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Abstract. In the present paper, we propose a new iteration process named as SM-iteration and compare its rate of
convergence with the already existing iterations such as CR, S, Abbas, Thakur for different type of functions with
the support of an example.
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1. INTRODUCTION

For a nonempty IK closed and convex subset of normed space IN and 7 : IK — IK.
In 2007, Agarwal et al. [4] introduced the following iterative process:
ani1 = (1—a))Ta,+ o, Th,
by = (1= By)an+ ByTan
where {¢,} and {3, } are in (0, 1).

In 2012, Chugh et al. [3] introduced following three step iteration:

*Corresponding author
E-mail address: monikaswami06@ gmail.com

Received September 13, 2020
3074



SM-ITERATION 3075

any1 = (1—a))b,+a,Th,
by=(1—B))Ta,+ B,Tcy CR,
cn=(1—9,)a,+7v,Tay
where {a, },{B,} and {7} are in [0,1] with }_>_, ¢}, = oo.
In 2014, Abbas and Nazir [2] gave the following three-step iterative process:
ant1=(1—0a))Th,+a,Tcy
by=(1—B))Ta,+ B,Tcy Ap
cn=(1—9,)an+7,Tay
where {a, },{B,} and {y,} are in (0, 1).
In 2016, Thakur et al. [1] introduced three step iterative process defined as follow:
any1 =Thy
by=T((1-a,)an,+ a,z,) TH,
cn=(1=PBy)an+B,Tay
where {¢y,} and {3, } are in (0, 1).
We introduce the following three step iteration process:
any1 =T((1—0))Tc,+ o, Thy)
b = T((1 = BL)an + Blcn) sM,

c, = Ta,
where {a;,} and {f,} are in [0, 1].

Definition 1.1. [5] Suppose {a,} and {b,} be two real sequences with limit a and b, respec-

tively. Then {ay} is said to be converges faster than {b,} if

an_a

=0.
b, —b

lim
n—roo

A new class of operators was introduced by Berinde, in [6] on a normed space IN satisfying
||ITa—Tb| < 8[|la—bl[+L||Ta—d| (B)

for a,b € IN for some 6 € [0,1),L > 0.
In this article, motivated from Kumar et al. [7], first we establish a general proof to approx-
imate the fixed point of quasi contractive operator in a Banach space with SM iteration. After

that we compare the convergence rate of SM iteration with S, CR, Abbas and Thakur iterations.
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2. MAIN RESULTS

Theorem 2.1. Let IK be a non empty closed convex subset of normed space IN. Let T : IK — IK
be a operator satisfying ||Ta — Tb|| < 8||la—b||+ L||Ta — a||. Let {a,} be defined through
iterative process {SM,} and ay € KK, where {ay }and{B,} are sequences in [0,1] satisfying

Yoo O‘r’; = oo, Then {a,} strongly converges to a fixed point of T.
Proof As F(T) # ¢ and w € F(T) then
a1 —wll| = [IT((1 = &) T o+ Th,) —wl]
<S||(1—0o)Tcy+ 0, Th, —w||
< 8||(1 = a)(Ten —w) + 0 (Thy — w)|
< 8(1—a,)l[en — wl| + | [bn — w]]
2.0 < 80, bn —wl| +8(1 — )l [en — W]
where
160 —wl| = [IT((1 = B,)an+ Bycn) — wl|
< 8|I(1 = By)an+ Bren —wl|
(2.2) < S(1=By)llan—wll+8,|cn —wl|
(2.3) |len = wl = [|Tan —w|| < 8l|an —wl|
use (2.3) in (2.2), we get
2.4) [ — ]| < 81— B lan — wl| + 828, |, — w]
use (2.3), (2.4)in (2.1), we have
a1 —wl < 8*(1 — o) lan —wl| + 8% (1 — By) llan — | + 8% 0 By lan — wl|
= (8%(1—ay) + 8%, (1 = B,) + & 00Py) llan — |
(2.5) =8%(1—(1-8)aB,)llan —wl|

