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Abstract. In this paper, we introduce a new one-parameter deformation of the classical Gamma function, which we
call a v-analogue. We also establish some properties generalizing those satisfied by the classical Gamma function.

In addition, we establish some inequalities involving this new function.
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1. INTRODUCTION

The classical Euler’s Gamma function is defined for s € RT as

(1) I'(s) = /O Cpletar,

It was first introduced into the mathematical literature by Leonhard Euler in 1730 to extend

the factorial function to non negative integers. It was later studied by other mathematicians
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including Friederick Gauss and Karl Weierstrass who gave their respective definitions as

L n'n’ n

2) F(s)—nlglgo L(s—{—l)(s—}—Z)---(s—}—n)} S ERY,
1 . s S 7% +
3) 1l (142) e ser™,

where 7 is the Euler-Mascheroni constant which is defined as
|
=1 2 ——1 .
v=m ~k nn

Euler also defined the Gamma function in terms of its infinite product for s € R as

) r@):ylﬁ (1+%)S(1+%)‘1.

For more information on the Gamma function and its properties, see [1, 2, 4] and the related

references.

The digamma and polygamma functions are closely related to the Gamma function. The
digamma function is the logarithmic derivative of the Gamma function. That is, y(s) = % InI'(s).

It has the following series and integral representations:

1 [ 1%} —t_ —st
5) w(s)z—y——+ZL=—y+/o ¢ = ",

s =in(n+s) l—e!

where s € R™ and v is the Euler-Mascheroni constant. The polygamma function y™(s) is the
m'" derivative of the digamma function. That is, Y (s) = jT':;l//(s), m € N. It also has the

following series and integral representations:

m m - 1 m ~ tm —S
(©6) Y (s) = (—1) “m121W=<—1) “/0 ¢ s

for s € R and m € N. For more information on digamma and polygamma functions, see

[2,6,7,8].
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The generalization of the Gamma function has attracted much attention from many researchers.

For example, Euler and Jackson introduced the p and g-analogues of the Gamma function re-
spectively and established some properties of the said functions (see [3, 5, 12] and the refer-
ences therein). Chaudry and Zubair [9] established another p-analogue of the Gamma function
via its integral representation. Diaz and Pariguan [10] later introduced the k- analogue of the
Gamma function by generalizing the Pochhammer k-symbol. Diaz and Teruel [11], Krasniqi
and Merovci [13] and Nantomah, Prempeh and Twum [14] introduced a two-parameter defor-
mation of the Gamma function. The authors respectively established the (¢,k), (p,q) and (p,k)-

analogues of the Gamma function with applications to inequalities.

In this paper, we introduce a new one-parameter deformation of the integral, limit and product
representations of the Gamma function. We also establish some properties generalizing those
satisfied by the classical Gamma function. In addition, we establish some inequalities involving

this new function. We present our results in the following section.

2. PRELIMINARIES

In this section, we present some definitions and Lemmas which are well known in the litera-

ture and which play a key role in the proofs of our main results.

Definition 2.1. A function f : 1 — (0,0) is said to be logarithmically convex if In f is convex

on /. That is,

(7) Inf(ox+ By) < alnf(x)+ Blnf(y),

or equivalently

®) flax+By) < (fF)* (f))P,

foreach x,y € I and a,8 € (0,1) such that ¢ + 3 = 1.

Lemma 2.2. Let A,B > 0 and k > 1. Then the inequality A* + BF < (A +B)k holds.
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Lemma 2.3. [15]
Let p > 1 and q > 1 such that % + % = 1. Let f and g be continuous functions on [a,b|. Then

Holder’s inequality for integrals is given by

©) [ sstwar < [ rirar) % ([ stwrar)

Lemma 2.4. [15]
Let p > 1 and f and g be continuous functions on [a,b]. Then Minkowski’s inequality for

integrals is given as

<=

) L Lo
(10) [irw+swrar) < | [irowrar) +| [lsora

a a
3. MAIN RESULTS

Definition 3.1. Lets,v € R™. Then the v-analogue (also called v-deformation or v-generalization)

of the Gamma function is defined as

© Nyl

(11) Fv(s):/ (—) e 'dt.
0

Note that when v = 1, we have I',(s) = IT'(s).

