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Abstract. The objective of this work is to use an application of H(.,.)-¢-n-mixed monotone mappings [13] via
resolvent equation technique to solve the set-valued variational-like inclusions in semi-inner product spaces. We
aim to establish an equivalence between the set-valued variational-like inclusion problem and fixed point problem.
A relationship also obtain between the set-valued variational-like inclusion problem and the resolvent equation
problem. This equivalent formulation suggests an idea to construct an iterative algorithm to find a solution of the

resolvent equation problem.

Keywords: H(.,.)-¢-n-mixed monotone; resolvent equation; iterative algorithm; set-valued variational-like in-

clusion.

2010 AMS Subject Classification: Primary 49J40; Secondary 47H19.

1. INTRODUCTION

Variational Inequality theory is very important due to its large application in various prob-

lem e.g. partial differential equation and optimization problems, see [3]. Therefore it have
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been developed and generalized in numerous directions. Variational inclusions is a natural gen-
eralization of variational inequalities. Monotonicity have a very crucial role in the study of
variational inclusions. Therefore researchers introduced and studied many types of monotonic-
ity e.g. maximal monotone mapping, relaxed monotone mapping, H-monotone mapping, A-
monotone mapping etc., and discussed the solvability of different variational inclusion problems
with the help of underlying different monotone mappings, see [4, 5],[8]-[11],[16],[25, 26],[28]-
[311,[34, 35, 38]. The resolvent operator technique which is the generalized form of projection
technique, is very efficient tool to solve variational inclusions and their generalizations. The
resolvent equation is also a very significant approach. The resolvent operator equations tech-
nique is utilized to expand significant and feasible numerical approaches to find a the solution

of many variational inequalities (inclusions) and linked optimization problems, see [1, 2].

Many heuristics generalized the monotonicity such as (H,n)-monotone, (A, 7n)-monotone,
(A,n)-maximal relaxed monotone etc. They introduced and studied different variational in-
clusions problems involving these monotone mapping in Hilbert spaces (Benach spaces), see

[9, 10, 25, 28, 29, 34].

“Recently, Sahu et al. [30] proved the existence of solutions for a class of nonlinear implicit
variational inclusion problems in semi-inner product spaces, which is more general than the
results studied in [31]. Moreover, they constructed an iterative algorithm for approximating the
solution for the class of implicit variational inclusion problems involving A-monotone and H-
monotone operators by using the generalized resolvent operator technique. It is remarked that
they discussed the existence and convergence analysis by relaxing the condition of monotonicity

on the set-valued map considered”, [4].

Very recently Luo and Huang [26], introduced and studied (H, ¢)-1-monotone mapping in
Banach spaces which provides a unifying framework for various classes of monotone mapping.
Most recently, Bhat and Zahoor [4, 5], introduced and studied (H, ¢)-1-monotone mapping in
semi-inner product space and discussed the convergence analysis of proposed iterative schemes
for some classes of variational inclusion through generalized resolvent operator. For the appli-
cations point of view of discussed operators in variational inequalities and variational inclusion,

see [8]-[11],[14, 15],[17]-[26],[28]-[35],[37, 39].
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The proposed work is impelled by the noble research works discussed above. First, we es-
tablish a relation between the set-valued variational-like inclusions and fixed point problem and
also obtain a equivalance between the set-valued variational-like inclusion amd the resolvent
operator equation involving H(.,.)-¢@-1-mixed monotone mapping [13]. These equivalant fixed
point problem and the resolvent equation problem formulation suggest us an idea to develop an
iterative algorithm. We also make an attempt to find the existence of solution of set valued vari-
ational inclusion involving nonlinear operators in 2-uniformly smooth Banach space. The ob-
tained results are quite similar to above discussed research work but we utilize distinguished no-
tion and approach to solve variational inclusion problems in 2-uniformly smooth Banach space.

Our work is the extension and refinement of the existing results, see [1, 2, 4, 5, 17, 24, 26, 39].

