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Abstract: In this paper, we present a new semi analytical technique based on Laplace transform and modified
variational iterative method for solving two- dimensional telegraph equation arising in many applications of sciences
and engineering. Some numerical examples have been presented to illustrate the accuracy of the proposed technique.
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1. INTRODUCTION

There are many initial and boundary value problems which involve partial differential equations.
Only a few of these equations can be solved by analytical methods. In most cases, we depend on
the numerical solution of such partial differential equations such as finite difference methods, finite
element methods, wavelet methods and decomposition methods. There are many semi analytical
or analytical methods which play a significant role in computational mathematics such as

Homotopy perturbation method (HPM), Adomian decomposition method (ADM), Variational
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iteration methods (VIM) and Homotopy analysis methods (HAM). Two- dimensional partial
differential equations have many applications in sciences and engineering. In mathematics,
Laplace transform based numerical methods plays a major role in the field of computational and
applied mathematics. To make it iterative, variational methods have attracts the attention of various
researchers and scientists. Combination of these two methods gives numerical results with
significant convergence. Variational iteration method has been developed for solving delay
differential equations in [1]. Variational iteration technique for nonlinear equations has been
presented in [2]. Laplace-variational iteration method has been used for solving the homogeneous
Smoluchowski coagulation equation in [3]. New modified variational iteration transform method
has presented for solving eighth order boundary value problems in [4]. In [5], reconstruction of
variational iteration algorithms with the aid of the Laplace transform is presented. Numerical
solutions of time-fractional diffusion equation in porous medium have presented in [6], by using
variational iteration method. Some limitations of the variation iteration method and how Laplace
transform method overcome these, have been discussed in [7]. A semi- analytical method is
presented for solving a family of Kuramoto- Shivshinsky equations in [8]. Laplace variational
method is presented for modified fractional derivatives with non-singular kernel in [9]. New
Laplace variational iteration method has been developed for solving nonlinear partial differential
equations in [10]. Efficient numerical technique based on wavelets has been developed for solving
three-dimensional partial differential equations in [11].

Consider the second-order linear two-dimensional hyperbolic telegraph equation in the
region {(x,y):a<x<b, a<y<b},

0%u

at?

ou 2u 0%
(x,y,t) + ZpE(x,y,t) +o.ulx,yt)=¢ W-I_B_yz +q(x,yt), 0<t<T
with initial conditions

ou
ulxy,0)=f0y), 5-06y0)=gxy)
where p, g, ¢ are constants and f, g are known functions.

The hyperbolic partial differential equations play an important role in formulating
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fundamental equations arising in atomic physics. These equations are very useful to understanding
the various phenomena in many branches of applied sciences such as in engineering, industry,
aerospace as well as in chemistry and biology too. There are many numerical techniques have been
developed for solving two- dimensional telegraph equations and play a significant role to
understand the behavior of the solutions of telegraph equations. In the literature, we found that
many attempts have been taken for solving one-and two-dimensional telegraph equations. Many
numerical techniques have been developed to find the numerical solutions of telegraph equation.
In [12], Taylor matrix method has been developed for solving two- dimensional linear hyperbolic
equation. Dual reciprocity boundary integral method has been developed for the solution of
second-order one dimensional hyperbolic telegraph equations in [13]. In [14], unconditionally
stable finite difference scheme has been presented to find the solution of one- dimensional linear
hyperbolic equations. Haar wavelet method has been presented for solving two- dimensional
telegraph equation in [15]. Interpolating scaling functions have been used to find the solution of
telegraph equations in [16]. Cubic B-spline collocation method has presented for solving one-
dimensional hyperbolic telegraph equations in [17]. Modified B-spline differential quadrature
method has developed for solving two- dimensional telegraph equations in [18]. Chebyshev tau

method is used for solving telegraph equation in [19].

2. LAPLACE TRANSFORM:
Suppose y(t) be a function of t defined for all positive values of t. Then the Laplace

transforms of y(t), represented as L{y(t)} and is defined as:

oo

Ly (©)} = f eSty(D)dt = y(s),

0

provided the integral exists and ‘s’ is a parameter which may be a real or complex number.
Therefore
Liy(®} = y(s),

that is
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y(®) = L7{y(s)}

The term L™ 1{¥(s)}, is called the inverse Laplace transform of ¥(s).

3. LINEARITY PROPERTY OF LAPLACE TRANSFORMS:
Laplace transform has linearity property. Let x(t), y(t), z(t) be three functions of t defined
for all positive values of t. Then

L{c.x(t) +d.y(t) +e.z(t)} = c. L{x(t)} + d. L{y(t)} + e. L{z(t)}

where ¢,d and e are arbitrary constants.