From the relation (11), we can easly show that

(12) Ly(s+v) = sv 2T (s),

_J=ipr (s
(13) Ty(s) = v r(v),
(14) r(v)=1.

Proposition 3.2. Let s,v € R, Then the v-analogue of the Gamma function satisfies the rela-

tion:

IR ) Nk
(15) L) = i G ) ()’




78 E. DJABANG, K. NANTOMAH, M. M. IDDRISU

Proof. Using the fact that (1 — %)n converges to e ' as n — oo, we write (11) as

nopN 51 I\
L(s) = Jim | (-) (1+;> dr.

n—yoo \%

Repeated integration by parts yields
moopy ol \"
In:/ (—) <1+—> dt

0 \v n

2 s n 2 rn s n—1
I\ v t I\ v t

S EONEH) R TRORCON
S 1% n 0 ns Jo 1% n

2oty A
S INORTN
ns Jo 14 n

_ w? (n—1)v? (n—2))v? V2 n o S4n-1
_%n(s%—v) n(s+2v)m(s+(n—1)v)/0 <_> dt

\%
! (g)%vnﬂ

s(s+v)(s+2v)--- (s+mv)’

By taking limit on both sides, we obtain

! (a)%vnﬂ
I'y(s) = lim [, = lim - ,
n—seo n—eo s(s+v)(s+2v) - (s+nv)

which completes the proof.

Proposition 3.3. Let s,v € RT. Then the v-analogue of the Gamma function can be expressed as

1 s s > S s
(16) =y lsev <1—|——> e b
Fv(s) kI;Il kv
where v is the Euler-Mascheroni constant.

Proof. By the relation (15), we write

v 2
r(s)=1im<f) f(v)< ")( ad )
n—eo \y/ s \s+v s+ 2v s +nv

This implies that
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To evaluate the above limit, we introduce a convergent factor ¢ i This gives

1 VNS S s(i.l 1\ L2 s s
1 (_) St (lrg+ty) (1 _) I
I'(s) e \n) V¢ kI_I] * k)¢

n
. s Ly .41 5§ N _s
:hm ev(1+2+ +n lnn)\}v—l I <1—|——>e kv
kv

n—yoo \% =1

v e T (14 ) e
% se H +kv .

k=1
This completes the proof.

Proposition 3.4. Let s,v € R". Then the v-analogue of the Gamma function satisfies the rela-

tion:

e () sy
17) T(s) = v os ,g<1+n) <1+nv> .

Proof. By replacing s with § in (4) and using relation (13), we obtain

which completes the proof.

Remark 3.5. By letting v = 1 in Propositions (3.2), (3.3) and (3.4) we obtain (2), (3) and (4) as

special cases.

Proposition 3.6. Let s,v € R". Then the v-digamma function, \, has the series representation

(18) wv<s)=—w—1+i{i— 1 }

v s L s+

Proof. Taking log on both sides of (16) gives
s_ s > S B
InT(s) = —Inv(i~1) —h”‘y?_,;l“(H;) +) -

By differentiating both sides with respect to s, we obtain

WV(S):_T_E_;_,;nv+s n;ﬁ
Inv+ 1 &1 1

__( v 7)__+Z[__ }

v s o =l s+
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This completes the proof.

Proposition 3.7. Let s,v € R". Then the v-digamma function, W, has the integral representation

1 T vt st
<s>=—(””)+ ety

v 1—e
0

19)

S

where v is the Euler-Mascheroni constant.

Proof. By relation (18), we have

wols) = — (lnv+y

)-
()
() ]
(lnvw) [esas [0-e) T ema
()
--(*37)

which completes the proof.

Proposition 3.8. Let s,v € R" and m € N. Then the v-polygamma function, %(m) has the series

representation
(m) mil |y 1
(20) v (s) = (—1 m'y ———
W (s) = (=1) )
Proof. By differentiating (18) successively, we have
M=y L @ _y 2 -y 0
W (S)_nz::o(s+nv)2’ w(s) = nzzlo(s—l—nv)y W (S)_,l;()(s+nv)4"'

The m'" order derivative yields

(M oy _ oy 1
Wy (S) ( 1) m.Z(S—f—I’lV)m_H,
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which completes the proof.