Definition 1.1. [27, 30] Let us consider the vector space Y over the field F of real or complex
numbers. A functional |.,.] : Y XY — F is called a semi inner product if

Q) [u! +u? V') = [ V) + [w? V], vul P vt ey

(i) [ou' V] = afu' V'], Va € F, u' W' €Y

(iii) [u',u'] >0, foru' #0

GQv) [[u' 17 < [ul, ], Vel vl ey

The pair (Y,|.,.]) is called a semi-inner product space.

“We observed that [|u'|| = [u',u']'/? is a norm and we can say a semi-inner product space is
a normed linear space with the norm. Every normed linear space can be made into a semi-inner
product space in infinitely many different ways. Giles [12] had shown that if the underlying
space Y is a uniformly convex smooth Banach space then it is possible to define a semi-inner

product uniquely” [4].

Remark 1.2. “This unique semi-inner product has the following nice properties:

@) [u',v'] = 0iff v! is orthogonal to u!, that is iff [|v!|| < |[v! + au!|], for all scalars a.

(i1) Generalized Riesz representation theorem: If f is a continuous linear functional on Y then
there is a unique vector v! € Y such that f(u') = [u!,v!], forall u' € Y.

(iii) The semi-inner product is continuous, that is for each u',v! € Y, we have Re[v!, u! +av'] —

Re[v! u'] as oo — 07, [4].
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Since the sequence space [P, p > 1 and the function space L”,p > 1 are uniformly convex

smooth Banach spaces, we can define a semi-inner product on these spaces, uniquely.

Definition 1.3. [30] The real sequence space IV for 1 < p <1 is a semi-inner product space

with the semi-inner product defined by

1 _
|p_2 Zvjwj\w|p 2 wwelb.
p J

=

Definition 1.4. [12, 30] The real Banach space LP(Y, ) for 1 < p < 1 is a semi-inner product

space with the semi-inner product defined by

l&:h) = | g lhu) P sgnhiu)du, vowe

-2
[

Definition 1.5. [30, 36] The Y be a Banach space, then

(1) modulus of smoothness of Y defined as

1 1 1 1
u +vi+ju —v
pr(s) = sup { L=y <,y <

(ii) Y be uniformly smooth if limg_, py(s)/s = 0
(iii) Y be p-uniformly smooth for p > 1, if there exists ¢ > 0 such that py (s) < csP.

(iv) Y be 2-uniformly smooth if there exists ¢ > 0 such that py (s) < cs.

Lemma 1.6. [30, 36] Let p > 1 be a real number and Y be a smooth Banach space. Then the
following statements are equivalent:
(1) Y is 2-uniformly smooth.

(ii) There is a constant k > 0 such that for every v!,w' € Y, the following inequality holds

(1.D) It w12 < 220w fi) kw2,
where f1 € J(W') and J(W') = {v* e Y*: ! v = |v|? and |v"*|| = ||[v!||} is the normalized
duality mapping.

Remark 1.7. “ Every normed linear space Y is a semi-inner product space (see [27]). Infact,

by Hahn-Banach theorem, for each v' €Y, there exists at least one functional fi1 € Y* such that
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WL f1) = |vY|%. Given any such mapping f : Y — Y*, we can verify that (w' v'] = (W', f,1)

defines a semi-inner product. Hence we can write the inequality (2.1) as
(1.2) ! w12 < VP 20wt ]+ sllw' 12

The constant s is known as constant of smoothness of Y, is chosen with best possible minimum

value”, [30].

Example 1.8. “The function space L? is 2-uniformly smooth for p > 2 and it is p-uniformly

smooth for 1 < p < 2. If2 < p < e, then we have for all v, w' € L?,
w2 < PP 420wt £l + (0 = D!
where the constant of smoothness is p— 17, [30].

2. PRELIMINARIES

Let Y be a 2-uniformly smooth Banach space. Its norm and topological dual space is given by
||.]| and Y*, respectively. The semi-inner product [.,.] signify the dual pair among Y and Y*.
In order to proceed the next, we recall some basic concepts, which will be needed in the subse-

quent sections.