By (2.5) , through induction , we obtain

lansr —wl| < g 82(1 — (1~ 8) oy B lao —wl|
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from the fact, 0 <6 < 1,0 < ¢, B, < 1 and ¥ o, B, = oo, we get

limy e [T7_ 8% (1 — (1 - 8) ey B]) =0,
by which (2.5) implies that lim,_,c ||a,+1 —w|| = 0.
Therefore, a, — w € F(T) and thus the proof.
Now with an example we compare the convergence of SM iteration process with S, CR, Abbas,
Thakur iterations.
Example Let 7 : [0,1] — [0,1] :=3. Let o, = % =B =7
As, T is a quasi-contractive operator with O its unique fixed point. Also it satisfies all the

conditions of Theorem 2.1

Now, for
CR,= (1—a,)b,+a,Th,
= (1—0)((1 = By)Tan+ B, Tca) + o, T((1— B,)Tan+ B, Tcy)
where
4 4 a, 2
—(1-—= ey
@ ( \/ﬁ)a”+\/ﬁ2 ( f)
and
4\ ay 4 2 1 4
by=1-—]|—4+—%(1—-— =|z—-
' ( \/ﬁ>2+2ﬁ( f) (2 )
implies

() s e (- D)

n 1 2 4 8
dny1 = ===+
=TG- 51
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and

TH,
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N , (1 _ﬁr/z)an +B£Tan
2

(1—o))Tcn+ o, Thy,
2

I 1
G-

ﬁ(l 1)a
= -—=ao
=16 \8

SM,, =
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Now, for n > 16, consider

'SMn_O': I 16(5 — §)ao
Sn—0 ?:16(%_\%)00
_ﬁ i—8
i=16 4(i_8\/ﬁ)
1 1
l(-1)
i=16 !
implies
. |SM,—0| .. 15
tin | = im0
Thus
lim SM, — 0 =0.
n—eo| S, —0
Similarly,
no(1_ 1
'SMn_O‘_‘ i—16(3 — 7)o
—0ol | 1_2 4, 8
CR,—0 16z — 7t
7,1 4 8
O R R ARV AN
- H - 4 8
. 1—4 _ 8
i=16 \ﬁ i\ﬁ
_ Tl 7i¢2+32\ﬁ—2i—4’
Zi6 ivi—4i—8
e
< l— =
i=16 !
implies
i SM,,—O‘
n—eo| CR, — 0
15
= lim —
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Hence,

SM, -0
CR, —

lim
n—oo

o

Again, Let n > 16. Then

SM,—0 _‘ *16(§ — 1)a0
o 1 2 4 8
An—0 i=16(2 = it~ p)a0
n

(i—8)Vi ‘
4(ivi —4i +8+/i—16)

i=16

implies

Thus

Similarly,
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implies

3. APPLICATION

In this part we compare the convergence rate of S, CR, Abbas, Thakur and new iteration
SM - iterative process through example. The result is recorded as Table 1- 4 by taking initial
aproximation ag = 0.8 for all iterative processes.

Decreasing cum sublinear functions
Let 7 :[0,1] — [0,1] be described by “T'(a) = (1 —a)™”, m =7, 8.... Then T is a decreasing

function. By taking m = 8 and “a, = B/ = 7, = —1—”, the correlation of convergence of the

(14n)4
previously mentioned iterative procedures to the exact fixed point p = 0.18834768 1is listed in

Table 1.
Increasing Functions

Let T :[0,8] — [0,8] be defined as T'(a) = "21—39. Then T is an increasing function. By taking

“a, =B, =" = L~ the correlation of convergence of the previously mentioned iterative
(14n)2
procedures to the exact fixed point p = 1 is listed in Table 2.

Superlinear functions having different roots

The functions defined by T (a) = 2a® — 7a* 4 8a — 2 is a superlinear function with different real

roots. By taking “o, = B, =¥, = L the correlation of convergence of the previously

(1+n)2
mentioned iterative procedures to the exact point p = 1 is listed in Table 3.

Oscillatory functions

The function defined by T (a) = 1 is an oscillatory function. By taking “a;, = f; =7, = m”,
the correlation of convergence of the previously mentioned iterative procedures to the exact
fixed point p = 1 is listed in Table 4.