Proposition 3.9. Let s,v € R" and m € N. Then the v-polygamma function, %(m) has the inte-

gral representation

(m) B +1 (o) tme st
@1 W) = (0 [
Proof. Recall relation (20):
o m+1
W( - Z S+l’lV m+1

We introduce the inverse Laplace transform of the summand to get

W{)n( m+1Z/ Mo~ s+nvtdt

:(_1)m+1 Z ( m!

= (s 4 nv)mtl
_ (_1)m+1 i /mtme(s+nv)tdt
n=0"0
Z(—l)m+1/ MY et gy

oo tm —st
— (—1)m! / ‘.
0

l—e™

This completes the proof.

Theorem 3.10. Let r,s,v € R", p > 1 and 117 + é = 1. Then the inequality

) r(2+2) s mOP e

holds.
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Proof. By replacing s with i + fl in (11), we obtain

VRS
VS
< |~
~—

RSTE
—~~
=1
|
_
N—
m|
=~
\_/
=
Q
o~
AT
=)
\8

rv(5+5>§ /
P 4 0

Q=

This completes the proof.

Definition 3.11. The n" derivative of the v-analogue of the gamma function is defined for

s, v €R" as

(23) £ (5) = /Om (%)H 1n (%)}nev—ndr.

Theorem 3.12. Let r,s,v € RY, k > 1, and m,n € {2h : h € N}. Then the following inequality
holds.

(24) () + 1 (5)| o )] n )] %.
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Proof. From the relation (23), we have

83
T+ 1]

v yn

O O S

_ w o HED) Tt et ] o L) gt et ] i
e mera] e mers s

A

Fﬁm)(r)Jrl"&")(s)V < “/O‘” (Di(Cl) [ln (fﬂ'/’? eii ()“"’(t

This completes the proof.

Remark 3.13. A similar results was proved for the (p, k)-gamma function, see Theorem 2.3 of
[14].

Theorem 3.14. Let r,s € R™, m,n € N and a > 1 such that “ + 7% € N. Then the inequality

(25)

1
b

Q=

"

(n)

(r) W

+

(5)

holds.
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Proof. By using the integral representation (21), we obtain

a b l—ev
o (G+E) e (G+3)1
= —dt
(a+5)

and by applying Holder’s inequality, we obtain

1 1

1 1 1 1
o Mot a et b oo 4 oIt o 4,5t
<
/o (1 — e‘”) <1 - e‘”) ar = [/o l—eV dt} Uo l—e™ dt]

= | [ )|

a b

This completes the proof.

Remark 3.15. A similar results was proved for the (p, k)-gamma function, see Theorem 2.5 of

[14].

Theorem 3.16. Let m,p € N and k > 0. Then the following inequalities hold.

2 —
(26) (ellfé >(S)) > () oy l)(S)’ (m is odd),

(m) (s) 2 (m+1) (s) (m—1) (s) .
(27) eV <eW e , (mis even).
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Proof. Using the integral representation (21), we obtain

kaw—%(wVH”@»+wW*“uD

et oom!tme—st m+2 m+1 |tm+l —st B (_1)m /oo (m_l)!tm—le—st
== /0 T l—e v ! 2 Jo —ew ¢
B (_1)m+1 /oo 2m( _1 11" 7st / m+1 1)|tm+l —st / );tm 1 et
N 2 0 l1—e™™ l—e v i+ 1—eV d
(_l)m—H / (m 1) = 1 e
= (2 1 1
5 2m+m(m+1)+1) 5 T dt
_ (_1)m+1 5 /oo (m_ 1)!tm71e7st
= (m"+3m+1) A =Tl
>0, misodd
<0, miseven
This implies that the inequalities
1 —1
(28) 293" (5) = W™ () +ya™ V()
and
1 -1
(29) 208" () <y D (s) +yi(s)

hold respectively for odd m and even m. By exponentiating both sides of the inequalities (28)

and (29), we obtained the desired results.
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