Definition 2.1. [26, 30] Let Y be real 2-uniformly smooth Banach space. Let single-valued
mappings H, N :Y xY =Y, and Q,R:Y =Y, then

(i) Q is (r,n)-strongly monotone if there 3 constant r > 0 such that
[0() — Q) n(uu)] = ru—id|*, Yu, u' €Y
(ii) Q is (s,m)-relaxed monotone if there 3 constant s > 0 such that
[0(u) = Q) ()] = —s Ju—ul|P, Vu, ol € Y
(ii1) Q is a-expansive if there 3 constant @ > 0
10(u) — Q)| > a [lu—u'l], Vu, u €Y;
(iv) H(Q,.) is (1, Mm)-cocoercive in regards R if there 3 constant [t > 0 such that

[H(Qu,x)—H(Qu',x), n(u,u)] > p ||Qu—Qu||?, Vx, u, W' €Y;
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(v) H(.,R) is (y,n)-relaxed monotone in regards R if there 3 constant 'y > 0 such that
[H (x,Ru) —H(x,Ru'),n(u,u)] > —y||lu—i||? Vx, u, W €7;

(vi) H(Q,.) is x1-Lipschitz continuous in regards Q if there 3 constant k| such that
|H(Qu,x) —H(Qu',x)|| < Ky ||u—1u'||, Vx, u,u’ €Y;

(vii) H(.,R) is K»-Lipschitz continuous in regards R if there 3 constant K such that
|H (x,Ru) — H(x,Ru)|| < Ko |lu—d||, Vx, u, W' €Y;

(viii) N is be T-Lipschitz continuous if there 3 constant T > 0 such that

In(u,d)|| < tlu—1i|, Yu, u' €Y.

“Let M :Y —oY be a set-valued mapping, then graph of M is given by graph(M) ={(v,w): w €
M(v)}. The domain of M is given by

Dom(M)={veY:IweY: (vw) e M}.
The Range of (M) is given by
Range(M)={weY:3aVeY: (v,w) € M}.
The inverse of (M) is given by
M~ ={(wv): (v,w) € M}.
For any two set-valued mappings N and M, and any real number 3, we define
N+M={(vyw+w):(vw)eN,(vw)e M},

BM = {(v,Bw) : (v,w,) € M}.
For a mapping A and a set-valued map M : Y — Y, we define A+ M = {(v,w+w') : Av =
w, (v,w') € M}, [4].

Definition 2.2. [26, 30] A set-valued mapping M : Y —o Y is said to be

(i) (n,m)-strongly monotone if 3 a constant n > 0 such that

W —w nmw)] > nlv—w|?, Yo,weY, v e M(v), w* € M(w);
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(ii) (m,n)-relaxed monotone if 3 a constant m > 0 such that
V' —w* nmw)] > —m|v—w|? Yy,we ¥, v € M(v), w* € M(w).

Definition 2.3. Let P,n : Y XY — Y be the mappings and M : Y X Y —o Y be the multi-valued
mapping. Then

(i) M is (n,m)-strongly monotone if 3 a constant n > 0 such that
W —w*nvw)] > nlv—w|? Yv,we¥, v: e M(v,t), w* € M(w,t), for each fixed t € Y;
(ii) M is (m,m)-relaxed monotone if 3 a constant m > 0 such that
WV —w*nvw)] > —m|[v—w|?, Yv,weY, v e M(v,t), w* € M(w,1), for each fixed t € Y;
(iii) P is (v,n)-relaxed monotone in regards first component if 3 a constant v > 0 such that
[P(v,u™) — P(w,u™),n(v,w)] > —vHv—sz, Yv,w,u* €Y;
(iv) P(.,.) is € -Lipschitz continuous in regards first component if 3 a constant € > 0 such that
|P(v,u™) — P(w,u”)|| < & |[v—w|, Yv,w,u* €Y,

(V) P(.,.) is &-Lipschitz continuous in regards second component if 3 a constant € > 0 such

that
|P(u*,v) —P(u*,w)|| < & |[v—w|, Yv,w,u" €Y.
Definition 2.4. [7] The Hausdorff metric D(.,.) on CB(Y), is defined by
D(A,B) = max {sup inf d(u,v),sup inf d(u,v)} ,A,BeCB(Y),
ucAVEB vEB UEA

where d(.,.) is the induced metric on Y and CB(Y) denotes the family of all nonempty closed
and bounded subsets of X.

