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Abstract. Fixed point theory of non-expansive mapping confers techniques for solving a variety of applied problems
in engineering and mathematical sciences. The purpose of this paper is to establish some coincidence and fixed-point
theorems for non-expansive type single valued mappings in S-metric space.
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1.INTRODUCTION AND PRELIMINARIES
The importance of non-expansive mappings was outlined, e.g., in 1980 by Bruck [4]. A non-
expansive mapping of a complete metric space need not have a fixed point (e.g. translation operator

in a Banach space). A fixed point of a non-expansive mapping need not be unique (e.g. f = I). The
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study of non-expansive mappings has been one of the main features in recent developments of
fixed-point theory. For more details, the reader is referred to [1, 2, 3, 5, 7, 8, 9, 10]
The study of metric fixed point has played very vital role with the applications in mathematics and
applied science. Later it was found very essential to generalize the notion named metric space by
many researchers. With this respect many generalizations have come in the metric space like, D-
metric space, 2-metric space, S-metric space, cone metric space, fuzzy metric space and manger
space, etc. Particularly, Sedghiet al. [11] introduced a new generalized metric space called an S-
metric space.
Definition 1.1 (see [11]) Let X be a non-empty set. An S-metric on X is a function S: X X X X X —
[0, +0) that satisfies the following conditions, for each x,y, z,a € X,

(S1). S(x,y,2) = 0,

(S2). S(x,y,z) =0ifandonly ifx =y = z,

(S3). S(x,y,2) <S(x,x,a) + S(y,y,a) + S(z,z,a).
Then S is called an S-metric on X and (X, S) is called an S-metric space.
Lemma 1.2 (see [11]) Let (X, S) be an S-metric space. Then S(x,x,y) = S(y,y,x) forall x,y €
X.
Definition 1.3 (see [11]) Let X be an S-metric space.

(1). A sequence {x, } converges to x if and only if lim S(x,, x,,x) = 0. That is, for eache > 0
n—-oo

there exists ny € N such that for all n > ny, S(x,, x,, x) < e and we denote this by

limx, = x.

n—-oo

(2).A sequence {x,}is called a Cauchy if lim S(x,,x,,x,,) = 0. That is, for each ¢ >0
n,m-ow

there exists n, € N such that for all, m > ny, S(x,,, x,,, x;n) < €.
(3).X is called complete if every Cauchy sequence in X is convergent.
From (see [11], Examples in page 260), we have the following.

Example 1.4
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(@) Let R be the real line. Then S(x,y,z) = |x — z| + |y — z| forall x, y, z € R, is an S-metric
on R. This S-metric is called the usual S-metric on R. Furthermore, the usual S-metric space
R is complete
(b) Let Y be a non-empty set of R. Then S(x,y,z) = |x —z| + |y — z| forall x,y,z € Y, isan
S-metricon Y. If Y is a closed subset of the usual metric space R, then the S-metric space
Y is complete.
Lemma 1.5 (see [11]) Let (X,S) be an S-metric space. If the sequence {x,} in X converges to x,
then x is unique.
Lemma 1.6 (see [11]) Let(X,S) be an S-metric space. If x, — xandy, — y. Then
S(xn, Xn, Yn) — S, x,¥).
Definition 1.7 (see [11]) Let (X,S) be an S-metric space. A mapping f:X — X is called
Lipschitzian if there exists a number k > 0 such that S(fx, fx, fy) < kS(x,x,y),V x,y € X.The

mapping f is called contractive if k < 1.

2. MAIN RESULTS
Now, we introduce the concept of nonexpansive mapping in S-metric spaces.
Definition 2.1 Let (X,S) be an S-metric space. A mapping f: X — X is called nonexpansive if
there exists a number k = 1 such that S(fx, fx, fy) < kS(x,x,y) forall x,y € X.
In this paper we use the following nonexpansive type condition: Let T,f: X — X be two self
mappings satisfying the condition,
S(Tx,Tx, Ty) < a(x,y) S(fx, fx, fy) + b(x,y) max{S(fx, fx,Tx),S(fy, fy, Ty)}

+c(x, y) max{S(fx, fx, fy), S(fx, fx,Tx),S(fy, fy, Ty)}

+e(x, y) max{S(fx, fx, fy), S(fx, fx, Tx), S(fy, fy, Ty), S(fx, fx, Ty)} (2.1)
where a(x,y), b(x,y),c(x,y),e(x,y) = 0and

6= x};lefxe(x, y)>0, 9= x,ljlzlEfX(Zb(x' y) + 4de(x, y)) >0
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with sup (a(x,y) + b(x,y) + c(x,y) + 3e(x,y)) = 1.