4. LAPLACE TRANSFORMS FOR DIFFERENTIATION:

Laplace transform is very useful to find the n™ order differentiation of a function. Suppose that

x(t) be a function of t defined for all positive values of t. Then, the Laplace transform of n™

derivative of function x(t) is
d"(x(t))
e
dt®
where x(s) = L{x(t)}.

= s"%(s) — S”_lx(O) _ Sn_zx'(O) — gn=3,1(0) _ ... _ Sx(n—z)(o) _ x("_l)(O)

5. LINEARITY PROPERTY OF INVERSE LAPLACE TRANSFORMS:
Linearity property is also applicable in case of inverse Laplace transform. Let x(t), y(t), z(t)
be any three functions of t defined for all positive values of t. Let x(s), ¥(s) and Z(s) be the
corresponding functions of s such that x(s) = L{x(t)}, y(s) = L{y(t)} and Z(s) = L{z(t)}.
Then
L Hc.x(s) +d.y(s) +e.z2(s)} = c. L Hx(s)} + d. L{y(s)} + e. L{z(s)}
=c.x(t)+d.y(t)+e.z(t)

where c,d and e are arbitrary constants.

6. VARIATIONAL ITERATIVE METHOD (VIM)

Variational iterative method is widely useful to evaluate the exact or approximate solutions of one-
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dimensional problems arising in many applications of sciences and engineering. The variational
iteration method has fast rate of convergence and gives the solution in a rapidly infinite convergent
series.

The nonlinear terms can be handled with the help of variational iteration method. Consider

the differential equations,
pu(x,y, t) + qu(x,y,t) =r(x,y,t) (2)

with the initial conditions
u(x,y,0) = h(x,y) (3)
where p is a linear operator of the first order, ¢ is nonlinear operator and r is a nonhomogeneous

term. From variational iteration method, construct a correction functional as:

Uns1 = U + fy APUR (XY, 5) + Gl (x, 7, 5) — 7(x, Y, 5)]ds “4)
where A is a known as Lagrange’s multiplier and m denotes the m” approximations, i, is
restricted function, i.e. 6%,, = 0. The successive approximation u,,,; of the solution u will
be obtained by using A4 and u,. The solution is

u= lim u,
m—oo

7. NEwW LAPLACE VARIATIONAL ITERATIVE METHOD FOR SOLVING TwoO-
DIMENSIONAL TELEGRAPH EQUATIONS

In this section, combination of Laplace transform and modified variational iteration method is
present to solve three- dimensional Schrodinger equations arising in quantum physics and physical
chemistry. Approximate solution of this equation has been obtained in terms of convergent series

with very easily computable components.

. a .
Assume that p is an operator of the first order 5; - Equation (2) becomes

5}
Uy ) +qulx,yt) =r(xy,t) )

Taking Laplace transform on both sides of (5), we obtain

L{Zu(y, 0} + L{qu(x,y, 0} = Lr(xy, 0} (6)



2948
GURPREET SINGH, INDERDEEP SINGH

SL{’U,(X, Y, t)} - h(x, y) = L{r(x, Y, t)} - L{qu(xl Y, t)} (7)

Applying inverse Laplace transform on both sides of (7), we obtain

1
u(y,0 = RGoy,0) — 1 [ Lquiey, o) (®)
where R is the term arising from source term and given initial condition. From the correctional

functional of the variational iteration method

1
1 (59,8 = RG,6) = L7 [ L{qum (3,5, 0)] ©
Equation (9) represents the new modified correction functional of Laplace transform of variational

iteration method, the solution is given by

u(x,y,t) = rlll_r}go Un(x,y,1)

8. NUMERICAL EXPERIMENTS

In this section, some numerical examples have been presented to illustrate the accuracy and
efficiency of the proposed numerical technique.

Example 1: Consider the following two- dimensional telegraph equation

0*u(x,y,t) du(x,y,t)
2
ot? + at

+u(x,y,t) = %Vzu(x, y,t) (10)
with initial conditions
u(x,y,0) = sinhx sinhy and u;(x,y,0) = —2 sinhx sinhy

Applying Laplace transform on both sides of (10), we obtain

L {6 u(x,y,t) 12 ou(x,y,t)

at2 . tulxy, t)} = % L{V?u(x,y, )} (11)

This implies
s2L{u(x,y,t)} — su(x,y,0) — u,(x,v,0) + 2sL{u(x,y, t)} — 2u(x,y,0) + L{u(x, y, t)}
1
= EL{VZu(x, y, )}

s?L{u(x, y, t)} — s(sinhx sinhy) + 2 sinhx sinhy + 2sL{u(x, y,t)} — 2sinhx sinhy

+ L{u(x,y,t)} = %L{Vzu(x, y,t)}
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Applying initial conditions, we obtain
1
(s + 12L{u(x,y,t)} = s(sinhx sinhy) + EL{Vzu(x, y,t)}

Divide by (s + 1), we obtain
s(sinhx sinhy) N
(s + 1)? 2(s+1)?