Definition 2.5. [7] A multi-valued mapping S : Y — CB(Y) is called D-Lipschitz continuous

with constant Ag > 0, if

D(Sv,Sw) < Ag [[v—w|, Vv, we Y.
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3. H(.,.)-¢-n-MIXED MONOTONE MAPPINGS

First, we give some definitions and important theorems associates with H(.,.)-¢-1-mixed

monotone mapping.

Let Y be 2-uniformly smooth Banach space. Assume thatn,H:Y xY —Y,and ¢,Q,R:Y —Y

be single-valued mappings and M : Y XY —o Y be a multi-valued mapping.

Definition 3.1. [13] Let H(.,.) is (i, n)-cocoercive in regards Q with non-negative constant
p and (7y,m)-relaxed monotone in regards R with non-negative constant 7y, then M is called
H(.,.)-@-n-mixed monotone in regards Q and R if

(i) for each fixed 7, poM(.,t) is (m,n)-relaxed monotone in regards first argument;

Gi) (H(.,.) +ApoM(,0))(Y) = ¥, A > 0.

Remark 3.2. If H(.,.) = H and ®oM is n-monotone. Then H(.,.)-@-N-mixed monotone re-
duces to (H, @)-n-monotone mapping, see [4]. In addition, if oM is monotone. Then H(.,.)-
@-n-mixed monotone reduces to (H, ¢)-monotone mapping, see [26]. If o(v) =v, Vv €Y and

A > 0. Then H(.,.)-@-1n-mixed monotone reduces to (H(.,.),n)-monotone mapping, see [37].

Let us consider the following

Assumption My: Let H is (i, n)-cocoercive in regards Q with non-negative constant y and
(7,m)-relaxed monotone in regards R with non-negative constant y with u > 7.

Assumption M;: Let Q is a-expansive.

Assumption M3: Let 7] is T-Lipschitz continuous.

Assumption My: Let M is H(.,.)-¢-1n-mixed monotone mapping in regards Q and R for each
fixedr €Y.

Theorem 3.3. [13] Let assumptions My, My and My hold good with ¢ = ;,LOC2 — 7> mA,
then (H(Q,R) + A@oM(.,t))~ ! is single-valued.

Definition 3.4. [13] Let assumptions M1, M, and M4 hold good with ¢ = ,uozz — v > mA then

(~~,-)_TI

H
the resolvent operator R M(.1),0

:Y — Y is given as

3.1) R M) = (H(Q.R)+AgoM(.1)) ™ (u), Vuey.
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The next attempt is to prove the Lipschitz continuity of the resolvent operator defined by (3.1).

Theorem 3.5. [13] Let assumptions M-My hold good with { = /.wc2 —y>mA and M is T-

Lipschitz then RAH/I(('.’;[))’_(PH Y = Yis m-Lipschitz continuous, that is,
H(.,.)—n H(.,.)—1 T
HRM(,,;)JP ) _RM(_J)_‘(,) ()] < ey ly—zll, Vy,z€Y, and fixedt €Y.

4. FORMULATION OF THE PROBLEM AND EXISTENCE OF SOLUTION

Now we make an attempt to show that H(., .)-@-1-mixed monotone mapping under acceptable

assumptions can be used as a powerful tool to solve variational inclusion problems.