xX,yEX
Motivated by [6], we introduce the following.
Definition 2.2 Let f and g be two self maps of a S-metric space X. Then f and g are said to be
compatible if 711_{1010 S(fgxn, fgxn, gfxn) =0, whenever {x,} is a sequence such that
7}Li_rgjlofxn=7}Li_r)£10gxn=1:€X.
Our first main results as follows.
Theorem 2.1 Let (X, S) be an S-metric space, T, f are self maps of X satisfying (2.1) with T'(X) <
f(X) and either (a) X is complete and f is surjective; or (b) X is complete, f is continuous and
T, f are compatible; or (c) f(X) is complete ; or (d) T(X) is complete. Then f and T have a
coincidence point in X. Further, the coincidence value is unique, i.e. fp = fq whenever fp =
Tpand fq =Tq (p,q € X).
Proof Let x, € X be arbitrary. Since T(X) € f(X), choose x; such that y; = fx; = Tx,. In
general, choose x,,1 = fx,41 = Tx,. From (2.1), we have
S(Txp, Txp, TXptq)
< a S(fxn, fXn, fXns1) + b max{S(Foxn, £, T2n), S(FXps, fXnr, TXns)}
+emax{S(fxn, fxn, [Xn41), S(fn, f2n, TX0), S(f Xns1, fXns1, TXps1)}

S(fxn: fxn: fxn+1): S(fxnr fxn' Txn)'s(fxn+1' fxn+1r Txn+1);
S(fxn, foxn, TXn41) }

<a S(fxn' fxn' Txn) + b maX{S(an, fxn' Txn),S(an+1, fxn+1r Txn+1)}
+c maX{S(an, fxnf Txn): S(fxn: fxn' Txn)' S(fxn+1' fxn+lr Txn+1)}

S(fxn' fxn: Txn): S(fxn' fxn’ Txn)' S(fxn+1' fxn+1; Txn+1): }
[S(fxn, fxn, Txy) + S(fxn, fxn, Txy) + S(Txp i1, TXps1, Txp)]

=a S(fxnf fxn: Txn) +b maX{S(fxn'fxn' Txn)' S(fxn+1' fxn+1r Txn+1)}
+c maX{S(fxn' fxn: Txn): S(fxn' fxn' Txn)' S(fxn+1' fxn+1' Txn+1)}

S(fxn' fxn: Txn): S(fxn' fxn' Txn)' S(fxn+1' fxn+1v Txn+1);}
[ZS(an, fxnf Txn) + S(Txn’ Txn' Txn+1)]

+e max{

+e max{

+e max{
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=a S(fxn' fxn’ Txn) + b maX{S(fxn' fxn’ Txn)’ S(fxn+1' fxn+1: Txn+1)}
+c maX{S(fxn' fx‘m Txn)ﬁ S(fxnl fxn' Txn)' S(fxn+1' fxn+1r Txn+1)}

S(fxn' fx‘m Tx‘n); S(fxn' fxnl Txn)' S(fxn+11 fxn+1' Txn+1)r
[ZS(fxni fx‘m Txn) + S(fxn+11 fxn+1' Txn+1)] }

where a, b, ¢ and e are evaluated at (x,,, x,+,). Suppose that for some n,

+e max{

S(fxns1s fXne1 Txne1) > S(fxn, fxn, Tx,). Then substituting in the above inequality we have
S xn+1s [Xns1, Txnp1) < (@+ b+ ¢+ 3e)S(fxnsr, fXne1, TXns1)
a contradiction. Therefore, for all n we have
S(fxns1 fxni1 Txna1) < S(fxn, fxn, Txy). (2.2)
Again S(Vn—1, Yn-1, Txn) = S(Txp_3, Txp—2, Txy)
Using (2.1), we have
SWn-1,Yn-1.Txn) < a S(f Xz, f X2, fX5) + bmax{S(f X3, fXn—2, Tn—2), S(f X, f %30, Tx)}
+emax{S(fxn-z2 fXn—2, %), S(f Xn—2, fXn—2, TXn—2), S(fXn, fxn, Tx)}
+emax{S(fxn_z fxn_2, fXn), S(fxn_2) fXn_2 TXn_2), S(fXn, f X0, Tx), S(fXp_2, f2Xn—2, Tx3)}
Since triangle inequality and (2.2), we have
S(fxn—2, fXn—2, f %)
S SUxn-2) fxn-2, fxn-1) + S(fxn_2, fXn—2, fxn-1) + S(fxn, f2n, f2Xn—1)
= 25(fxn—2, fXn—2 TxXn—2) + S(fXn_1, fXn_1, f %)
= 25(fxn_2, fxn_2, Txn_2) + S(fxn_1, fxn_1, Txpn_1)
< 3S(fxn-2, fXn—2 TXn_2)
and
S(fxn—2 fXn-2,Txn)
S SUxn-2) fxn-2, fxn-1) + S(fxn_2, fXn_2, fxn_1) + S(Txn, Txy, fX—1)
= 25(fxn—2, fXn-2 TxXn—2) + S(fxXn_1, fXn_1,Txp)
< 25(fxpn_g, fxn_2,TxXpn_2) + 2S(fxpn_1, fxn_1,Txpn_1) + S(Txp, Txp, TXp_1)