Applying inverse Laplace transform on both sides of (12), we obtain

L{V?u(x,y,t)}

L{u(x,y, t)} =

1
u = (1 —1t) e t(sinhx sinhy) + EL_l [ s L{VZ*u(x,y, t)}]

(s+1)

Using iteration method, from (13), we obtain
Um+r = (1 —t) e !(sinhx sinhy) + = L‘ [( +1)2 um}]
From (14), we obtain
Uy = sinhx sinhy
u; = sinhx sinhy (1 — 2t e™%)

2t3e7t  2t%et
u, = sinhxsinhy |1 —2te ! — —

3! 5!

_ _ L, 2te™t 2te™t 2t7e”t 2t%"
uz = sinhxsinhy (1 —2te™ — TR TR TR

and so on. The solution is

u = limu,,

n—-oo

After simplification, we obtain

2t3e7t  2tSe7t 2t7e7t  2t%t

u=sinhxsinhy<1—2te‘t— 3T 5l 71 9l

o _ 2t3 2t5 2t7  2t°
u = sinhxsinhy [ 1 —e™¢ 2t+?+?+—+?............

u = sinhx sinhy (1 —e~t(e* —e™"))
u = sinhxsinhy (1 — 1 + e™2%)

u = sinhx sinhy (e~%¢)
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Physical behaviour of solutions of Example 1 at t=0.5

Solutions (u)

Y-axis 2 -2

X-axis

Figure 1: Description of solutions of Example 1 for = 0.5.
Figure 1 shows the physical behaviour of solutions of Example 1 at t=0.5.

Example 2: Consider the two- dimensional telegraph equation

0*u(x,y, t du(x,y,t
u(x,y )Jr2 u(x,y,t)

1
= —Vy2 1
352 3 +u(x,y,t) ZV u(x,y,t) (16)

with initial conditions

u(x,y,0) =e**Y and u.(x,y,0) = =2 e**Y

Applying Laplace transform on both sides of (16), we obtain

0*u(x,y,t)  _oulx,y,t) 1
L{ FY +2 e +u(x,y,t) = 5 L{V-u(x,y,t)}

This implies
s2L{u(x,y,t)} — su(x,y,0) — u.(x,y,0) + 2sL{u(x,y, t)} — 2u(x,y,0) + L{u(x,y, t)}
1
= EL{VZu(x, y, )}
S L{u(x,y,t)} — s(e**¥) + 2 e**Y + 2sL{u(x, y,t)} — 2 e**Y + L{u(x,y, t)}
1
= EL{VZu(x, y, t)}

Applying initial conditions, we obtain

(s + D2L{u(x,y,t)} = s(e**?) + %L{Vzu(x, y, )}
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Divide by (s + 1), we obtain

S(ex+y)
GrD2 26+ D)2

L{u(x,y, )} = L{V?u(x, y, )} (17)

Applying inverse Laplace transform on both sides of (17), we obtain

u=(1-1t)e t(e ) + [( T s L{VZ*u(x,y, t)}] (18)
Using iteration method, from (18), we obtain
¢, 1,
Upsr = (1 —t) XVt + L [(S+1)2L{V2um}] (19)

From (19), we obtain

u; = e V(1 —2te™")

2t3e~t  2tdet
u, = e*tv <1 —2te t— - )

3! 5!

by L, 2tte”t 2te™t 2t7e”t 2t% 7"
Us =€ L=ote” —— =%~ "9

and so on. The solution is

u = lim u,,
n—->0oo
After simplification, we obtain
C iy L, 2te™t 2te™t 2t7e”t 2t%7"
u= e 1—-2te " — TR TR - TR SR
2t3 2t 2t 2t°
u= x+y 1—9 2t+—+? —+?

u= e (1—et(et —e™))
u= eV (1-1+e %)
u= ex+y (e—Zt)

u = eXxty-zt
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Physical behaviour of solutions of Example 2 at t=0.5

Solutions (u)

0

Y-axis 2z 2 X-axis

Figure 2: Description of solutions of Example 2 for t = 0.2

Figure 2 shows the physical behaviour of solutions of Example 2 at t=0.2.