Let Y be 2-uniformly smooth Banach space. Let S,7,G : Y — CB(Y) be the multi-valued map-
pings,andlet Q,R, ¢ :Y =Y, P:Y xY =Y andn, H:Y XY — Y be single-valued mappings.
Suppose that multi-valued mapping M : Y XY — Y be a H(., .)-¢-1n-mixed monotone mapping
in regards Q, R. We consider the following generalized set-valued variational like inclusion

problemto findu € Y, v € S(u), w € T(u) and t € G(u) such that
4.1) 0€ P(vyw)+Mu,t).

If Y is real Hilbert space and M(.,t) is maximal monotone operator, then the similar problem to

(4.1) studied by Huang et al. [16].

Lemma 4.1. Let us consider the mapping @ : Y — Y such that o(v+w) = @(v) + @(w) and
Ker(@) = {0}, where Ker(@) ={veY: @(v) =0} If (u,v,w,t), whereuc Y, ve Su), we
T(u) andt € G(u) is a solution of problem (4.1) if and only if (u,v,w,t) satisfies the following
relation:

H( 7')7

— )1
4.2) u = RM(.J)JP

[H(Qu,Ru) — A@oP(v,w)].

The resolvent equation corresponding to generalized set-valued variational-like inclusion prob-

lem (4.1).

(4.3) QoP(v,w) + A~ 1 (x) = 0.

where A > 0,



RESOLVENT EQUATION APPROACH CONNECTED WITH H(.,.)-¢-n-MIXED 3057

I is the identity mapping and H(Q,R) [RZ((I))_(PH (x)] =H (Q(RZ((I))_(PT’ (x)),R(RZ(('.:'t))’_(Pn (x))) .

Now, we show that the problem (4.1) is equivalent to the resolvent equation problem (4.3).

Lemma 4.2. If (u,v,w,t) withuecY,ve S(u), we T(u) andt € G(u) is a solution of problem
(4.1) if and only if the resolvent equation problem (4.3) has a solution (x,u,v,w,t) with x,u €Y,

veS(u),weT(u)andt € G(u), where
4.4) u=R
and x = H(Qu,Ru) — A@oP(v,w).

Proof: Let (u,v,w,1) be a solution of problem (4.1), and from Lemma 4.1 Using the fact that

H(.,)-n _ H(.,.)
JM(.,t),(p - [I_H<Q(RM(.,t),(p

— [H(Qu,Ru) — AgoP(v,w)

— [H(Qu,Ru) — 2 9oP(v,w)

—H QR ) (H (Qu, Ru) — AgoP(v,w)), R(Rpy ") ) (H (Qu, Ru) = A poP(v,w)))

= _H(Qu7Ru) — ﬂ,q)OP(V, W)_ - H(QM,RM>

= —A@oP(v,w)
This implies that

QoP(v,w) + A1) M(x) = 0.

Conversely, let (x,u,v,w,t) is a solution of resolvent equation problem (4.3), then
JHE:")fn (x) = —A@oP(v,w)

¢
)] ) =-Ag0P(,w)

x—H(Qu,Ru) = —A@oP(v,w).
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This implies that
= H(Qu,Ru) — A@oP(v,w).

Hence (u,v,w,1) is a solution of variational inclusion problem (4.1).
Lemma 4.1 and Lemma 4.2 are very crucial from the numerical point of view. They permit us

to suggest the following iterative scheme for finding the approximate solution of (4.3).

Algorithm 4.3. For any given (xo,ug,vo,wo,%), we can choose xo,ug € Y, vo € S(up), wo €
T (uo), to € G(up) and 0 < € < 1 such that sequences {xi}, {ux}, {vi}, {wi} and {#;} satisfy

[ =RI M (),

vi € S(ug), [V —virr [| < D(S(ur), S(upy1)) + € | — g1 ),

wi € T (ug), [|wg =it | < DT (wg), T (ugr1)) + €4 g — g1 ]

ik € G(up), e —tin | < D(G(ur), Glugs1)) + & | — g1 )

| Xkr1 = H(Qui, Ruy) — AQoP(vi,wy),

where A > 0, k > 0, and D(.,.) is the Hausdorff metric on CB(Y).