= Zs(fxn—Z: fxn—Z' Txn—z) + ZS(fxn—l' fxn—lf Txn—l) + S(Txn—lr Txn—l' Txn)
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= 25(fxn-2, fxn_2,Txn_2) + 28(fxp_1, fXn_1, Txn_1) + S(fxn, f 35, Txy)
< 58(fxn-2, fXn—2, Txn->2)
The last inequality gives
SWn-1Vn-1Txy) < Ba+b+3c+5e) S(fxp_z fXn_2 Txn_3)
implies that
S(f X1, fxn-1,Txn) < (3 = 2(b + 2€)) S(fxtn—z, fXn—2, Tn_3) (2.3)
Using (2.1), (2.2) and (2.3), we obtain
SO Y Txn) = S(Txp_1, Txn_1, Txy)
< aS(fxn_1, fXn_1, fx) + bmax{S(fxn_1, fxn_1, TXn_1), S(f 2, fXn, Txp)}
+emax{S(fxn—1, fXn-1, fxn), S(fxn-1, fXn—1, TXn-1), S(fxn, fxn, Tx)}

SUxn-1,fXn-1, f %), S(fXn_1, fXn—1, Txn_2), S(f X, [, TXp),
S(fxn-1, fxn-1,Txp) }

=a S(fxn—ZJ fxn—Z: Txn—z) +b S(fxn—z' fxn—Z' Txn—z)

+e max{

+cS(f Xz, fXn-2,Txn_3) + €(3 = 2(b — 2€)) S(f Xn—y, fXn—2, TXn_)

= (a +b+c+e(3-2(b+ 2e))) S(fxp_2 fXn—2,TXp_3)

<(a+b+c+3e—2eb+2e))S(fxnz fXn2 Txn_3)

= (1 — 2e(b + 2€))S(fxn—z, fXn_2, TXpn_2)

< (1 —-689)S(fxn-2 fxn—2 Txn_3)

< (1 - 86)25(0, Yo, ¥1)
where § = x’iyefxe(x, y) >0, 9= x,iﬁefx(Zb("' y) + 4e(x,y)) >0 and {y,} is Cauchy, hence
converges to a point p in X.

Case (a): Suppose that f is surjective. Then there exists a point z in X such that p = f z. From

(2.1), we have
S(fZ,fZ, TZ) < S(fZ,fZ,yn+1) + S(lefzﬂyn+1) + S(TZ' TZ,yn+1)

=S(fz,fz,yn+1) + S(fZ, fZ, Y1) + S(Txp, Txpy, T2)
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<SUzf2,Yn41) +S(fZ f2,yn11) + a S(fxn, fxn, f2)
+b max{S(f xn, fxn, Tx), S(f2, f2,T2)}
+cmax{S(fxn, fxn, f2),S(f2xn, f2xn, Txn),S(f 2, f2,T2)}
+e max{S(fxn, fxn, f2), S(fxn, f2n, TX0),S(f2,f2,T2),S(f %, f 2, T2)}

{max {S(fxn' f%n, Txn),}’

< 25(fz,£2,Yn+1) + sup (b + ¢ + ) max S(fz,fz,T2)

x,yEX

SUf X, X, £2), S(fxp, f0, Txyp),
max{ S(fz,fzTz) }'

S fXn, £2), S(f 2, f 2, T,
max{ S(fz,fz,Tz),S(fxn, fxn, TZ) }} + xf;JEpX a S(fxn, fxn, f2)

Taking limitas n — oo, we get S(fz, fz,Tz) < sup (b + c + e) implies that fz = Tz.
X, yEX

Case (b): Suppose f is continuous and f and T are compatible. Then since lim y, = p, we have
n—-oo

lim £y, = fp. Now,
SUp. fo.Tp) < SUD [0, fyner) + SUD fD, fYn+1) + ST, TD, fYn+1)
= 25(fD, fD, fYns1) + S(Tp, Tp, fTxy)
= 2S(fp, fD, fyn+1) + S(fTxp, fTxn, Tp)
< 25(fp, fo. fYne1) + 2S(f T, fTx0, Tf %) +
S(Tp, Tp, Tfxn) = 2S(f0, [0, f¥n+1) + 2S(fTxn, fTxn, Tf20) + S(Tfx, Tf %, Tp)

