E;e, E)
= HBle,E;e,E)— (1 —¢e)AB(e,Ese, F)
= €eHBle, E;e E).

Hence,

'%)(ha H7 ha H) < %'@(67E;67E)7
-7
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which completes the proof.
Assume that refinement by halving A reduces the local errors [, L in R by a factor of

1/4:
%(a%,uh; h, %) < PBrele,E;e, E)+ Br(h,H;h,H) + %’R(l L;l, L). (5.4)
Consider the relations
PBr(l,L;l,L) = Bgrle,E;e, E) — Br(h,H;h, H), (5.5)
and
Br(h, H; h, H) < ﬁf%c(e, Eie, E), (5.6)
which follows from (5.2) and the fact that h = e, H = E on R, and
PBr(h,H;h,H) = Br(h,H;h, H) + Bg:(e, E;e, E). (5.7)
Then, (5.4),(5.5) and (5.6) imply that
%’(U%,u%;a%,u%) < PBrele,E;e,E)+ Br(h,H;h, H)
—l—i(%’R(e,E; e,E) — Br(h,H;h,H))
= Prele,E;e,E)+ i%’}z(e, E;e, E)
+§<%’R(h, H;h,H)
3

S (1+ZT)%RC(€ E e E)—l— %R<€ E e, E)

JeB(e,E;e, E) + 411(1 —¢e)AB(e,E;e, E)

—_
2

)B(e, E;e, E).

€

Thus, we obtain a bound similar to (5.3), but now with £ = ;11 + %1 This implies

—
<1

convergence for the case of one additional level of refinement when ;

6. Summary and Conclusions
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We describe an adaptive least squares mixed finite element procedure for solving two

dimensional viscoelastic problems in this paper, and the procedure uses a least squares

mixed finite element formulation and adaptive refinement based on a posteriori error

estimate. The methods were applied to study the continuous and coercivity of two di-

mensional viscoelastic problems.

In this paper, we applied relatively standard a posteriori error estimation techniques

to adaptively solve two dimensional viscoelastic problems and described the adaptive

algorithm.
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