Next, we find the convergence of the iterative algorithm for the resolvent equation problem

(4.3) corresponding generalized set-valued variational inclusion problem (4.1).

Theorem 4.4. Let us consider the problem (4.1) with assumptions M1-My and ¢ : Y — Y be a
single-valued mapping with (v+w) = @(v) + @(w) and Ker(¢@) = {0}. Let assume that

(1) S,T and G are Ag, Ay and A continuous, respectively;
(ii) H(Q,R) is k1, K»-Lipschitz continuous in regards Q and R, respectively;
(iii) @oP is (v,n)-relaxed monotone in regards first component;

(1v) @oP is €1, &-Lipschitz continuous in regards first and second component, respectively;

V)0 < \/{(;q + )2+ 2VAAL — 2811/15((& o)+ ms) + slwxg} < U=EAa)Emmd) _ g s

i) [REG Oy — REC)™ PN (0| < E iy — 5|, V1,87 €Y,E > 0

(-st—1)

)

Then the iterative sequences {xi },{ur},{vi},{wr}, and {t;} generated by Algorithm 4.3 con-

verges strongly to the unique solution (x,u,v,w,t) of the resolvent equation problem (4.3).



RESOLVENT EQUATION APPROACH CONNECTED WITH H(.,.)-¢-n-MIXED 3059

Proof. Using Algorithms 4.3 and Ag, A1, Ag-D Lipschitz continuity of S, 7 and G, we have

(4.5) [vie = vi1 ]l < D(S(ui), S(ur—1)) + €| — w1 || < {As+ €} [Jug — w1,
@.6)  |lwe— w1 || < DT (i), T (1)) + €l — w1 | < { A7 + €}l — e |,
@7 a—nll <D(G((w), Glu—1)) + € lux — wp1|| < {Ac + € }|we — w1 |,
where k=1, 2, .....

Now, we compute

X1 — x| = || H (Qug, Rug) — H(Quy—1,Rug—1) — A(QoP(vi, wi) — @oP(vi—1,wi—1)) ||

< ||H(Quy,Ruy) — H(Quy—1,Rug_1) — A(QoP (v, w) — @oP(vi—1,wi))||

(4.8) +A||@oP(vi_1,wi) — @oP(vi_1,wr_1))|-

|H (Qux, Rur) — H(Quy—1, Rug 1) — 2(@oP(vi, wi) — @oP(vi—1,wi)) 1>
< || H(Qug, Rug) — H(Quj—1, Rug 1) |>
—2A[QoP(vi,wi) — @oP(vi—1,wi), N (Vie, Vk—1)]
+2A || @oP (v, wi) — @oP(vi—1,wi)||

{1 (Qu Rut) — H(Quer R )| 4+ 11 (v )|

(4.9) +A%|| @oP(vi wi) — @oP (v, Wi ||

Since H(Q,R) is ki, k»-Lipschitz continuous in regards Q, R, respectively, We have
(4.10) || H (Qug, Rug) — H(Quy— 1, Rug_1)||* < (k1 + 1) ||t — wr—1]|*-
Since @oP is (v, n)-relaxed monotone, then we have

@1D)[@oP (v, w) — @oP(vk—1,wi), N (Vi vi—1)] > —V[vi —vi1]|* > —v{As + €2 — up_1 ||.2
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As @oP(.,.) is €], &-Lipschitz continuous in the first, second arguments, respectively and using

(4.5),(4.6), we have
(4.12) lpoP(vi, wi) — @oP(vi—1, wi)l| < enllvi —vi1 ]| < &1 {As + &} lux — e |,
(4.13) |9oP(vi—1,wi) — PoP(vi1,wi—1)|| < &lwi —wi—1]| < &{Ar + € }|ux — w1