CONCLUSION

From the above performed experiments, it is concluded that numerical technique based on the
combination of two well-known classical methods such as Laplace transform method and
variational iteration method, is a powerful semi analytical technique for solving two- dimensional

telegraph equations. For future scope, this technique will be used for solving three-dimensional

telegraph equations.

ACKNOWLEDGEMENT

We are grateful to the anonymous reviewers for their valuable comments which let to the

improvement of the manuscript.

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests



2953
NEW LAPLACE VARIATIONAL ITERATIVE METHOD

REFERENCES

[1]

[2]

[3]

[4]

[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

J. H. He, Variational iteration method for delay differential equations, Commun. Nonlinear Sci. Numer. Simul.
2(4) (1997), 235-236.

J. H. He, Variational iteration method-a kind of non-linear analytical technique: some examples, Int. J. Non-
Linear Mech. 34(4) (1999), 699-708.

Z. Hammouch, T. Mekkaoui, A Laplace-variational iteration method for solving the homogeneous
Smoluchowski coagulation equation, Appl. Math. Sci. 6(18) (2012), 879-886.

A. S. Arife, A. Yildirim, New modified variational iteration transform method (MVITM) for solving eighth-
order boundary value problems in one step, World Appl. Sci. J. 13(10) (2011), 2186-2190.

E. Hesameddini, H. Latifizadeh, Reconstruction of variational iteration algorithms using the Laplace transform,
Int. J. Nonlinear Sci. Numer. Simul. 10(11-12) (2009), 1377-1382.

G. C. Wu, Variational iteration method for solving the time-fractional diffusion equations in porous medium,
Chin. Phys. B. 21 (2012), 120504.

G. C. Wu, Laplace transform overcoming principle drawbacks in application of the variational iteration method
to fractional heat equations, Therm. Sci. 16(4) (2012),1257-1261.

R. Shah, H. Khan, D. Baleanu, P. Kumam, M. Arif, A semi-analytical method for solving family of Kuramoto-
Sivashinsky equations, J. Taibah Univ. Sci. 14(1) (2020), 402-411.

H. Y. Martinez, J. F. Gomez-Aguilar, Laplace variational iteration method for modified fractional derivatives
with non-singular kernel, J. Appl. Comput. Mech. 6(3) (2020), 684-698.

T.M. Elzaki, Solution of Nonlinear Partial Differential Equations by New Laplace Variational Iteration Method,
in: T.E. Moschandreou (Ed.), Differential Equations - Theory and Current Research, InTech, 2018.

I. Singh, S. Kumar, Wavelet methods for solving three- dimensional partial differential equations, Math. Sci. 11
(2017), 145-154.

B. Blbl, M. Sezer, A Taylor matrix method for the solution of a two-dimensional linear hyperbolic equation,

Appl. Math. Lett. 24(10) (2011), 1716-1720.



2954
GURPREET SINGH, INDERDEEP SINGH

[13] M. Dehghan, A. Ghesmati, Solution of the second-order one dimensional hyperbolic telegraph equation by using
the dual reciprocity boundary integral equation (DRBIE) method, Eng. Anal. Bound. Elem. 34 (1) (2010), 51-
59.

[14] F. Gao, C. Chi, Unconditionally stable difference schemes for a one space-dimensional linear hyperbolic
equation, Appl. Math. Comput. 187(2) (2007), 1272-1276.

[15] I. Singh, S. Kumar, Numerical solution of two- dimensional telegraph equations using Haar wavelets, J. Math.
Ext. 11(4) (2017), 1-26.

[16] M. Lakestani, B. N. Saray, Numerical solution of telegraph equation using interpolating scaling functions,
Comput. Math. Appl., 60 (7) (2010), 1964-1972.

[17] R. C. Mittal, R. Bhatia, Numerical solution of second order one dimensional hyperbolic telegraph equation by
cubic B-spline collocation method, Appl. Math. Comput. 220 (2013), 496-506.

[18] R. C. Mittal, R. Bhatia, A numerical study of two dimensional hyperbolic telegraph equation by modified B-
spline differential quadrature method, Appl. Math. Comput. 244(2014), 976-997.

[19] A. Saadatmandi, M. Dehghan, Numerical solution of hyperbolic telegraph equation using the Chebyshev tau

method, Numer. Meth. Part. Differ. Equ. 26 (1) (2010), 239-252.