For detailed study, these functions are executed after changing the values of parameters, values

are investigating and recorded in next section.
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4. INVESTIGATION

Decreasing cum sublinear functions

(1) For m = 8 and a9 = 0.8, the S, CR and Abbas - iterations process converges in 17, 13
and 77 iterations where Thakur and SM iteration process never converges.

(2) For m = 20 and ag = 0.8 the S, CR and Abbas - iterations in 20, 16 and 439 iterations
respectively where Thakur and SM iteration process again never converges.

(3) Taking ag = 0.2 (closer to fixed point), the S- iteration converges in 18 iteration, the CR
iteration converges in 13 iteration, the Abbas iteration converges in 73 iteration where
Thakur and SM iteration process never converges.

(4) While considering “a, = B, = 7, = L and ag = 0.8, we see that the the S, CR,

(14+n)6
Abbas, Thakur and SM- iterations converges in 22, 21, 16, 23 and 26 iterations accord-

ingly.
Increasing Function

(1) For ag = 0.8, the S, CR, Abbas, Thakur and SM iterations, converges in 9, 13, 7, 6 and
4 iterations respectively.

(2) Speculating ag = 0.4 (away from fixed point), the S, CR and Abbas converges in 10, 13
and 8 iterations correspondingly. The Thakur iteration and and the SM iteration process
converges in 6 iterations and 4 iterations respectively.

(3) While considering "a,, = B, =7, = (;1” and ap = 0.8, we see that the the S, CR,

1+n)4
Abbas, Thakur and SM iterations converges in 8, 6, 6, 5 and 4 iterations respectively.
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Superlinear functions having different roots
(1) For ap = 0.8, the S, CR, Abbas, Thakur and SM iterations, converges in 3, 2, 2, 2, 1
iterations commonly.
(2) Speculating ag = 0.6, the S, CR, Abbas, Thakur and SM iterations, converges in 5, 4, 3,

3, 2 iterations respectively.

(3) While considering “a, = B, = 7, = L and ag = 0.8, we see that the the S, CR,
(14n)4
Abbas, Thakur and SM iterations converges in 3, 2, 2, 2 and 1 iterations respectively.

Oscillatory functions

(1) For ag = 0.8, the S, CR, Abbas, Thakur and SM iterations, converges in 12, 7, 12, 15
and 14 iterations respectively.

(2) Speculating ag = 0.6, the S, CR, Abbas, Thakur and SM iterations, converges in 14,7,
13, 15 and 14 iterations jointly.

(3) Taking "oy, =B, =¥, = (%” and ap = 0.8, we see that the the S, CR, Abbas, Thakur

14+n)5
and SM iterations converges in 12, 8, 11, 11 and 17 iterations respectively.
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5. CONCLUSION

Decreasing cum sublinear function

(1) The Thakur and SM iteration does not converges while the order of the convergence of
other iterations are S, CR and Abbas iteration.

(2) On increasing the value of m, convergence rate of all above iterations increases except

SM iteration.

(3) If initial guess of fixed point is closer, then iterations show small changes in there con-

vergence rate.
(4) Convergence rate of iterations also depends on ¢, and ;. If we increases the value of

these sequences, the Thakur and SM iteration starts converging.

Increasing Function
(1) Order of convergence of iterations on decreasing order is CR, S, Abbas, Thakur, SM

iterations.

(2) For starting estimation of point near to fixed point we observe that iterations CR, Thakur,
SM shows no changes but the S and Abbas iterations rate increases.

(3) On increasing the value of ¢, and f3,, fixed point obtained in least number of iterations.

Superlinear function having different roots
(1) Order of convergence of iterations on decreasing order is S, CR, Abbas, Thakur, SM

iterations.

(2) For starting estimation of point, away to fixed point we observe that number of iterations

increases for convergence.

(3) On increasing the value of ), and 3, we observe that iteration process show no change.

Oscillatory functions
(1) Order of convergence of iterative process is Thakur, SM, S, Abbas, CR iteration.
(2) For starting estimation of point away to fixed point we observe that number of iterations

increases for convergence except Thakur and SM iterations.

(3) On increasing the value of ¢, and f3, we observe that convergence increases for CR and

SM but decreases for S, Abbas and Thakur iterations.
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