By using M-3 and (4.10)-(4.13) in (4.9), we have

||H (Quy, Ruy) — H(Qui—1, Rug_1) — (9oP (v, wi) — poP(vi_1,wy)) ||
< {(m 4 k)2 4 2vA s+ 12 - 2ell{ls+£k}{(1q + o)+ T{ls+ek}} +£127LZ{7LS+£"}2}

x| — w1 ||,

| H (Qui, Ruy) — H(Quj—1, Rug—1) — (@0oP (v, W) — QoP(vi_1,wy))||

< \/{(;q +12)% +2VA{As + €k}2 — 2 A {As + Sk}{(Kl + 1)+ 7{As + ek}} + €222 {As + €k}2

(4.14) X [l — w1 |-
Using (4.14) in (4.8), we get

|Xk+1 — x|l = ||H (Qui, Rug) — H(Qug—1,Rug—1) — (QOP (vie, W) — @oP (vi—1,w)) ||

< [\/[(Kl +10)2 +2vA{Ag + €k}2 _2ell{ls+gk}{(:q + 1) + T{;Lﬁgk}} +81212{ls+£k}2}

(4.15) +ezz{7LT+e’<}] ¢ ||tz — g1,

By Lipschitz continuity of resolvent operator and condition (vi),(4.7), we have

otk = e ]| < RS o) = Ry )|
< || H(.,.)—n H(.,.)—n

= RMk(.,tkL(p(xk)_RMk(. k),(p(xk—l>||
)-

N
H(.,
k

H(.,.)— .
+HRM£(-7)11()7(P(xk71) _RM “1(, kfl)y(P(xk*l)H

< = x|+l — ]
{—mA

< T

~—{—ml

P = x|+ E{AG + €}l — 1 |
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T
= m2) (1~ Ehg +eby 5l

Using (4.16), in (4.15), equation (4.15) becomes

(416) ||uk—uk_1|| S

4.17) ||xk+1 —ka < ®(8k)||xk — Xk—1 ||, where

0(eh) =

T\/{(;q )2+ 2VA{Ag + ek)2 — 26 A {Ag + €K} ((K'1 1)+ t{s +ek}) +sl2/12{/xs+sk}2} oA {Ar +eb}
(0—=mA)(1—E(AG +€)) '

Since 0 < € < 1, this implies that ®(ek) — O as k — oo, where

r[\/ {(;q + )2 +2vAA2 —2el/us((xl t) o+ ms> +ef/127tg} +32MT]

0= (C—mi)(1—EAg)

It is given that @ < 1, then {x; } is a Cauchy sequence in Banach space Y, then x; — x as k — co.
From (4.16), {u;} is also Cauchy sequence in Banach space Y, then there exist u such that
Ui — U.

From equation (4.5)-(4.7) and Algorithm 4.3, the sequences {vi}, {wy} and {7} are also
Cauchy sequences in Y. Thus, there exist v, w and ¢ such that vy — v, wy — w and #;, — ¢ as

k — oo. Next we will prove that v € S(u). Since v € S(uy), then

d(v, S(u)) < [[v=—will + d(vi, S(u))
< lv=will + D(S(ux), S(w))
< [v=vill + As |lux —ul| — 0, as k — oo,
which gives d(v, S(u)) = 0. Due to S(u) € CB(Y), we have v € S(u). In the same manner, we

easily show that w € T'(u) and 1 € G(u).

By the continuity of RZ(('."I))_(;, O, R, S, T G, poP, n and M and Algorithms 4.3, we know

that u, v, w and ¢ satisfy

Xir1 = [H(Quy,Rug) — A@oP (v, wy)l,

—x = [H(Qu,Ru) — ApoP(v,w)| as k — oo.
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RZ((’.""[’))’ZPW (xp) =ux > u= RZ((‘.:';));’ (x), as k — oo. Using the Lemma 4.2 and above equation
we have

(4.18) QoP(v,w)+ A~ (x— H(Q(R}") 1(x)), R(Ry') 1(x))) =0,

(4.19) QoP(v,w)+ A~y 1 (x) = 0.

Hence (x,u,v,w,t) is a solution of the problem (4.3).
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