Note that since lim fx, = lim Tx, and f,T are compatible, lim S(Tfx,, fTx,, fTx,) = 0.
n—->oo n—->oo n—->oo

From (2.1), we have

S(Tfxn Tfxn, TP) < a S(ffxn, fxn, ) + bmax{S(ffxn, ffoxn, Tf %), S(fp, fr, TP)}
+emax{S(ffxn, ffxn, f0), S(Ffxn, ff 20, Tfx0), S(fp, f0, TP)}
+e max{S(ffxn, ffon, f0), S(ffotn, {20, Tf %), S0, [0, TD), S(ff X, ff X, TP)}
< sup aS(ffxn, ffxn, fP) + sup (b + c + €) max{max{S(ffxn, ffxn, Tfxn), S(fp, f£, TP},

x,yEX x,yEX

max{S(ffxn, ffxn, f0), S(ffxn, ff 20, Tfx), S(f0, f0, TP)},
max{S(ffxn, ff2n, [0, SU [, [ [2Xn, Tf ), S(f0, [0, TP), S(f f X, f [ X, TP)}}
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Note that

SUfxn [0 Tfx0) < SUfxn, f %0 fTx0) + SUFfn, ff X0, fTxn) + S(Tf %0, Tf X0, fTx1)
Using the continuity of f and compatibility of f and T, it follows that lim S(Tfx,, fTx,, fTx,) =
n—-oo

0. Since lim ffx, = fp, itfollows that lim Tfx, = fp.
n—-oo n—-oo

Substituting into the above inequality and taking limit as n — o, we get

S(fp'fp'Tp) < sup (b +C+e)5(fp'fvap)

x,yEX

implies that fp = Tp.

Case (c): In this case p € f(X). Let z € f~1 p. Then p = fz and the proof is complete by case

(a).

Case (d): Inthis case p € T(X) S f(X) and the proof is complete by case (c).

Uniqueness: Let g be another coincidence point of f and T, then from (2.1) with a, b, c and d

evaluated at (p, q),

S(Tp,Tp,Tq) < a S(fp, fp, fq) + bmax{S(fp, fp,Tp),S(fq,fq,Tq)}

+emax{S(fp, fo, fa), S(fp, fo, Tp), S(f4, fq, Tq)}
+emax{S(fp, fv. fa), S(fp, fp.Tp).S(fq. fa.TQ), S(fp, fo., Ta)}
<(a+c+e)S(Tp,Tp,Tq)

This implies that Tp = Tq and hence fp = fq.

Corollary 2.2 Let (X, S) be a complete S-metric space and T a self mapping of X satisfying (2.1)

with f = I, the identity map on X and sup (a(x,y) + 5b(x,y) + 3c(x,y) + 3e(x,y)) = 1. Then

xX,YEX
T has a unique fixed point and at this fixed point, T is continuous.
Proof The existence and uniqueness of the fixed point comes from Theorem 2.1 by setting f = I.

To prove continuity , let {y,} < X with lim y,, = p, p the unique fixed point of T. Using (2.1), we
n—->oo

have

S(TYn, Tyn, TP) < a SYn, Y, ) + b max{S (v, Yn, Tyn), S(0, 0, TP)}
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+cmax{S(¥n, Yn, P), SWn, Yo, T¥n), S(p, 0, Tp)}
+e max{S(Vu, Yu, ), SV, Yn, TYn), S, 0, TP), S (Y, Y, TP }
< a SV Yo p) + b max{S O, Y, Tyn), S(p, 0, v)}
+cmax{S(yn, Yn, £), S(Wn, Y, T¥n), S(p, 0, P)}
+e max{S(Vu, Yn, 0), SV, Yn, TYn), S(0, 0, 0), S Vs Yu, P}
< a S Y ) + bSO Y 0) + SO Vi ) + S(Tyn, Ty, )]
+cmax{S(Yn, Yn, 0D, [S O Yo ) + Sy Y 0) + S(Tyn, Ty, 01}
+e max{S(Vn, Yn, P), [SWn, Y, ) + S, Yo ) + S(Tyn, Ty, 01}

< sup (a + 2b) S(y, Y, ) + sup (b + ¢ + e) max{S(Ty,, Tyn, v),
xX,YEX x,YEX

max{S Vn, Y, ), [SWrs Yoo ) + Sy Y, 0) + S(Ty, Ty, v) 13

< sup (a + 2b) S, Y, 0) + sup (b + ¢ + ) [2SVn, Y, P) + S(TYn, TV, 0)]

x,YEX X, yEX

The last inequality gives

a+4b+2c+2e
1-b—c—e

S(Tyn, Tyn,p) < sup ( )S(ynr Yn, D)

x,yEX

Taking limitasn - o we get lim Ty, =p =Tp
n—->0o
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